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SECTION I. 



PRACTICAL GEOMETRY, 

DEFINITIONS. 

1. Geometry teaches and demonstrates the propertiet^ 
of all kinds of magnitudes, or extension ; as solids, surfaces, 
lines, and angles. 

2. Geometr)' is divided into two parts, theoretical and 
practical. Theoretical Geometry treats of the various pro- 
perties of extension abstractedly ; and Practical Geometry 
applies these theoretical properties to the various purposes 
of life. When length and breadth only are considered, the 
science which treats of them is called Plane Geometry ; but 
when length, breadth and thickness, are considered, the sci- 
ence which treats of them is called Solid Geometr5^ 



3. A Solid is a figure, or body, having 
three dimensions, viz. length, breadth, and 
thickness, as A. 



The boundaries of a solid are s\3cc^wee>%, ot %\y^^Rsc!^^!»&« 
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4. A Superficies y or surface, has length 
and breadth only ; as B. 



B 



The boundaries of a superficies are lines. 

o. A Line is length without breadth, 

and is formed by the motion of a point ; as C B 

BC. 

The extremities of a line are points. 

Note, — It is likewise necessary to conceive that a line is composed 
of an infinite number of points, each less than any assignable 
quantity. 

6. A Straight Line is the shortest distance beti\'een t^vo 
points, and lies evenly between these two points. 

7. A Point is that which has no parts or magnitude ; it is 
indi^dsible ; it has not length, breadth, or thickness. If it 
had length, it would then be a line ; were it possessed of 
length and breadth, it would be a superficies ; and had it 
length, breadth, and thickness, it would be a solid. Hence 
a point is void of length, breadth, and thickness, and is only 
the creature of imagination, 

8. A Plane rectilineal Angle is 
the inclination of two right lines which 
meet in a pomt, but ai'e not in the 
»ame direction ; as S. 

9. One angle is said to be less 
than another, when the lines which 
foi*m the angle are nearer to each 
other; measuring at equal distances 
from the points in which the lines 
meet. Take B n, B m, E 2:, and E w, 
equal to one another ; then if m n 
be greater than xn^ the angle ABC 
isgreaterthan the angle FED. By 
conceiving the point A to move to- 12 
wards C, till m n becomes equal to 
.r n, the angles at B and E would 
then be equal ; or by conceiving the 
point F to recede from D, till x n becomes equal to w w, then 
the angles atB and E would be equal, 
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Hence it appears that the nearer the extremities of the 
lines forming an angle approach each other, while the point 
at which they meet remains fixed, the less the angle ; and 
the farther the extreme points recede from each other, tbf 
vertical point remaining fixed, as before, Ae greater tlji' 
angle. 

10. A Circle is a plane figure contained ^ — ^ 
by one line called the circumference, which A/^ \B 
is every where equally distant fi*om a point f • j 
within it, called its centre ; as 6 : and an arc . V J 
of a circle is any part of its circumference ; ^^ — ^ 
ae AB. 

11. The magnitude of an 
angle does not consist in the 
length of the lines which form 
it : the angle C6G ie less than 
the angle ABE, though the 
lines CB, GB are longer than 
AB, EB. 2 

12. When an angle is expressed by three letters, as ABE, 
the middle letter always stands at the angular point, and the 
other two any where along the sides ; thus the angle A B E 
is formed by A Band BE. Theangle ABG by ABandGB. 

13. In equal circles, angles have the same ratio to each 
other as the arcs on which they stand, (33. vi). Hence 
also, in the same, or equal circles, die angles vary as th(* 
arcs on which they stand ; and therefore the arcs may be 
assumed as proper measures of angles. Every angle then 
is measured by an arc of a circle, described about the an- 
gular point as a centre ; thus the angle ABE is measured by 
the arc AE ; the angle ABG by the arc AF. 

14. The circumference of every circle is generally divided 
into 360 equal parts, called degrees; and every degi-ee 
into 60 equal parts, called minutes ; and each minute into 
60 equal parts, called seconds. The angles are measured 
by the number of degrees contained in the arcs which sub- 
tend them ; thus, if the arc A E contain 40 degrees, or the 
ninth part of the circumference, the angle AB^>a ^\!\\ Nj^ 
n^easure 40 degrees. 

b2 
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15. When a straight line 
HO, standing on another AB , 
makes the angle HO A eqnal 
to the angle HOB ; each of 
these angles is called a right 
angle ; and the line H O is 
said to be a perpendicular to 
AB. The measure of the 
angle HO A is 90 degrees, 
or the fourth part of 360 degrees, Hence a right angle is 
90 degrees. 

16. An acute angle is less than a right angle ; as AOG, 
orGOH. 

17. An obtuse angle is greater thfm a right ^ngle ; a?; 
GOB. 



18. A plane Triangle is the space en- 
closed by three straight lines, and has 
three angles ; as A, 




19. A right angled Triangle is 
tliat which has one of its angles 
right ; as ABC. The side BC, op- 
posite the right angle is called the 
hypothenuse ; the side AC is called 
the perpendicular ; and the side AB 
\s called the base, 




20. An obtuse angled Triangle has one 
of its angles obtuse ; as A. 



21. An €icute angled Triangle has all its thre^ angles 
fieute, as in the £gure A. 
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22. An equilateral Triangle has its 
three sides equal, and also its three an- 
gles; as C. 




23. An isosceles Triangle is that which has 
two of its sides equal, and the third side 
either greater or less than either of the equal 
sides ; as D. 





24. A scalene Triangle id that which 
has all its sides unequal ; as E. 

25. A quadrilateral figure is a space included by four 
straight lines. If its four angles be right, it is called a rec- 
tangular parallelogram. 

26. A Parallelogram is a plane figure bounded by four 
straight lines, the opposite ones being parallel ; that is, if 
produced ever so far, would never meet. 



27. A Square is a four-sided figure, 
having all its sides equal, and all its an- 
gles light angles ; as H. 




28. An Oblong^ or rectangle, is a 
right angled parallelogram, whose length 
exceeds its breadth ; as I. 



29. A Rhombus is a parallelo- 
gram having all its sides equal, but 
its angles not right angles ; as K. 
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30. A Rhomboid is a parallelo- 
gram having its opposite sides equal, \ n^r 
but its angles are not nght angles, '^ 
and its length exceeds its breadth ; 
lis M. 




31. A Trapezium is a figure included 
by four straight lines, no t^vo of which are 
parallel to each other ; as N. 

A line connecting any two of its angles is called a diagonal. 

32. A Trapezoid is a four-sided figure 
having two of its opposite sides parallel, / p 
but the remaining two not parallel ; as F. 



33. Multilateral Figures, or Polygons, are those which have 
more than four sides. They receive particular names fi'om 
the number of their sides. Thus, a Pentagon has five sides ; 
a Hexagon, has six sides ; a Heptagon y seven ; an Octagon ^ 
eight ; a Nonagon, nine ; a Decagon, ten ; an Undecagon, 
eleven ; imd a Duodecagon, has twelve sides. 

If all the sides of each figure be equal, it is called a re- 
gular polygon ; but if unequal, an irregular polygon. 

34. The Diameter of a circle is a straight line passing 
through the centre, and terminated by the circumference ; 
thus A B is the diameter of the circle. The diameter divides 
the circle into equal parts, each of 
which is called a semi-circle; the 
diameter also divides the circum- 
erence into two equal parts, each 
containing 180 degrees. Any line 
drawn from the centre to the cir- 
cumference is called the radius, as 
A O, O B, or O S. If O S bedrawn 
from the centre perpendicular to A B, it divides the semi- 
circle into two equal parts, AGS and BOS, each of which 
is called a quadrant, or one-fourth of the circle ; and the 
arcs A S and B S contain each 90 degrees, and they are 

^ai'd to be the measure of the angles AGS and BOS. 
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35. A Sector of a circle is that part of the circle com- 
prehended under two Radii, not 
forming one line, and the part 
of the circumference between them. 
From this definition it appears that a 
•ector may be either greater or less 
than a semi-circle ; thus A O B ie a 
sector, and is less than a semi-circle ; 
and the remaining part of the circle 
is a sector also, but is greater than a 
«emi-circle. 

36. A Chord of an arc is a straight line joining its extre- 
mities, and is less than the diameter ; T S is the chord of 
the arc T HS, or of the arc TABS. 

37. A Segment of a circle is that part of the circle con- 
tained between the chord and the circumference, and may be 
either greater or less than a semi-circle ; thus T S H T and 
TABST are segments, the latter being greater than a semi- 
circle, and the former less. 



38. Concentric circles are those 
haying the same centre, and the space 
included between their circumferences 
is called a ring ; as F E. 




PROBLEM I. 

To bisect a given straight line A B / Hiat is, to divide it into 

two eqtial parts. 



From the centres A and B, with 
any radius, greater than half the 
given line A B, describe two arcs 
intersecting each other at O and S, 
then the line joining O S will bisect 
AB. 



A 



A 



I 






B 
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PROBLEM II. 

Tkrouffh a given point x to draw a straight line C D 

parallel to a given straight line A B. 

In A B take any point s^ 
and with the centre s and ra- 
dius s X describe the arc o x ; 
' with or as a centre and the same 
radius sxy describe the arc 
sy. Lay the extent o x taken on the compasses from sixt y\ 
through X y draw C D, which will be parallel to A B. 

PROBLEM III. 
To draw a straight line C D parallel to A B^ and at a given 

distance F, from it. 

In A B take any « ^ 

two points Xy /; C ....—- .^^ — - " "*-\ — ^ 

and from the two ^^ ^ . \ 

points as centres^ 
with the extent F, 

taken on the com- ^ ^ « _B 

passes^ describe tP 

two arcs * r ; then 

draw a line C D ^ 

touching these arcs at r and Sy and it will be at the given 

distance from A B, and parallel to it. 

PROBLEM IV. 
To divide a straight line A B into any number of equal parts. 

Draw A K making any angle with A B ; and through B 
draw B T parallel to A K ; take any part A E and repeat 
it as often as there are 
parts to be in X B, and 
from the point B on 
the line B T, take B I, 
IS, S V, and V T 
equal to the parts taken 
on the line A K ; t: en 
join AT, EV, GS, 
HI, and. K B, which rp 
win divide the line A B . 
iato tAe number of equal parts required, as X.C,CI>>T>^ ^^"^ 
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PROBLEM V. 



Ffom a given point P in a straight line A B ^o erect a 

perpendicular, 

1 . When tJie given point is in, or near tJie middle of the line. 

On each side of the point P take 
t^qual portions, P or, Ff; and from 
the centres x, f, with any radius 
greater than P or, describe two arcs, 
cutting each other at D ; then the 
line joining D P will be perpen- 
dicular to A B. A 

Or thus : 






W 1? J^ 



From the centre P, with any 
radius P n describe an arc 
nxy\ set off the distance P n 
from n to X, and from x \/q y\ 
then from the points x and y 
with the same, or any other 
radius, describe two arcs in- 
tersecting each other at D ; 
then the line joining the points 
D and P will be perpendicular — 7^ 
to AB. 



/^ 



D 




A 



i 



N 



B 



2. When the point F is ai the end of the line. 



From any centre q out of 
the line, and with the distance 
^ B as radius, describe a circle, 
cutting AB in /) ; dmw pqO; 
and the line joining the points 
O, B will be perpendicular to 
AB. 

b3 
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Or thits : 



Set one leg of the compasses 
on B^ and with any extent B p 
deecribe an arc P or ; set oflf the 
same extent from je> to ^; join 
p q ; from ^r as a centre, with the 
extent pq as radius, describe an 
ai*c r ; produce pq to r, and the 
line joining r B will be perpen- 
dicular to A B. 



A 



I> 

I 



^- 






X 



P 



JB 



PROBLEM VI. 

From a given point D to let fall a perpendicular upon a 

given line A B. 

1. fVhen the point is nearly opposite the middle of the 

given' line. 



D 



From the centre D, with 
any radius, describe an arc 
xyy cutting A B in jr and y ; 
from X and y as centres, and 
with the same distance as 
radius, describe two arcs cut- 
ting each other at S ; then 
the line joining D and S will 
be perpendicular to A B. 




"V 
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^^^ri — 'B 



2. fVlten the point is nearly opposite the end of the given line^ 
and when the given line cannot he conveniently produced. 



Draw any line D Xy which 
bisect in o ; from o as a centre 
with the radius o x describe an 
arc cutting A B in ^ ; then the 
line joining D y will be per- 
|)endicular to A B. 



PROBLEM VII. 

7h draw a perpendicular y from 
any angle of a triangle ABC, 
to its opposite side. 

Bisect either of the sides con- 
taining the angle from which the 
perpendicular is to be drawn, as 
B C in the point r ; then with the 
radius r C, and from the centre 
r, describe an arc, cutting A B, 
(or A B produced if necessary, as 
in the second figure,) in the point 
P ; the line joining C P will be 
perpendicular to A B, or to A B 
produced. 



PROBLEM VIII. 

Upon a given right line AB to describe an equilateral 

triangle. 



From the centres A and B, with 
the given line AB as radius, de- 
scribNB two arcs cutting each other at 
C ; then the lines drawn fi*om the 
point C to the points A and B will 
form, with the g^ven line A B, an 
equilaterai triangle, as A B C. 





J2 
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PROBLEM iX. 

To make a triangle whose sides shall he equal to three given 
right lines A B^ A D^ and B D. 

From the centre A with the ex- 
tent A D, on the compasses, de- 
scribe an arc, and from the centre 
B with the radius BD describe 
another arc cutting the former 
at D ; then join DA, D B, and 
the sides of the triangle A B D A. 
will be respectively equal to the -A. 
three given right lines. 3 




PROBLEM X. 

Two sides A B, and B C of a 
right angled triangle being given^ 
to find the hypothemise. 

Place B C at right angles to 
A B ; join A C and it will be the A' 
hypotbenuse required. 




c 



PROBLEM XL 

The hypothenuse A B, and one side AC, of a right angled 
triangle being given, to find the other side. 

« 

Bisect A B in or ; with the . 
centre x, and :r A as radius, 
describe an arc ; and with A 
as a centre, and A C as radius, 
describe another arc cutting the 
former at C ; then join A C and JL*^ 
C B ; and A B C will be aright 

angled triangle, and B Cthe re- A. C 

quired side. 
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PROBLEM XIL 

To bisect a given angle ; that is, to divide it into two equal 

part»i 

Let ACB be the angle to 
be bisected. 

From C as a centre with 
any radius C x^ describe the 
arc xf/ ; from the points x and 
f/ as centres with the same ra- 
diusy describe two arcs cutting 
each other at O ; join O C, ^ 
and it will bisect the angle at 
ACB. 

PROBLEM Xin. 

^t a given point A in a given right line A B, to make an 
angle eqttal to the given angle C. 

mv 
From the centre C with any ra-^ 
dius Qy describe an arc xy; and 
from the centre A with the same ra- 
dius describe another arc, on which 
take the distance m n equal \o xy \ 
then a line drawn from A through m 
will make the angle m A n equal to 
the angle xQy. 

PROBLEM XIV. 

To m4ike an angle containing any proposed number of 

degrees. 

1 . When the required angle is less than a quadrant^ as 40 

degrees. 

Take on the compasses the extent of 60 degrees 
from the line of chords, marked cho. on the scale ; and with 
this chord of 60 degrees as radius, 
and the centre A, describe an arc 
xy\ take from the line of chords 
40 degrees, which set off from n 
to m ; from A draw a line through h, 
m; and ike angie mAn wiU con- 
taJn 40 degrees. 
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2. When tlie required angle is greater than a quadrant, 

o^ 120 degrees. 

From the centre o, with the 
chord of GO degrees, as radius, 
describe the semi-circle t^xnB; 
set off the chord of 90 degrees 
from B to w, and. the remain- a . 
ing 30 degrees from n to x; y 

join X ; and the angle Box \idll contain ] 20 degrees ; or 
subtract 120 from 180 degrees, and set off the remainder 
(60 degrees) taken from the line of chords from ^ to ;f ; then 
join X Of and Box will contain 120 degrees, as before. 

PROBLEM XV. 

^4n angle being given, to find, by a scale of chords, how 

many degrees it contains. 

From the vertex A as centre 
with the cord of 60 degrees as ra- Jtt. 

dius describe an arc x y ; take the 

extent xy on the compasses, and ^^ 4f- — B 

setting one foot at the beginning 
of the line of chords, the other leg will reach lo the number 
of degrees which the angle contains : but if the extent on the 
compasses should reach beyond the scale, find the number 
of degrees in xy, which deducted from 180, will leave the 
degrees in the angle Box. In this, and in the second case 
of the last Problem, B o is to be produced to A. 

PROBLEM XVI. 

Upon a given right line A B, to construct a square. 

With the distance A B as 
radius, and A as a centre, 
describe the arc E D B ; and 
with the distance A B as ra- 
dius, and B as a centre, de- 
scribe the arc AFC, cutting 
the former in x \ make B x 
equal to ^ E ; join E B ; 
make ^C and xjy each 
equal to AF, or Fx; then join the points ADCB, and 
fAejr will form a square. 



E< 
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Or thus : 

Draw B C at right angles to '^ 
A B, and equal to it ; then from 
the centres A and C^ with the ra- 
dius A B and C B^ describe two 
arcs cutting each other at D ; join 
D A and D C^ which will complete 
ike square. m 




PROBLEM XVII. 

To trmke a rectangular parallelogram of a given length chicI 

breadth. 



Let AB be the length, and -j^ / 
B C the breadth. ^" 

Eh-ect B C at right angles to 
A B ; through C and A draw 
C D and A D, parallel to A B A' 
and B C. ^ 



C 



B 



PROBLEM XVIIL 



To find the centre of a given circle. 



Draw any two cords AC, 
C B ; frt)m the points A, C, B, 
as centres with any radius greater 
than half the lines, describe four 
arcs cutting in r ^, and ^ v, 
draw r 
tliem till 
centre. 



• or and ^ t* , and produce \^ 
till they meet in O, the \ 
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PROBLEM XIX. 

Upon a given right line A B, to describe a rhombus luxving 

an angle equal to one A. 




Make the angle CAB equal to the angle at A ; make 
A C equal to AB; then from C and B as centres, with the 
radius A B describe two arcs cross each other at D ; join D C 
and D B, which will complete the rhombus. 

PROBLEM XX. 

To find a mean proportional between two given right lines, 

AB and BC. 

Place A B and B C in one 
straight line ; bisect A C in 
o ; from as a centre, with 
A Of or oC as radius, describe 
a semi-circle A S C ; erect the « 
perpendicular B S, and it will 
be a mean proportional be- *• 
tween A B and B C ; that is, 

AB:BS::BS:BC. B -c 

PROBLEM XXI. 

To divide a given right line A B into two such parts, as s1w.ll 

be to each other, as xo to of. 




From the point A draw 
AS equal to xo, and pro- 
duce it till F S becomes 
equal to of; join F B ; 
and draw S T parallel to 
F B ; then will AT : 

TB::xo:of 



X 
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PROBLEM XXII. 

To find a third proportional to two given right lines A B, A S 
Place AB and AS so as to « ^ 



make any angle at A ; from the "^ 
centre A, with the distance AS 
describe the arc S D ; then draw 
D X parallel to B S^ and A x will 
be the third proportional required ; 
that is, A B : A S : : A S : A^. -A 



s 




PROBLEM XXIII. 

To find a fourth proportion to three given right lines, A B, 

A C, and A D. 

Place the right lines A B 
and A C so as to make any 
angle at A ; on A B set off 
A D ; join B C ; and draw 
D S parallel to it ; then A S 
will be the fourth propor- 
tional required, viz. A B : 

AC::AD:AS. 




PROBLEM XXIV. 

Jn a given circle to describe a square. 

Draw any two diameters A C, D B 
at right angles to each other; then join 
their extremities, and the figure 
A B C D will be a square inscribed 
in the given circle. 

If a line be drawn from the centre 
o to the middle of A B, and produced 
toy,* the line joining fB will be the 
side of an octagon inscribed in the ^ 
circle. 
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PROBLEM XXVI. 

To make a regular polygon on a given right line A B. 

Divide 360 degrees by the num- 
ber of gides contained in the poly- 
gon ; deduct the quotient from 18.0 
degrees, and the remainder will be 32 
the number of degrees in each an- 
gle of the polygon. At the points 
A and B make the angles o A B 
and o B A each equal to half the 
angle of the polygon ; then from o 
88 a centre, and with o A or o B as 
radius, describe a circle, in which place A B continually*. 




Or thus : 

Take the given line AB from the scale of equal parts, and 
multiply the number of equal parts in it by the number in tho 
third column of the following table, answering to the given 
number of sides ; the product will give the number of equal 
, parts in the radius A o, or o B, which taken from the scale 
of equal parts on the compasses, will give the radius, with 
which describe a circle, and place in it the line A B con- 
tinually, as shown in the first method. 



* DemonstratUm, 360 degrees divided hy the numher of sides, 
will give the arc A B, which is the measure of the angle A o B, and 
A B being deducted from 180 degrees, will leave the sum of the 
equal angles o A B, o B A ; therefmre half the remainder will give the 
angle o A B or oB A, which is half of the angle £ A B or A B C ; 
hence the angle A o B taken from 180, will leave the angle £ AB or 
ABC. 
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TABLE I. 



When the side of the Polygon is 1 . 



No. of Name of the 


Radius of the Circum- 


Angle O A B, 


Sides. 

3 


Polygon. 


scribing Circle. 


or B A. 


Trigon 


•5773503 


30 


4 


Tetragon 


•7071068 


45 


5 


Pentagon 


•8506508 


54 


6 


Hexagon 


1, Side^=i Radius, 


60 


7 


Heptagon 


11523825 


64f 


8 


Octagon 


1 -3065630 


67i 


9 


Nonagon 


1-4619022 


70 


10 


Decagon 


16186340 


72 


11 


Undecagon 


1-7747329 


7Q r 


12 


Duodecagon 


1-9318516 


75 



Demonstration, 360 degrees being divided by 3 (for the 
trigon,) will evidently give the an- 
gle A o B equal to 120 degrees, 
which being deducted from 180 
degrees, will give the sum of the 
equal angles o A B and o B A equal 
to 60 degi-ees, half of which, viz. 
30 degrees, is equal to the angle 
A B, or B A. In a similar A^ 
way the angle made by the side of 
any of the other regular figures in 
the Table with the radius of the circumscribing circle may 
be found. Having the angle o A B, or o B A, and the side 
A B, which in each of the above figures is 1 ; we can easily 
discover the side o B, the nidius of the circumscribing circle ; 
thus, let fall the perpendicular o x, which bisects A B, (3 
III. Euc.) then say, as sine of the angle xoE is to -5, 
= J A B=ar B) so is radius to o B. (See Trigonometry.) 
n ihe trigon, the angle o B or is 30*^, and « o ^ ^^\ ^««^ 
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As sine ^ B 60o 9-937531 

Is to ^B -5 1098970 

So is radius 90° 10000000 



9-698970 
9-937531 



To B -5773503, .. .. —1-761439 

Now to find the radius of the circumscribing circle, that 
is o B, when the side of the triangle is of any given length, 
as, 10 yards, 10 miles, &c. From the property of similar 
triangles, 1 : -5773503 : t 10 ( = A B) : 10 X 5773503 
(=0 B.) The rest of the tabular numbers may be found 
in a similar manner. The reason of multiplying the side of 
any polygon by the number corresponding to it in the third 
column of the table, may be seen from the last analogy. 

PROBLEM XXIII. 

In a given circle to inscribe any regular polygon ; or, to 
dimde the circumference of a given circle into any number 
of equal parts. 

' Divide the diameter 
A B, into as many equal 
parts as the figure has 
sides ; erect the perpen- 
dicular o Xy fix)m llie cen- 
tre o; divide the radius 
oy into four equal parts, 
and $et off three of these 
parts fi-om ^ to ar ; draw 
a line fi-om x to the se- 
cond division z^ of the di- 
ameter A B, and produce 
it to cut the circumference 
at C ; join A C, and it ^ 

will be the side of the required polygon.* 



* Let the circnmference be denoted by C, and let n denote the 
number ofaidea in the polygon ; also, let A B be divided into n parts ; 
Jaia C o, * 
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PROBLEM XXIX. 

To draw a straight line equal to any given arc, of a circle ^ 

AB. 



Divide the chord A B into four 
equal parts ; and set off one of these 
parts from B to D ; then join D C, - 
and it will be equal to the length of^ 
half the given arc nearly.* 




The angle AoCfrr-jia given, as also the angle o AC, or oC A 

f = 90 — ^ j is given ; A o f = g j being given, o ar T = 2 -. 2 j it 

given: therefore C z can be found, as also the angle AzC, or its 
equal ozx\ hence the compliment of the angle ozx^ viz. oxz can be 
foond ; and o z being given, ox can be found, and hence xy can be 
found, which will be found to be { of oy nearly^, hence the construe* 
tion is obvious. Every regular polygon may be either inscribed in a 
circle, or described about it. But not so of the irregular ones, except 
the triangle, and another particular case. An equilateral figure in- 
scribed in a circle, is always equiangular ; but an equiangular figure 
inscribed in a circle is not always equilateral) except when the num- 
ber of sides is odd. For we know from Geometry that if the sides be 
an even number, then they m^y either be all equal, or else half of 
them may be equal, and the other half equal to each other, but dif- 
ferent from the former half, the equals beins placed alternately. It 
may farther be observed, that as the regular trigon, square, and 
pentagon can be inscribed geometrically in a circle, and as an arc 
can be bisected geometrica^y, it follows that any polygon whose 

ti n H 
number of sides is expressed by 2 , 3*2 , 5*2 , may be inscribed in 

a given circle by the scale and compasses only. And were not the 

method too complicated to be inserted here, we might shew that a 

polygon, the number of whose sides is a prime number of the form 

2 -f- 1, may also be inscribed geometrically ;n a circle ; a problem 
which, for many ages, had not been considered possible, till an ele- 
gant solution 01 it was published by M. Gauss, in a work entitled 
^ Disqnmtiones Arithmetical' ^ For more on this subject, see the 
analysis of angular Sections, Trigonometry. 
* Draw £ G at right angles to A B, £ being the cenlt^^ y^xsl^^ 
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Or thits : 

From the extremity of the arc A B, 
whose length is required to be found, 
draw A m, passing through the cen- 
tre ; divide o n into four equal parts, 
and set off three of these parts from n 
to m ; draw m B, and produce it to 
meet AC drawn at right angles to 
A m ; then will A C be nearly equal 
in length to the arc A B.* 




nnd ED. Let the radius EB and versed sine Gphe given ; then 
E/> is given; and as EB, ED, and DB are given, the ungla 



EBD can be found; and as EB, B», 
and E^, are given, the E B » can oe 
Ibund, and hence the angle C B D can 
be found. Now as C B, B D, and the ^ 
angle C B D are given, ijie side C D can 
be found, which will be found to be eaual 
to half the arc nearly, as discovered by 
another method which will be given 
hereafter. 

* Let the line A C be assumed equal 
to the arc A B, join C and the extre- 
mity B, of the given arc, and produce 
C B to meet Sie production of A o 
at m. 

Now, because the arc is given, its 
Bine B P is given, and also A C : then 
by similar triangles A C : B P : : A «j : 
Pot, and by division A C — PB : B P 
:: Aot — Pot(=AP): Pw; andAC 
— B P, PB, and AP, (this being the 
versed sine of double the arc) are given ; 
hence P n, and therefore m ?i can be 
found, which, when compared with the 
radius o «, will be | of it nearly. Hence 
the reason of the constniction. 
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PROBLEM XXX. 

To make a square equal in 
area to a given circle. 

First divide the diameter A B 
into fourteen equal parts^ and 
set off eleven of them from A 
to S ; from 8 erect the perpen- 
dicular S C and join A C, the 
square of which will be very 
nearly to the area of the gi\'en 
circle.* 




PROBLEM XXXIL 

To construct a Diagonal Scale, 

Draw an indefinite straight line ; set off any distance 
A B according to the intended length of the scale ; re- 
peat A E any number of times, EG, G B, &c. ; draw 
C D parallel to A B at any convenient distance ; then 



• Demonstration. A B X A S = A C» (8. VI.) ; and the diameter 
of a circle being to its circumference as 7 to 22, nearly, as will be 

AB 

shown hereafter ; then 7 : 22 , ; A B : — ^ X 22 := circomferencc of 

the circle whose diameter is A B. It will be shown hereafter, that half 

the diameter multiplied by half the circumference will give the area 

AB AB 14 14 

of the circle: therefore, -;p X ^l X -5-= -= X H X -^ = 2 

7 * 7 i» 

14 
X 11 X 2-=l'^X 11=AB X AS= AC^ Hence it appears 

that the square of A C, viz. A C D G, is nearly equal to the area of a 
circle whose diameter A B contains 14 parts, and the distance A S, 
from the perpendicular, 1 1 of such parts. And if 7 and 22 were 
strictly to each other as the diameter of a circle to its circumference, 
the square of A C would be the true area of the circle whose diameter 
is A B ; but the ratio of 7 to 22 expresses only the approximate ratio 
of the diameter to the circumference, these being incommensurable ; 
therefore the square of A C only approaches the area of the circle, 
differing, however, from the truth only by a ver^ %ts\».\\. ^^^B^^^ . 
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draw the perpendicul are A C, 
EF,GH,BD,&e. Divide 
A E and A C each into ten W 
equal parts ; through I, 2, 
3, &c. draw linee parallel to 
A B, and through x, y, &c. 
draw ;r F, y Z, &c. as iu the 
annexed figure. 

The principal use of thie 
scale is, to lay down any 
line from a given measure ; 
or to measure any line and ^ 
compare it with others. — 
Whatever number CF re- 
preEeots, F Z will be the 
tenth of it, and the sub- 
divisions in the vertical di- 
rection will be the one-hun- 
dredth part. Thus, if CF be 
units, the small divisions 
in CF, viz. FZ will be S 
lOlhs, and the divisions ?i 
in the altitude will be the ^ 
100th parts of an unit. If C F ^; 
be tens, tiie small divisions 
F Z will be units, and those in 
the rerlicat line, tenths ; if 
C F be hundrede, the others 
will be tens and units. The 
reason of this is self-evident. 
Because each division in C F 
is the tenth of itself, , „ ^ ^ ,„ 

CF being divided ^| '* '^ '^ ^^ 

into fen e< 
it follows tl 

be units, F Z, Z 2, » 

&c. will be each ** ^i?- ^■ 

1-lOth of an unit; if C F be 10, F Z, Z2, &c. will be I. 
Again, let the triangle E Far (Fig. 2,) represent the triangle 
£J-'^ (Fig. 1,) and let E x be I, flien by similar triangles 
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fen equal parts; s^Pl I I I LX— t'd''^^ 

Hows that if CF LX-L-^-r"^ 

._;4., c "7 "7 »> ..' 
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FE(io) : E^(i) :: Fi(i) : la; that is, 10: 1 :: I : rV 

= 1 a. Also, F E(10) : E^(l) :: F2(2):2b; that is, 
10 : 1 : : 2 : /o = 2 i. Hence it appears that the three 
divisions form a continued proportion, the ratio being ten. 

To take any number off the scale, as suppose 2 -^^q, that 
is, 2*38 ; place one foot of the compasses at D, and extend 
the other to the division marked 3 ; then move the compasses 
upward, keeping one foot on the line D B, and the other on 
the line 3 r, till you arrive at the eighth interval, marked 88, 
and the extent on the compasses will be that required. This 
however may express indifferently 2*38, 23*8, or 238, ac- 
cording to the magnitude of the assumed unit. 

Noie. If C F were divided into 12 equal parts, each division would 
be 1 inch, and each vertical division 1-lOth of on inch, by making 
C F one foot. 

PROBLEM XXXUI. 

To reduce a rectilinear figure to a similar one upon either 

a smaller or larger scale. 

Take any point ^ 
P in the figure 
ABCDE, and 
from this assumed 
point draw lines to 
all the angles of 
the figure ; upon 
one of which take^ 
P o to P A in the 
proposed scales ] 
then draw a h pa- 
rallel to A B, h c, 
to B C, &c., then 
shall the figure abcdehe similar to the original one, and 
upon the required scale. Or measure all the sides and 
diagonals of the figure by a scale, and lay doivn the same 
measures respectively from another scale, in the required 
proportion. (Prop. XIII. 6.) 

When the figure is complex, the reduction to a different 
scale is best accomplished by means of the Eidgraph, an. 
instrument invented by Professor Wallace, or by tos^yv*?^ <^S. 
the imprpved Pantograph, 
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PROBLEM XXXIV. 

Th dimde a circle into any number of equal parts, having 

their perimeters eqiud also. 

Diviije the diameter AB 
into the required number of 
equal parts, at the points C, 
P, £y &c. ; then on one side 
describe the semi-circles 1, 
2, 3, 4, &c., and on the A 
other side of the diameter 
describe the semi-circles 7> 
8, 9, IO9 &c. on the diame- 
ters B F, BE, B D, B C, 
&;c. ; so shall the parts 111, 

2 10, 3 9, 4 8, &c» be equal both in area and perimeter.- 
Lksley'^ Geometry^ 
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MENSURATION OF SUPERFICIES. 



SECTION II. 



The area of any plain figure is the space contained with- 
in its boundaries, and is estimated by the number of square 
miles, square yards, square feet, &c. which it contains. 



Long Measure, 

12 Inches - - 1 Foot. 

3 Feet - - - 1 Yard. 

6 Feet ... 1 Fathom. 

16^ FeetEng. ? S 1 Pole oc 

5} Yards S " 2 Perch. 
40 Perches - - 1 FarloDg. 

8 Furlongs . 1 Mile. 



II. 

Square Measure, 



144 Inches . - 1 Foot. 

9 Feet ... 1 Yard. 

36 Feet ... 1 Fathom. 
273 j FeetEng.^ 
30i Yards S ' 

1600 Perches - - 1 Furlong. 

64 Furlongs . - 1 Mile. 



r 



Pole or 
Perch. 



In Ireland 21 feet make 1 pole or perch, and 7 yards 
therefore will make a pole or perch. There are other 
measures used, for which see Arithmetical Tables. 

Land is generally measured by a Chain, of 4 poles, or 22 
yards ; it consists of 1 00 linkS| each link being *22 of a yard. 
— For further particulars, see Treatise on Surveying. 

Duodecimals are calculations by feet, inches, and parts, 
whieh decrease by twelves : hence they take their name. 

Multiplication of feet, inches, and parts, is sometimes 
called cross Multiplication, fix>m the factors being multiplied 
cross ways. It is used in finding the contents of work done 
by artificers, wb^re the dimensions are taken in feet, inches^ 
and parts. 
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Rule I. Under the multiplicand^ write the multiplier, 
taking care to write like denominations under one another ; 
namely^ feet under feet, inches under inches, &c. 

II. Multiply each term of the Multiplicand by the feet 
in the multiplier, beginning at the lowest denomination in 
the multiplicand, and set each result under its respective term, 
observing to carry one for every twelve, from each lower 
denomination to the next higher. 

III. Also multiply every term in the multiplicand by the 
inches in the multiplier, and set the result of each term one 
place farther to the right of those in the multiplicand. 

IV. Proceed with the rest of the denominations, and set 
the result of each product one place more towards the right 
hand than tlie next preceding, and the sum of all the partial 
products, will be the whole product required. 

IN PROSS MULTIPLICATION. 

f'eet multiplied by feet, give feet. 
Feet by inches, give inches. 
Feet by parts, give parts, &c. 

Inches by inches, gives parts. 
Inches ty parte, give thirds. 
Inches by thirds, give fourths, &c. 

Parts by parts, give fbnrths. 
Parts by thirds, give fifths. 
Parts by fourths, give sixtlis, &c. 

Thirds by thirds, give sixths. 
Thirds by fourths, give sevenths. 
Thirds by fifths, give eighths.* 

• The reason of this rule is almost self-evident. When feet are 
multiplied by feet, the product will evidently be square feet, when 
feet are multiplied by inches, the product will give rectangles of a 
foot long and an inch broad, which must be divided by 12, to give 
square feet, when feet are multiplied by parts, the product is s<]^nare 
inches, or rectangles of a foot long, aiid one part broad ; that is, 12 
inches long, and -jij of an inch broad, wliich are equal to rectangles 
of a square inch each. By a similar mode of reasoning the otner 
denominations are known. When feet are concerned, the product 
is of the same name with the terms multiplied by the feet, but 
when feet are not concerned, the product is expressed by the sum of 
tbeindiceB of the factory. 
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1. Multiply 7 feet 9 inckes by 3 feet 6 inches 

«i. «r 


;» 






X , 1. 

7 : 9 










3 :6 










23 : 3 


^ 






3 : 10 : ( 


5 

6 j4ns. 








27 : 1 : 






p. I. p. 






2. Multiply 240 : 10 : 8 by 9 : 4 : 6 








9 : 4:6 


• 








2168 : : 






80 : 3:6:8 








10 : 0:5:4 








2258 : 4:0:0 ^«». 






p. I. p. p. I. p. p. 


I. 


Jr • • • 


3. Multiply 


8: 


'5 by 4: 


7. Ans. 38: 


6: 


.11. 


4. Multiply 


9: 


: 8 by 7: 


6. 72: 


6. 




5. Multiply 


7: 


6 by 5: 


9. 43: 


: 1: 


: 6. 


6. Multiply 


4; 


: 7 by 3: 


10. — 17: 


: 6: 


:io. 


7. Multiply 


7; 


: 5:9 by 3: 


5:3. 25: 


. 8: 


: 6:2:3. 


8. Multiply 


10; 


: 4:5 by 7: 


; 8:6. 79: 


:ii 


: 0:6:6. 


9. Multiply 


75; 


: 7:0by 9: 


. 8:0.— 730: 


: 7: 


: 8. 


10 Multiply 


57; 


: 9:0by 9: 


: 5:0. 543; 


: 9; 


: 9. 


11. Multiply 


75: 


: 9:0 by 17: 


: 7:0. 1331: 


:li: 


: 3. 


12. Multiply i 


J21 


: 7:3 by 9: 


: 3:6. 2988 


: 2 


:io:4:6. 


13. Multiply 


4 


: 7:8by 9" 


: 6. — 44 


: 


:io. 


14. Multiply 


39 


:10:7byl8 


: 8:4. 745 


: 6 


:10:2:4. 



Note, AH these caa be solved by the method of aliqnot part«, 
thus: — 
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F. '. . F. '. . 

15. Multiply 368 : 7 : 5 by 137 : 8 : 4 
137 : 8 : 4 



6' 
2'; 

r 
r 

4": 
1" 





2576 








1104 








368 






i . 


184 : 


3:8: 


6 


i . 


61 : 


5:2: 


10 


1 

'S • 


10: 


2:10: 


5:8 


1 

2 • 


68: 


6 




-f . 


11 : 


5 






3: 


9: 8 




4- • 


0: 


11 : 5 





u4ns. 50756 



7 ; 10 : 9 : 8 



PROBLEM I. 



To find the area of a Sqticrc, 



Rule. Multiply the side by ^ 
itself, and the product will be 
the area. 

1. Let the side of the square 
A B C D be 6 ; what is its area? 

^ns, 6^6=36, the area. 
The reason of this is too evi- 
dent to require a demooatration. 

2. Wlmt is the area of a 
square whose side is 15 chains ? 

^ns. 225. 



6 



« 



3. 'W^at is the area of a D C 
tquare whosp aide is 7 feet 9 inches ? j4n8» 60^'^. 

4. What is the area of a square whose side is 4769 links ? 

Jm. 35643361. 



MtSKCVMIOV I 



' SCPBRFtcm. 



PROBLEM II. ' 

To find the area of a recUmgie. 

Rule. Multiply the length of the rwtkngte by ita brea^, 
aud the product will be the area. 



1. Let the sides of the i«ctangle A B C D be 12 and 9, 
what is its area? ^ns. 12 X ^ = ^^^t tbe area. 

The reaaon of thiu is evident. 

2. What is the superficial coatente of a pluik, whose 
l«igth is 5 feet 8 inches, and breadth 7 feet 8 inches i* 

Ant. 42 Uet 2 inches. 

3. What is the area of a field whose boundaries form a 
rectangle, its length being 176 IJnke and Invadth 154 links? 

j^nt. -27104 of an acre. 

4. What ia the superficial content of a floor, whose length 
is 40 feet 6 inches, and breadth 28 feet 9 inches ? 

Afu. 1164 &et 4 inches 6 parts 
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PROBLEM III. 

To find the area of a BJiomhus, 

Rule. Multiply the 
length by the perpen- 
dicular breadth^ and the 
product will , be the 
area.* 

1. What is the area 
of a rhombus, whose 
side is 16 feet, and per- 
pendicular breadth 10 
feet ? Ans, 16 X 10 
= 160 feet, the area. D B 

2. What is the contents of a field in theform of a rhom- 
bus, whose length is 7*6 chains, and perpendicular height 
51 chains ? Ans. 43*32 chains. 

3. What is the area of a rhombus, whose side is 7 feet 
6 inches, and perpendicular height 3 feet 4 inches ? 

Ans, 25 feet. 

4. What is the area of a rh^ombus, in square yards, whose 
length is 3 yards, and perpendicular height 2 feet 3 inches ? 

Ans, 20 feet 3 inches^ 




PROBLEM IV. 

To find the area of a Triangle, 

Rule. Multiply the base by the perpendicular height^ 
and divide the product by two for the area.t 



* Denumttratian* Because the parallelogarms A B C D, and 
A B F E, are equal (35 : 1); but the area of A B F £, is found 
(Problem II.) by multiplying its length and breadth ; that is, the 
area of A B F E, is equal to A BxB F=D C X A E, which is the 
role. 

The continual product of any two sides of a parallelogram, and 
the natural sign oT their contained angle will give the area ; that i» 
A D X D C X by the natural sign of 2ie angle D, will give the area. 
For the demonstration, see Trigonometry, 

f jDemonsiratkm, The product of the base and perpendicular 
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as 



1 The base of a triangle is 76*5 fyet, and perpendicular 
^'2 feet ; what is its area ? 

Ans. 76-5 X 92-2 4- 2 = 3526-65 square feet, the area. 

2. The base of a triangle is 72*7 yards, and the perpen- 
dicular height 36*5 yards ; what is its area ? 

Afu- 1326-775 yards. 

3. The base of a triangular field is 1276 links, and per- 
pendicular 976 links ; how many acres in it ? 

Jtns, 6 acres 1 rood 16*3008 perches. 

4. The base of a triangle measures 15 feet 6 inches, and 
the perpendicular 12 feet 7 inches ; what is its area ? 

An». 97 feet 6i inches. 

PROBLEM V. 
Having the three sidesofany Triangle given, to find its area. 





Rule I. From, half the sum of the three sides subtract 
each side separately, then multiply the half sum and the 
three remainders together, and the square root of the last 
product win be the area of the triangle.* 



height gives the area of a rectangular parallelogram, whose sides are 
«qtial to the base and perpendionlar ofthe triangle, (Prob. II.) ; bfit 
the triangle being hall of the parallelogram, (41. 1.) it follows that 
half the product ii the base and perpendicular will give its area. 

* DemonHraHon, Put ACr=a, AB=&, BC = c, and let half 

i.\. .:. V :. .^v « ^ . « AB-f-BC-f-AC 
the sum of the sides be denoted by S, that is, S = ' — 5 — = ^ 



and T equal the area of the triangle : then, 2ACxCD=:a^-f- 

c3 



e» - k^ (26. 11.) ; therefore C 



K!^e^^\i^-=. 
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Rule II. Divide tlie diierence between the sqaaree of 
two sides of the triangle by the third sidle ; to half this tlttrd 
side add half the quotient^ and deduct the square of this sum 
fi-om the square of the greater side, the remainder will be 
the square of the perpendicular, the square root of wkicb, 
multiplied by half the base, will give the area of the triangle*. 
1. Given the side A B = 9*2, B C=7 5, and A C= 5 5. 
Required the area of the triangie ? 

9-2 

7-5 

5-5 



Sum 22-2 



|SumlM-9-2 = 




B C^ - CD* (47-1) = c*- (^^~^^ — ^)'» ^"* ^^^^' ^^'^ '^ = 
^^^^PsthereforeTa==^^\><'^PL^'^'~<^;+^'"^I>^^ 
bat this expression, consisting of the difference of two squares, 

I — - — and ^^ J-— J j which IS eqnattathe rectangle under 

ttieu smn and difference, (Cor. 5. II.) may be transfonned to the 
fottowmg ^xpressfoBi, ni. T* =?—••--! x -r 

= i — ■ — 7 X ' ^ ■ ■ ; MM by decomposuig: these factors 

again, we get T* =• ^-I- X g-^— X ^ ^ - X 

■ ■ ' L: > • ' -« From the a8s«uBptia% S = ' ■■ ■ ' ■ >» S, — ^ =: 

^ ^ ■» S-g=s — '^ , andS-.tf=r X — X_. 

Hence^ by sttbstftntwn T* =r S X (S - «) X(S — 4) X (S— «; and 
T ^ V (S X (S - a) X (S — 4) X (S — c),) which is the rule. For a 
Geometcical demofistradoA of this, see Tngonomeirf^ 

If two sides of any trian^ley and the contained ai^^ be given, the 
area may be found by multiplying the sides together, and the product 
byr the aatmriH sipe of the contaaBed ai»^» aad dividing thQ result 
bjr 2. For the reason, §ee Trigonometry^ 
* 2i&i» 13 a coroUarj to the £w II. 
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9-2* — 7-5« =84-64 — 56-25 =28-89; tiien 28-89 ^ 
5-5 = 5-161818 quotient. 

Now 5-161818 -^ 2 +5-5 4- 2 = 2-580909 + 2-75 = 
5-3309 = half quot. plus half third side : then 84-64 — 
28-41849481 = 56-22150519, and V 56-22150519 = 
7-498 = perpendicular; hence 7-498 X 2-75 = 20-619 
the area as before. 

2; What is the area of a triangle whose sides are 50, 40, 
and 30 ? ^ns. 600. 

3. The sides of a triangular field are 4900, 5025, and 
2569 links ; how many acres does it contain ? 

u4n». 61 acres 1 rood 39*68 perches^ 

4. What is the area of an isosceles triangle, whose base is 
20, and each of its equal sides 15 ? ^ns, 111-803. 

5. How many acres are there in a triangle, whose three 
sides are 880, 420, and 765 yards ? 

Jim. 9 acres rood 38 poles. 

6. How many square yards in a triangle, whose three 
sides are 18, 14, and 15 feet? Ans, 9| square yards. 

7. How many acres, &c. in a triangle, whose three sides 
are 49, 50-25, and 25-69 chains ? 

Jtns. 61 acres 1 rood 39-68 perck. 

PROBLEM VI. 

To find the area of an equHaieral triangle* 

Rule. Square the side, and from this square deduct 
its fourth part ; then multiply the remainder by the fourth 
part of the square of the side, and the square root of the 

product will give the area.* Or multiply — j- by \/ ^ ^^^ 

the area.f 

• Demonstration, C B« - BD» = C D* (47. I.) but B D^ = 
^^, (Cora. 26. 1, and 4. H.) therefore ^C B> - ~-^ X —■ 2= 
the sqytMure of the area as may be derived from Prob. HI. Henee 

'V7 (C B* I~^^T~ I ^^ ^^^^ °^ *^® triangle which ia tha t\^%. 

f Bjr tbenrstpart of the mle« the axem ol «& ««^«terK2c>s«uM6f^ 
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1. Each side of a triangular field, A B C, measures 4 
perches, what is its area ? 

^ns, 4» = 16; then 16^ 4 = 4- and 16—4 = 12: 

then 12 X -T = 12 X 4 = 48, and V48 = 6928 the area. 

2. How many acres in a field of a triangular form, each 
of whose sides measures 70 perches ? 

Arts. 13 acres rood 39*25 perches. 

3. The perimeter of an equilateral triangle is 27 yards, 
what is its area ? u4n8. 140»13. 

Nqie* When the triangle is isosceles, the perpendicnlar is equal to 
the square root of the difference between the squares of either of the 
equal sides and half the base. 

PROBLEM yn. 

Criren tlie area and altitude of a triangle^ to find the base* 

Rule. Divide the area by the O 

altitude or perpendicular, and dou- 
ble the quotient will give the base*. 

1. Given the area of a triangle 
= 12 yards, and altitude = 4 ; 
what is its base ? 

Ans, 12 4- 4 = 3; then 3 X 2 ^ 
== 6 yards, the base A B. ID 

2. A Surveyor having lost his field-book, and requiring 
the base of a triangular field, whose contents he knew fix)m 
recollection was 14 acres and altitude 7 yards, how much is 
the base? Ans, 19360 yards. 

each of whose sides measures 1, is -j- ; and similar triangles being 
to each other as the squares of their homologous sides, (19. VI.) w^ 

have 1* : AB* :: ^ : ^' v^3. 

4 4 

Cor. As similar polygons are to each other in the duplicate ratio 

of their homologous sides, (20. V I.) it follows that the square of the 

side of any polygon, multiplied by the area of a similar polygon 

whose homologous side is 1, will give the area of the given polygon. 

• Demomtration. C D X -^ = area (Prob. VI.) • . • — ^ := 
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PROBLEM VIII. 

Given the area of a triangle, and its base, to find its altitude* 

Rule. Divide the area by the given base, and double 
the quotient will give the perpendicular. 

The reason of this rule is manifest fi'om the last 

I. Given the area of a triangle := 12, and its base == 6, 
what is its perpendicular height ? 

Ans. 12 -r 6 = 2 ; then 2 X 2 =: 4 the altitude, 

PROBLEM IX. 

Given any two sides of a right angkd triangle, to find the 
" third side, and thence its area. 

Rule I. To the square of the perpendicular add the 
square of the base, and the square root of the sum will give 
the hypothenuse. 

II. The square root of the difference of the squares of 
the hypothenuse and either side, will give the other. Or 
multiply the sum of the hypothenuse and either side, by Hieir 
difference ; and the square root of the product will give the 
other.* 

1 . Given the base A C 3, the per- 
pendicular C B 4 ; required the hypo- - 
thenuse A B ? 

^n*. 32+42=25; then \^25 
= 5, the hypothenuse A B. 

2. Given A B 5, A C 3 ^ required 
CB? 

Ans. 52 — 3» = 16; then V 16 
= 4 the side BC; or, (5 + 3) X A^ 
(5 — 3) = 8 X 2 =16 ; then V 16 
= 4, as before. 



• The truth of this rule is evident fr9m 47. 1, and from Cor. 5. II., 
which says, that the rectangle under the som vii^L daSSs?c^\i^^ ^\ ^:«« 
quantities is equal to the di&rence of their »(^vLKte«. 
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3. GivenAB:5, BC4; required A C :52 — 4« = 9; 
thenV9 = 3 the side AC; or (5 + 4)X(5 — 4) = 
9 X 1 = 9 ; then V 9 = 3, as before. And 3 X 4 -r- 2=6 
the area of the triangle. 

4. The wall of a building on the brink of a river is 120 
feet, and the breadth of the river is TOyards^what is the length 
of the chord in feet that will reach from the top of the build- 
ing across the river? Arts* 243.14 feet. 

5. A ladder 60 feet long, will reach to a window 40 feet 
from the flags on one side of a street, and by turning the 
ladder over to the other side of the street, it will reach a 
window 50 feet from the flags ; required the breadth of the 
street ? ^ns, 77-8875 feet. 

6. The roof of a house forms a right angle at the top, the 
length of one rafter being 10 feet and its opposite one 14 
feet, what is the breadth of the house ? Ans, 17*204. 



PROBLEM X. 

Gitten the base and perpendicular , to find the perpendicular 
let fall on ike hypothermse from the right angle; and also 
the segments into which the hypothemtse is divided by this 
perpendicular. 

Rule. Find the hypothenuse by Prob. 
IX. Then divide the square of the greater 
side by the hypothenuse, and the quotient 
will give the greater segment, which de- 
ducted from the entire will give the less. 
Having found the segments, multiply them 
together, and the square root of the pro- 
duct will give the perpendicular.* 




• Demonstration. By the 8. VI. ABxBDrrBC^ Hence, 

B C^ 

B D = .-3 , which is one part of the rule. Again, A D X D B 

^I>C\ (8. VI.)h(eoceDCssV^ ADXDB, which i» the second 
part. 
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1. Given ACS yards, and CB 4 yards; required the 
segments B D, DA, and the perpendicular D C. 

32+42 =25: then V25 = 5 = AB. 

42^5=16-t-5 = 3-2 = BD; then 5 - 3-2 = 1-8 

= AD. 

Again, 3-2 X IB = 5-76 ; then V5-76 =2-4 = D C. 

2. The roof of a house whose walls are 30 feet high, 
forms a right angle at the top, now if one of the rafters be 
10 &et long, and its opposite yoke-fellow 12 ; required the 
breadth of Uie building, the length of the prop set upright to 
support the ridge of the roof, and the part of the floor at 
wkich it must be placed ? 

Ant, Breadth of the building 15*6204 feet, greaiter seg- 
ment 9-2123 feet, less segment 6*4081 feet, and length of 
the prop 37-68 feet. 

3. The side wall of a house is 30 feet high, and its op- 
posite one 40, the roof forms a right angle, as in the last 
Problem ; the length of tiie rafters is the sam^ viz. 10 feet 
and 12 ; the end of the shorter is placed on the higher wall, 
and mce versa; required the length of the upright which 
supports the ridge of the roof, and the breadth of die house? 

Ans. 41*8048, length of upright, and 12 feet the breadth 
of the house. 

4. One of the side walls of a building is 30 feet high ; 
its roof is to be the same, in every respect, as in the last 
Problem, and its top is to be over the middle of the build- 
ing ; what must the height of the other wall be, and the 
breadth of the building to answer the conditions ; the end of 
the 12 foot rafter resting on the 30 foot wall ? 

Ans. 31*9956 height of wa», and 15*484 the breadth of 
the houses 
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PROBLEM XI. 

To find the area of a Trapezium, 

Rule. Divide the trapezium into two triangles, by join- 
ing two of its opposite angles ; find the area of each triangle ; 
and the sum of both areas will give the area of the tra- 
pezium. 

Or: 

Draw two perpendiculars from the opposite angles to the 
diagonal ; then multiply the sum of these perpendiculars by 
the diagonal, and half the product will give the area.* 

1. In the trapezium A B C D, the ^agonal AC is 100 
yards, the perpendicular D E 35, and E F 30 ; what is its 
area? 

D E = 35 2) 



EF=30 



100 



A r"-^"^^ 4 '^^^ o 



2)6500 




3250 the area. 

2. What is the area of a field, whose south side is 2740 
links, east side 3575 links, north side 3755 links, west side 
4105 links, and the diagonal firom south-west to north-east 
4835 links ? Ans. 123 acres roods 11-8633 perches. 

3. In the trapezium A B C D, the side A D is 15, D C 
13, C B 14, and AB 12 ; also the diagonal A C 16 ; what 
is its area? Arts. 172*5247. 



* DemonHration, By Prob. IV . the area of the triangle A B C = 

ACXBF ,^, , .,. ,. , .^^ ACXDE _ 
, and that of the triangle A D C =: 5 . Then 

the ram of these two areas will he the area of the trapezium^ viz. — 

ACXBF, ACXDE BF-fDE ^ . ^ v- v . *v , 

~! / 3- =: 3 X A C, which is the rule. 

^ ' . is % 
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4. In the trapezium A B C D, there are given A B 220 
ysrds, D C 265 yards, and A C 378 yards ; also A F 100 
yards, and E C 70 yards ; what is its area ? 

Ans, 85342*2885 yards z= 17 acres 2 roods 21 perches. 

5. In the trapezium A B C D, there are given A B 220 
yards, DC 265 yards, B F 195-959 yards, D E 255-5875 
yards ; also F E 208 yards ; required the area of the tra> 
pezium ? Ang. 85342-2885 yards. 

6. Suppose in the trapezium A B C D, on account of ob« 
stacles, I can only measure A B, D C, B F, D E, and F D, 
which are respectively 22 yards, 26 yards, 19 yards, 25 
yards, and 32 yards, required the area ? 

Am, 840-62 square yards. 

PROBLEM XII. 

To find iJie area of a trapezium inscribed in a circle^ or of 
any one whose opposite angles are together equal to two 
right angles. 

Rule. Add the four sides together, and take half the 
sum, from this half sum deduct each side separately ; and 
the square root of the product of the four remainders will 
give iSm area of the trapezium.* 

* Demonstration. Let AC = a, CB^d,BD=:c, and A D = <f ; 
iikUo, let the diagonal A B :=^« Draw P G pi^rallel to A B, meet« 
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1. What 18 the area of a fcHir-^ded field, whose opposite 
angles are together equal two right angles, the length oi the 
four sides being as follows, viz. A B 12*5, A C 17, DC 
47ri, and B C 8 yards ? 

11^ C B prodnced in O ; join G A ; and jfrom A driiw the perpen- 
diculars A F (/9) A E (z/). Because D G is parallel to AB, the tmn> 
glee A B D and A B G are equal, (37. 1.) to each add the triangle 
ABC, then the triangle A G C is equal to Uie quadralateral A D BC 
inscribed in the cirde. Now as tiiie triangles AGB, Al>B are 
eqnal, their bases G B, B D are reciprocaUj proportional tn their 
perpendiculars p and p' ; that is, D B : B G : : f? : j/. But the trian- 
gles A D £) AFC are similar, being right-angled at £ and F, and 
the angles A D £ and A C F supplements of the angle A D B ; there- 

cd 
fore (4. VI.) pip' :: aid .*. eiBGiiai d: hence G B := — , 

and J?* =ra« +b* -26 X C F(13. II.); al8o,**=rc2 -frf« +2* X 
D £ (12. II.) ; therefore, C F =a^ + 6^ - (c^+i^^) — 2 c X D E ; but 

</ X C F 
a: rf:: CF: DE-.* DE = -A ; then by substitution and 

a ^ 

ct 
transposition^ we get C F =: ^ - ■. » . X (a* + * * — c* — rf") ; 

but;>:rV^(aa-CF^)=^a^-aa ( \^,^^^ ) (*;;> = 

2(a/+crf ) \ (2«*+2cd)«-(a« + d«-tf«-rf»)» P; but 

»XCG P [h+c«C\ /ah+cd\ ^_ __,, . 

2"'*"' 2V a y **' V 2r*j ^ - *^* area=t(by sub- 

stitution) i ^ (2 a * + 2 c d)» - (aa ^ ^a _ ^^ - d^y ^ * 
= i ^ (2tf3 + 2crf+a«-f 4«-c«-rf2)X(2aA + 2c</4-a« 

- ** + ca-f O P = 5 ^(a' + 2a4 + 42-c»+2crf-rfa)X 
(«a3-f.2a*-4«+ca-f 2c</-t-rfa)P = i ^ [(a-f.4)2„(e«</)a]x 

I - (a -.4)3 ^-(e+ rf)a] p=ri^ (a + b + c -^ d) X (a + 
i - e + d) X (a -• b + c + d) X ( - a + b + c ^ d)^* 
^^(^+'+^ + '^d)x(-^±^-p±^^c) X 



MSKSUSATION OF SUPEBTICISS. 



43 



12-5 
17 
17-5 
8 



2)55 



27-5 




u^i+e+d 



-.)ix( 



a + i + e + d 



-a^P = (putti 



(pntUDg 



.=.+.+H«5(|-')x(|--)'<(|-')xCi-)?' 

which is the mle. 

For another Demonstration, see Tngonometry, 

This may be demonstrated on Geometrical prineiples, thus : — 

Let D A C B be the inscribed trapezinm ; oisect the angle A C B 




by the line C E, and from the jmint £ demit the perpendicular £ o F 
on the line AB, which will evidently biseclit) q.\x^^«i)\m^<^ ^%<- 
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27-5 27-5 275 27-5 
12-5 17 17-5 8 



15 X 10-5 X 10 X 19-5 = 30612-50 ; then 
V30612-50 = 174-964, the area in yards. 



meter of the circle ; loin £ A, E B, and A F ; from C let fall the per- 
pendicular C G, and from £), the perpendicular Ez on the line A C ; 
then 2;C is half the sum of the sides AC, C B, and A 2 is half their 
difference. For, the triangles CAP and B £ P are similar, having 
^e angles at P equal, and also the angles A C P and P B E equal : 
then (4. a.) C A : A P : : B E or A E : E P. 

Again, the triangles 2AE and oPE are similar; for the angles 
E A« and E F C are equal, as they stand on the same arc C B E, and 
the angles AzE and F C £ are equal, being right : therefore the tri- 
angles A2;£ and EFC are similar; but the triangles EoP and 
E F C are evidently similar : therefore the triangles A z £ and EoP 
are similar : hence A2; : oP : : AE : E P ; but A E : EP : : C A : 
A P ; therefore by similiarity of ratios CA:AP::A2:oP. Again, 
because the angle A C B is bisected by the line C £1, AC : C B * : 
A P : P B (3. 6.), and by composition AC + CB:AC:!AP + PB 
(= A B) ; A P ; and by alternation, conversion, and division, A C 

-fCB:AP + PB(=AB)::AC-CB:AP-.PB:: l(AC 

— CB) : t(AP — PB). But it has been shewn that AC-f CB : 
AC ::AP-fPB:AP; then by alternation, AC-fCB:AP + 

PB::AC: AP: HAC-rCB) :4(AP- pb)(=oP) ::ac: 

AP; but it was proved that AC : AP::A«: oP : therefore J(AC 

— CB):oP :: A«: oP; hence 4(AC — CB) = A«. Nowas Az 
is half the difference between the lines A C, and C B, it foUows that 
C 2; is half the sum oi^A C and C B. For the same reason D y is half 
the sum of the lines A D and D B, and By half their difference : there- 
fore Cz-^-Tyy^ half the sum of the four lines A C, C B, B D, D A ; 
that is, C jz -f- Dy := half the perimeter of the inscribed trapezium 
A C B D. Then if from C 2; -f- D y each side of the trapezium be 
subtracted, respectively, the four remainders will evidently be Dy ->- 
Az,'Dy-{-Az<, Caf— By, C z -f- B y ; and which being multiplied 
together, will give (Dy« — Az^) x (C «« — By^). 

But A «« (the square of half the difference) = F G X E. For the 
triangles AzEandFGC being similar Az^ I zE^ llFG^ : GC^ 

::FG«:FGXGE::FG: ge. And Az^ + ^e* (= ae*) : 

A«*::FG+G£(=FE):FG::F£XoE:FGXo£;butFE 
XoE = AE^, FAE being a right angle ; therefore F G X E = 
Az^, 

Again, Cz* (half sum) = F X G E. For it is obvious that C 2* 
= CE«-EA« + A«2 = GEX F£-oExF£ + oE X FG = 
GEXFE — GEX»E = GEX(FE — oE) = G£xFo. 

Jn a similar manner it may be proved that By^ (the half differ- 
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2. There is a trapezium whose opposite angles are toge- 
ther equal to two right angles ; the sides are as follows, viz. 
A B 25, A D 34, D C 35, and B C 16 ; requu-ed its area ? 

Am. 700-99; 

PROBLEM Xm. 

To find the area of a Trapezoid 

Rule. Multiply half the sum of the two parallel sides by 
the perpendicular distance between them, and the product 
will give the area.* 

1. Let A BCD be a 
trapezoid, the side A B z= 
40, DC = 25, CD = 



18 ; required the area ? G 

40 
25 





Ans. 65 -s- 2 = 32-5 X 1^ = 585 area. 



ence) = Fo X E H, and Dy« (the half sum) = F H X E o ; therefore 
(D«a _ Aa*) X (Cz^ — By^), the continual product of the four 
remainders, =:(FHXEo-FG X Eo)X(GE X Fo- EHX 

Fo) = ((FH-FG)XEo)X((GE-EH)XFo = GHxEoX 
GHxFo = GH*XEoXFo=GH*X oB* = square of the 
area of the trapezium ; hecause C K X o B =r area of the triangle 
ABC, and D * X oB = area of the triangle A D B ; then (C K -(- 
D iP) X B ^ area of the trapezium, but CK-}-Da?=rHG; there- 
fore HG*XoB*:z: the square of the trapezium A C B D, wldch is 
the rule. 

• Demonsiration, Bisect A D in G ; through G draw E F parallel 
to C B, and G H parallel to A B ; jproduce C D to E. The triangles 
A G F and E G D are evidently equi-angular, and the sides A G and 
G D equal ; therefore these triangles are equal. (26. 1.) Hence the 
trapezoid A B C D is equal to the parallelogram F E C B, but the 
area of the parallelogram is equal F B X C D. (Prob. III.) Again, 
it has been shown that the triangles E D G and A G F are equal in 
every respect ; hence E D = A F, and E C = F B = G H, (34. I.) 
therefore G H is half the sum of EC and FB ; that is, G H = 

EC + FB DC + AB , . DC4 AB ^^ ^ ^ . 

^ t5 = 5" ; wherefore 5 X C D gives the 

2 ^ ^ 

area of the trepezoid^ 
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2. What Is the area of a trapezoid, whose parallel ^des 
are 750 and 1225 links, and the perpendicular height 1540 
links ? Ans, 15 acres roods 33*2 perdies. 

3. What is the area of a trapezoid whose parallel sides 
are 4 feet 6 inches, and 8 feet 3 inches ; and the perpen- 
dicular height 5 feet 8 inches ? Ans. 36 feet 1 1 inches. 

4. What is the area of a trapezoid whose parallel sides 
are 1476, and 2073 yards, and perpendicular height 976 
yards ? Ans, 220 acres 3 roods 25 perches 7 yards. 



PROBLEM XIV. 



To find the area of an irregular Polygon, 

RULB. Divide the figure into triangles and trapeziums, 
and find the area of each separately, by Problem IV. or XI. 
Add these areas together, and the sum will be the area of 
the polygon. 

1 . What is the area of the irregular polygon A B C D 
E F G A, following lines being given ? 



AO 

GB 

Qn 

GC 

F^ 

Cy 

FD 



9 
29 
11 

28-4 

14-5 

13 

35 

:7-4 
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A0= 9 
Cn = ll 




2)20 sum 




10 half 
29 diag. 


GB 


290 = areaofABCGA. 


Cy= 13 
E;r = 7-4 




2)20-4 sum 




10-2 half 
35 




3570 = area of FC DBF. 


Fx=: 14-5 
14-2 





205-9 = area of G F C. 

290 =areaofABCGA 
357 = area of FC DBF 
205-9 = area of G F C 

^ns. 852-9= area of A B C D E F G A. 

2. Inafive^idedfieldGCDBFGthereisGC =28' 
perches. Far =: 14- perches, C^ = 13 perches, jzr B = 7* 
perches, and F D = 35 perches ; requu-ed its area ? 

^ns, 3 acres 1 rood 26 perches. 

Noie, In finding the area of an irregular figure, draw a line through 
the extreme angles of the figure, on which let fall perpendiculars 
from all the other angles of the polygons, which will divide it into 
triangles and trapezoids ; then nnd the area of these by Problems 
|V. and XIII. 



sa 



^ 
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3. In the annexed figure, there are given in perches, 

AX = 15 AP=17 FR=10 

XR= 8 PS = 14 ET=:12 

RT = 14 SD = 95 BP=20 

TD= 6 0X=: 5 CS =14 

Required the area? ^ns. 4 acres 2 roods 17i perches. 



PROBLEM XV. 



To find the area of a regular Polygon. 

Rule I. Add all the sides together, and multiply half 
the sum hy the perpendicular drawn from the centre of the 
polygon to the middle of one of the sides, and the product 
will give the area. This perpendicular is the radius of the 
inscribed circle. 

Rule II. Multiply the square of the side of the polygon 
by the number standing opposite to its name in the following 
table, under the word area, and the product will give the 
area of the polygon. 

Rule III. Multiply the side of the polygon, by the num- 
ber standing opposite to its name in the following table, under 
the word peipendicular, and the product will be the perpen- 
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dicular from the centre of the polygon to the middle of one 
of its sides ; then multiply half the sum of the sides by this 
perpendicular, and the product will give Ihe area,* 



* Demonstration. 1 . Every regular polygon is made np of as numr 
triangles as the figure has sides ; therefore the area of one of the trir 
angles multiplied by the number of sides, will give the area of the 
polygon. But the area, of one of the triangles is found by multiplying 
the perpendicular by half the base, (Prob. IV.) therefore the area of 
the whole polygon is equal to the product of the perpendicular and 
half the sum of the sides. 

3. Regular polygons having the same number of fiides, are similar 
to each other ; and similar figures being to each other as the square 
of their like sides, (20. VI.) ; therefore, as the areas in the Table are 
those of polygons whose sides are ) , it follows that P is tp the area 
in the Table : : the square of the side of the polygon : its area. 

3. The perpendiculars from the centres will divide the similar tri- 




perp^pdicufar^ 




The^lygons A B D E F, and a bde/are similar in every respect, 
hiyt the area and perpendicular of the small pplyj^on are found in the 
Table to the side 1. ' Hei^ce the retison oif the foregoing ryles. 

The tabular numbers are foupd by Trigonometry, thus, for the 
pentagon : divide 360 degrees by 5, and the quotient is 7*2 dA^gt«^;|^ 
tor the angle aqb, its htuf) 36 degrees, U t\ie ^n^e a o c/ *\!>catl^ 

D 
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TABLE II. 



fFhen the side of the Polygon u \,^ 



No. of 
Sides. 



a 

4 

5 

6 

7 

8 

9 

10 

11 

12 



Radius of in- 
scribed Circle. 



0-2886751 
0-5000000 
0-6881910 
0-8660254 
10382617 
12071068 
1-3737387 
1-5388418 
1-7028437 
1-8660254 



Area of Polygon. 



0-4330127 
1-0000000 
1-7204774 
2-5980762 
3 6a39124 
4-8284271 
61818242 
7-6942088 
9-3656404 
U-1961534 



itan.80o-|^^3 

I tan. 450=:! XI 

:J^tan.54o=r:^l/(l-|-|K5) 

|tan.60o=:|K3 

itan.640f 

4tan.67«>t=fx(Hl^2) 
I tan. 70° 

V tan.72<>=|K(5-f 2K5) 
y tan. 73Vt 
Vtan.75^^3X(2+K3) 



Note, The radius of the circumscribing circle, when the side of 
thepolygon is 1, may be seen in Table 1. 

The expressions in the fourth column may be seen in Trigo^to^ 
inetry^ to which the pupil is referred for a full isvestigation of &em. 
llie tangents of the angle OuC in the heptagon, nonagon, 'and 
undecagon, are extremely difficult to be found without a table of 
tangents. 

1 . The side of a pentagon is 20 yards, and the peq)en- 
dicular from the centre to the middle of one of the sides is 
13-76382 ; required the area? 



Sine angle a o c = 36® 

_ , ab .^ 
18 to a c =: -5 ( ^ — := f ) 

f,o is sine ang^e « ac := £Mi® 



» * 



, 9-7692187 
-1-6989700 

m 

, 9-9079576 

9-6069276 
9-76&2187 



to perpendicular c o = -6881 91 . , -- 1 -8377089 

Hence (•6fel91 X 6) -r- 2 = 1 -720477 = the area of the pentagon 
' whose side is 1. The rest of the numbers in the .Table are calcaliSed 
in a similar manner. (See Triganomeery.) These may be found by 
other methods, some of which are ra&er difficult. The perpei(<« 
dIcnJan are the radii of the inscribed circje, 



ft- 
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By Rule I. 20 X 5 X 13 76382 -i- 2 = 1376 382 -J- 
2=688196. Ans, 

By Rule 11. 20 X 20 X 1*720477 = 688- 19 the area 
as before. 

2. The side of a hexagon is 14^ and the perpendicular from 
the centre 12^1243556 ? Ans, 509-2229352. 

3. The side of an octagon is 5' 7, required its area ? 

Jns. 156-875596479. 

4. The side oi a heptagon is 19^38 yards, what is its 
area? ^ns. 1356*6. 

5. The side of an octagon is 10 feet, what is its area ? 

^ . Ans. 482-84271. 

6. The side of a nonagon is 50 inches, what is its area ? 

Ans, 15454-5605. 

7. The side of an undecagon is 20, what is its area ? 

Ans. 3746-25614. 

8. The gide of a duodecagon is 40 yards, what is its area? 

Ans. 17913-84384. 



PROBLEM XVI. 

Given the diameter of a circle, to find the circumference ; or 
the circumference to find ilie diameter y and thence the area. 

Rule 1. Say as 7 : 22 ; ; the given ..^j^mfcei, 
diameter I circumference. ^'^ ''■■^- 

Or, as 113 : 355 ; : the diameter ; 
the circumference. 

Or, as 1 : 3-1416 ; : the diameter : 
the circumference. 

2 — As 22 ; 7 ; ; the given circum- 
ference I the diameter. 

Or, as 355 ; 1 13 ; ; the circumferr 
ence I the diameter. 

Or, as 3*1416 ; 1 ; t the circumference I the diameter, 

Demonstraiion. To establish the truth of these rules ; 
Let A B D F and a h dfhe two squares, circumscribed about, 
tmd inscribed in a circle ; let F D be 2, and then the area 
ofABPFis4, and qf abdfis 2 (7. IV.) : theucii \\. Vss 

d2 
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mquired to find the areas of two other regular polygons of 
double the number of sides, (eight,) the one circumscribed, 
and the other inscribed, viz. hikwvzyx, and O /*E d C 
hQa. 




First, it is evident that ogf and o G F are similar, and 
are also like portions of the squares a h cf/a, and A B D F A ; 
it is also evidept that the triangle o G/, and the quadralateral 
o G lify are like portions of the inscribed and circumscribed 
polygons, of which the sides Gf and G A ; as gf is parallel 
to G F, og\oOMof\o¥\ but og\oO\\ the triangle 
ogf\ oGf (1. VI.) ; for the same reason of I oF l\ die 
triangle o Gjf\ the tiiangle o G F j therefore, by equality of 
ratios, the triangle ogf\ o Of I o G F ; but these triangles 
have been shown to be like portions of the inscribed, deriva- 
tive, and circumscribed polygons ; therefore the polygon 
G/E c?C i Q a is a mean proportional between a h dfa and 
ABDFA^ but a h d/is 2, and A B D F is 4 ; therefore 

G/EdChQais equal V 2 X 4 = 2-8284271 . 

Again, because o h bisects the angle G o F, Go I o F, or 
go ; of:: Gh: kF (3. VI.); hntgo: of::go: oG 
the [tnangle ogf: o G/j and og:of^=oG) :: oG 
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i>F:: GA;^F :: the triangle oOA: the triangle oAF; 
then from equality of ratios the triangle ogf\ the triangle 
t>G/::oGA: the triangle A F. Hence the inscribed 
figure ahdfl its derivative inscribed figure 0/E</C 6 Q a : 
the triangle oOrh\ the triangle o A F ; and as magnitudes 
are profx>rtional8 by conv«r6ton> and also by the Mmilar in> 
crease of their homologtnis terms, it follows that « h df and 
O/E dCbOln together are to twice « 5 e?/ as the triangles 
o G A and ohF together (tn o G F) to twice the triangle 
o G A (= o G A/) ; that is, abdf together with G/E rfC 
-6Qaisto ABDF as oGFto oOkf; but oGF and 
•o G hf are like portions oi ABDF and xhikwv zy^ 
therefore uhdf and G/E</C6Qa together are to A B D F 
tas ABDF to xhikwfjzy^ ButaA(f/=2, and G/E 
<; C 6 Q a = 2-8284271 ; hence 2 + 2-8284271 : 4 : : 4 (= 
ABDF): 3-3137085 = the area xhikwvxy. 

From this it appears that the two inscribed polygons are 
to twice the simpM inscribed polygon, as the area of the 
circumscribing polygon, to the area of the derivative circum- 
scribing polygon ha^g double the number of sides. Hence 
to find the area of the inscribed polygon <^ 16 sides, which 
is a mean proportional between 2-8284271 and 3-313708/5, 
we multiply them together and extract the square root of the 
product, thus, V(2-8284271 X 3-3137085) = 30614674; 
and to find the area of the circumscribing polygon of 
16 sides, we say, as 2-8284271 + 30614674 : 2 X 
2-8284271, or, 5-8898945 : 5-6568542 :: 3-3137085 ; 
3- 1825979. " 

Pursiiiiig tins mode of calculation, namely, extracting the 
square roo^ and finding a fourth proportional alternately, the 
following table may be formed, showing the numbers ex- 
pressing the areas of the inscribed and circumscribed poly- 
gons, whiph appear from the table to approach each other 
continually, and therefore to the area of the inscribed circle. 
Now if we conceive the circumscribing polygon to consist of 
an infinite number of sides, the sum of all is evidently equal 
to the circumference of the circle, but the area of such a 
polygon i6 found by multiplying half the sum of all the sides 
by the radius ; therefore the area of a circle is found by 
multiplying half the circumference by the rad\\x« \ \svx\. ^*^ ^<i& 
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area, to the radius 1, is 3*1415926, or 3*1416 nearly^ it it 
evident that 3*1416 is half the circumference of a circle whose 
radius ie 1, and the circumferences of circles being as their 
radii, 3*1416 is the circumference of a circle whose diameter 
is 1. Hence, if D denote the diameter of any circle, its 
circumference. will be found by the analogy, as 1 I 3-1416 ; ; 
D I the circumference ; the converse of tiiis is evidenl. 

To find smaller numbers expressing the approximate ratio 
of 1 to 3*1416, such as 113 to 355, 7 to 22, &:c: See Gre- 
gory's Philosophy of Arithmetic — Continued Fractions. 

And to find the area, having the diameter, by means of a 
tabular number, it will be D^ X 78539815. Because the 
areas are to each other as the squares of their diameters, it 
will be, as 2^ : D^ : 3*1416 : the area of the circle K^oet 

diameter is D, this = ^ X 3* 1416 = D^ X -78530815; 



TABLE III. 



Pf^hen the number of sides is 



Nnmber of sides. 


Areas of the inscribed 


Area of the circum- 


*« ^" **T ***■- \ \fM I9A\A^WS 


Poly gun. 


scribing Polygon. 


4 .. 


2*0000000 


4-0000000 ' 


8 .. 


2*8284271 


3*^137085 ^ 


16 .. 


3-0614674 


3* 1825^79 


32 .. 


31214451 


3-1517249 


64 .. 


3*1365485 


31441184 


128 .. 


31403311 


3*1422236 


256 .. 


31412772 


3*1417504 


1024 .. 


31414729 


3*1416025 


2048 . . 


3*1415877 


3-1415951 


4096 .. 


31415914 


31415933 


8192 . . 


3*1415923 


31415928 


16384 .. 


3-1415925 


3.1415927 


32768 . . 


3*1415926 


31415926 ; 

M 
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&y finding the area of the inscribed and circumscribed 
polygons of 393216 side, to the diameter 1, they would bi* 
found to agree up to the tenth decimal place, the cir- 
cumference of the intermediate circle being greater than 
3-1415926535, but less than 31415926537. Hence the 
area of a circle is always less than the area of any regular 
polygon circumscribed about it, and its circumference less 
than the circumference of the polygon. But the area of a 
circle is greater than the area of any inscribed polygon, and 
its circumference greater than the circumference of the po- 
lygon, it being the ultimate limit of both. Its area is the 
greatest within the same perimeter. The diameter and cir- 
cumference of a :ciFcle are incommensurable, and thougli 
■^Kjreoo^Btry fumiehes no method of finding a line equal to tlie 
circumference, yet the approximate numerical solution given 
above answers all the purposes to which it may be applied. 

From what has been said, it is easy to conceive that the 
area of a cirele is e^ual to the area of a right angled triangle, 
whose altitude is equal to the radius of the circle, and base 
equal to its circumference. 

For more on jthis subject, s^ Trigonometry, 

1. The diameter of a circle is 15, what is its circum- 
ference ? 

7 : 22 : : 15 : 22 X 15 -J- 7 = 330 -i. 7 ±= 47 142857. 

Or, 113 : 355 : : 15 : 355 X 15 ^ 113 = 5325 4- 1 13 
=K 47- 124. 

Or, ] :31416 : : 15 : 31416 X 15 = 47- 124. 
. 2. The circumference of a circle is 80, what is its dia- 
meter?' 

22:7:r80 : 7x80^22 = 2545. 

355 : 1 13 : : 8O : 1 13 X so -r- 355 = 25-4647. 
31416 : 1 :: 8O4 80-^31416 = i25-457. 

3. What is the circumference of a circle, whose diameter 
.is 10? Ans. 31-4285. 

4. What is the diameter of a circle, whose circumfeience 
is 50? u4ns. 1 5-909, 

5. The diameter of the earik is 7958 miles, what is its 
circumference ? ^ns, 2500-8528 miles. 

6. The circumference of the earth being 25000-8528 
miles, what is its diameter ? An9. 795^ T£s^fe%. 
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PROBLEM XVIL 

To find the length of the arc of a Circle, 

Rule I. Multiply the radius of the circle by the numbei' 
of degrees in the given arc, and that product by 0* J 745329, 
and th« last product will be the length of the arc* 



* It has been, ^own that^ when the radius is I, the semi^circiuii' 
ference is 3*1416, which being divided by 180, the degrees in a seaoi- 
circle, gives *01 745339, the length of 1 degree, to the radinis ^. 

The rest of the role is evident. 

The following theorem taken frotn Dr. HatUm, is mer e aoen rate : 

Let (^ =r the diameter, and v the versed sme, thten (5 d ^ l , -f- 

oa — or 

2 
4 i^ rf o) Xx = the length of the arc. 

Demotuiration, From Trigonometry we have A r^S-^ 



2-3r» ^ 

c V 3*5*3 ' ^fl 

— ;r— + c.^o» A > &«•» that is, A = S X (1 X 5r^ -lr 
2-4-5*r* * 2*4-6*7'r*' ' ^ \ y\ 2*3»r* ~ 

Jll 3*58^ 

2'^'or* "^ 2-4-6-7-r*' *' 

The length of the cnrve A D B being reijnired, call its half D IS^ 
A, the versed sine D P, v, sine B P, S, and radius r ; and becanse 
KPXPD=BP*; that is, (2 r — ») X » = S^, and theh' 
^(2rv^v^)szS\ substituting this value of S in tiie above eqnar 

tion,weget A = v^(2rt;- OX 1 + -2:3:7a- + 2.4.5.^. 

. 3- 5X(2rt;-t;»)^ 
' 2-4*6*7*r* ' 

By expanding and multiplying these factors^ we get 

A = /2rt; X (1 + ^t^:^ + 2.4«5>2V» "*" 2'4'ti»7'23r3 ^ *^-) ^^^ ^ 
2 r =: <^ and we get 

A = /rf t. X (1 + 2:3^ + 2^4^W5 + 2'^-6'7d^' *"•> 

To find the value of this series, let it be assumed =r d \/ — ; r — 

gd ^ A V 

-f ;t^(/9, and we get 
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Rule IL From eight times the chord of half the arc, 
subtract the chord of the whole arc, and it will be found 






^ " "^ '^jrf^ri^ + " »^ "^ " = '^^t^tt; + " ^ -^ " = *^ "^ ' 



X (^JT^ + ») = "^ """^ (^^jil^ + ") = '^ " 



d 
1 



-"^^^* + ,1= l^i/r 



This being expanded, we get 
l^</»X(--r + T+ T, Ac. + nj 

"Bj comp&ring%ith the equation 

X:=V'dvx(l+^+^p^-i-^p^^,. Ac), we get the 
co-efficients of the Uke powers of v eqnal to each other ; that is, 

-- + 11 = 1 ; th<B(|in=l - --- ZS.S— -. , and g =: — ^ and ^ 

=: -*- : hence ^ =s A, and .%• = A*. Again, we have -r-=r — ; 

hence ; ^ is — ; and ~- =: A* ; therefore ^ s: ^ ; hence g^ sr 
|x^^; thatiB,^* = |x A and dividing hy g^, weget^*=|, 
andir= gj; hnt A»5=^=V2£/ = [ssj'^as' ""^ enbstitut- 
ing these in the e<iaation A s: rfk^ d^k + ^^ V" d «^ 'n^ %^\. 

d3 ' ' 
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that one-third of the remainder wiH give the length of the 
arc, nearly.* 



Vis''- 25^5 ''>' ^ ^* 

VW_1_4. .w £ 4 d 1. 

5 * 

1; aiid2A=(5i/Vr3^^^ + 4»/rf») X r» which is the mle. 

* Demofutraimt. Let the radius C D =: r, and sine A P srS ; thea 
the chord A D = V/(S*+ [i^ |^^(r»- S»)l«) = S+ ^ + 1|1^ 4. 

Ac. ; and 8 A D =r 8S +-4 + ^^ + Ac; therefore 8 AD - 

2AP=6S + 5!-f ^, 4jc.;aildi(8AD-«AP) = i(&AD 

as 7 S^ 

— AB)=r2S + H— a+4S:7' ^^'^ ^^* ^''"" THgonometrjr, the 

'* S' 

length at the arc A D, whose sine is S, is known to he S -f- ^-^ 4- 

*• Of* 

^jT-- , <fec. : and therefore the arc A D B will he 2 S 4- -sr^ 4. 
40 r* * . ^ ' 3 r* "^ 

VfT^t <fec. Now when we compare this expression for the Itagth of 
the arcwithj(8AD-AB)=2S + ll + ?~L, Ac., we ihid 

the diflference to he sTq^* which proves Ihe^uth of the rule. 

The reason of the mle may he otherwise shown thus : Let A B 

" ' s» 

=- 3 A, A P = c, AP 3=S; then hy iVigonometry, A =: S -f- g44 

. 8' Ac c\' 

-f «fec., and2.A=2S-f gTjj-. Also, y = - -f - J , «fec. ; then 
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1 . If the arc A B contain 30 degrees, the radius being 
9 feet, what is the length of the arc ? 

An9, 30 X 9 ^ 270, and 270 X 01745329 = 4-7124. 




2. If the chc»rd A D of half the arc A D B be 20 
feet, and the chord A B of the whole arc 38, what ie the 
length pf the arc ? 

Ans. 20 X ^ — 38 = 122 ; then 122 ^ 3 = 40f 
feet, nearly. 

3. The chord of an arc is 6 feet, and the chord of 
half the arc is 3), required the length of the whole are ? 

jhis. 7]. 

4. The chord of the whole arc is 40, and the verged ane 
15 ; what is the length of the arc ? Ans. 53 J. 

5. The chord A B is 18, and the v^sed sine D P 4 ; 
what is the diameter ? Ans, 24^. 

6. The chord A B of the whole arc is 48*74, and the 
chord A D of half the arc 30*25 ; required the length of the 
arc ? Ans, 64*42. 

7. A B = 30, D P = 8 ; required the length of the arc ? 

^Ans. 35 j. 



"•-^ 



A=:C + 

IF 



8^ r3 



c 
; and 8 A = 8 c -f q~39 ^^' > hence 8 A — 2 A =: 



S^ 



A =: 8 <? + j-j, &c.^ — 8 S — ^, <fec^ but j-^heingHearlye^nal 

to ^, therefore ^ A=:8c-. 2S, wid2 A( =sADB)5Ki^li? 
whioh is the rule. 
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PROBLEM XXVIII. 

To find the area of a Circle, 

Rule I. Multiply half the circumference by half the 
diameter, for the area.* 

Rule II. Multiply the square of the diameter by -7854, 
for the area.f 

Rule III. Multiply the square of the circumference br 
•079584 



• This rule is demonstrated in Problem XVI. 

f The reason of this rule may be seen in the note to Problem XV L 

X When the ciivnmference of a circle is 1, its diameter is *3 18309, 

. -318309 1 , . . „ . , ^,„ , -318309 
and its area is — •= — X « (»ote to Problem XVI.) := ^ — =r 

-079577 ■=^07958 nearly; but circles are to each other as the square* 

of their circumferences ; therefore P : cir.* : : -07958 : area= cir.* 

X '07958, cir. being any circumference. 

22 22 

7 : 22 : : diameter l l circumference =; -=-9 and the area is ~ — -■ 

7 '*' 7X2 

X 7 =:tt ; hence 14 : 11 :.: d^ : area 5*22 : 7 : : circumference 1 : 
2 14 

7 717 

diameter :r =5, and X 3 = gg the area of a circle whose cir- 

7 
cumference is 1 : therefore 1^ : cir.* i I gg : area; that is 88 ; 7 : 

cir.* : area cir. being the circumference. 

Cor. Hence if <f =: diameter, c = circumference, a = area, and 
n = 3*1416. Then 

Ist. rf = ^=-=2Vr-\ Forn:l::c:rf=-, and^ X 3 
n c . \nj » 2 2 

4a 
r= a ; then c <^ =; 4 a and dzz — , again 1 Inlld IndzLc; then 

lfl=l>rf; thenrf*=?i?, and rf = vf i?) = 2 Vf-Y 
c nd * n \nj W ^ 

2nd. <? =r » rfsr-r = 2 y(n a). For cdrz 4 o -.- c = -r, agaiii 

4rt 4a A an ^ . , o.v/v 

c r= — =s — := : • e^ssian and c =: 2 y{a n), 

d ii c 
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. Rule IV. As 14 to 1 1, so is the square of the diameter 
to the area. 

Rule V. As 88 to 7, so is the square of the circum* 
ference to the area. 

1. To find the area of a circle whose diameter is 100, ana 
circumference 314*16. 



By Rule I. 

31416 
100 

4)31416 

Area 7854 



By Rule II. 

•7854 
1002=10000 



By Rule III. 

98696-5 sq. cir. 
•07958 



Area 7854 



By Rule IV. 

100» = 10000 

11 



7854- Area. 



By Rule V. 

98696-5 sq. cir, 

7 



2)110000 

7)55000 

Area 7857 



8)690875-5 
11)86359-4 



7850-85 



2. What is the area of a circle whose diameter is 7 ? 

j4ns, 38 1 . 

3.. How many square yards are in a circle whose diameter 

is IJ yard? » ^m. 1069. 



3rd. a = -j-=^=-. Forc^nrf-.--X-j-=a=:— , 

and c* = 4fln I* a=:-r- ; likewiseczz-r !• c </ =: 4 0, hence 

4n d ■ . 

cd 
«= 4- 



4a 



IM?« 



4th. n =:-;=-=- = 7-,. For c= ncif*.* fi= - and a = -^: then 
d d^ 4d d 4 ' 

'- «. 4a . j« 4a j« 4 , 4* 

4 a = w «iP •.-»=-;; ; again. «P=: — •.•#ia'ss4a and n =: -^, 
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4. The surveying wheel turns twice in the length of IGJ 
feet ; in going round a circular bowling-green it turns ex- 
actly 200 times ; how matiy acres, roods, and perches in it ? 

^ns. 4 acres 3 roods 35-8 perchet 

5. The circumference of a fish-pond is 56 fhains, what is 
its area ? u4ns. 249^66288. 

6. What is the area of a quadrant, the radius being 100 ? 

^ns, 7854. 

7. Required the length of a cord fastened to a stake at 
one end and to a cows horns at the other, so as to allow 
her to feed on an acre of grass^ and no more ? 

y^ns, 39 i yai'dg. 

8. The circumference of a circle is 91, what is its area ? 

Ans. 650-00198. 

9. The diameter of a circle is 15 perches, what is its 
area? ■ Ans. 176*715. 

10. What is the area of the semicircle of which 20 is th© 
radius? Ans, 62832 



PROBLEM XIX. 

Crwen tlie diameter of a circle^ to find the area of a square 

equal in area to the circle, 

''Rule. Multiply the diameter by -8862269, anS the 
product will be the side of a square equal in area.* 

I. If the diameter of a circle be 100, what i^the side of 
1^ a({uare equal in area to the circle ? Ans. 88*62269. 

. 2. The diameter of a circular fish-pond is 200 feet, what 
is the side of a square fish-pond equal in area to the circular 
one? Ans. 177*24538. 



' .ft 



* Demonstratidn, When the diameter i» 1, the area is -7d54| 
(Prob. XYI.) ; then the side of a square equal in area to '7H54 i» 
/(:7854> s: *886296», the moltipUer. 
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PROBLEM XX. 

a 

Gw€n the circumference of a circle^ to find the nde of m 
square equal in area to the circle » 

RULB. Mdtiply the circumference by •2820948, and 
the product will be the side of the squared 

1. The circumference of a circle is 100, what is the side 
of a square equal in area to the circle ? ^ns. 28*20948. 

2. The circumference of a round fish-pond is 200 yards, 
what is the side of a square fish-pond equal in area to the 
round one? ^ns. 56-41896. 



PROBLEM XXI. 



Given the diameter to find tlie side of the inscribed square. 

•• 

Rule. Multiply the diameter 
by -7071068, and the product -wjll 
give the side of the inscribed 
square, t 

1. The diameter of a circle is 
100, what is the side of the in- 
scribed square? . Ans^ 70*71068. 

2. The diameter of a circle is 
'200, what is the side of the in- 
scribed square ? Ans. 141-42136. 




• Dsffumshation. When the circumference is I, the area of the 
orcle is -Q79577, (Prob. XYIII. Rule 3.)} then the sidd of the sonarf 
equal in area to -079577 is V^(-079577) = -2820948, the multipKep. 

Note, When the area of the circle is given, the side of the tqufDre 
ig found by extracting the square root of the area. 

t Demonstration. When the diameter is 1, (= B D), the av^a of 
the circumscribed square is 1 , and therefore the area of the iosoribed 
•quare i> -jf (=: '5), and the side itself is |/*5 = -7071 Oi^. 

NUe. When the diameter AC is], the side EU is U 
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PROBLEM XXn. 

' Given the area of a circle, to find the Me of the inscribed 

square* 

RULB. Multiply the area by *6S66197, and extract the 
square root of tlie product which will give the side of the 
iDscribed square.* 

1. The area of a circle is 100, what is the side of the 
inscribed square ? ^ns, 7*97884. 

2. The area of a circle is 200, what is the side of the 
inscribed square ? 

200 X -6366197= 127-3239400; then V 127-3239400 
= 11-2837. Jns. 



PROBLEM XXIII. 

Given the side of a square, to find the diameter of a circvm- 

scribing circle. 

s 
Rule. Multiply the side of the square by 1*4142136, 

and the product will give the diameter of the circumscribmg 
circle.f 



* DemonstrtUiim. Let the area of the circle A B C D be I ; then 
from the first equation in the Note to Prob. XVIII. d =: 2 V(o:TT7g)» 

"^1=^(34516)' '^"^'^ ^' = '^(solie") *^^ ^ **' = 

1 2 

; but Ao« + 6D» = 2 Ao«s= (47-1) = AD« =r- 



'6366197. Now similar fionres are as the squares of their like 
sides -.* 1 : ^ven area : : •6366197 (= A D>) to the square of the 
side of the mscribed square =r nven area X '6366197 '•' the side 
itself is (K(given area X '6366197),) which is the rule. 

t Denumstraiton, When the sicle of the square is 1, the radius of 
the circumscribing circle is '7071068, and the diameter is '7071068 
X 2=1-4142136. SeeTaWel. 
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1. If the side of a square be 10, what is the diameter of 
the circumscribing circle ? Am. 1 4 • 1 42 1 36. 

If the side of a square be 20, find the diameter of the cir^ 
cumscribing circle ? An%. 28*2842724 

PllOfiLEM XXIV. 

Given the side of a square, to find the circumference of the 

circumscribing circle. 

Rule. Multiply the side of the square by 4-4428934, 
and the product will be the circumscribing circle.* 

1. If the side of a square be 100, what is the circum- 
ference of the circumscribilig circle ? Ans, 444*28934. 

*2. If the side^ of the square be 30, ti^hat h the circtim- 
ference of the circumscribing circle ? Anss 133*286802. 

PROBLEM XXV. 

Given the side of a square, to find the diameter of a circle 

equal in area to the square* 

Rule. ^Multiply the side of the square by l'128791yand 
the product will be the diameter of a circle equal in area to 
the square whose side is given.-(- 

1 4 If the side of a square be 100, whAt is the diameter of 
the circle whose area is equal to the square whose side it 
100? . Ans. 112-83791. 

2. What is the diameter of a circle equal in area to a 
'square, whose side is 200 ? Ans, 225-67582. 



* When the side of the sqnare is 1, the diameter of the circiim- 
scrihing circle is 1*4142136^ ancUOierefore its circumference 1*4143136 
X 3-1416 = 4-4428934 : hence the reason of the role, 

t DenwrutraHon, From the first eqnaticM^ in the note to Problem 
XVIIL, we have rf= V( — ) J bnt when the side of a square is 1, 

its area is 1 -.-rfs V(— ) = V(^:Yils)^^'^^^^^'^^' ^^"^^* 
the reason of the rule. 
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PROBLEM XXVI. 

Given the side of a square, to find tJie circumference of a 
circle f whose area is equal to the square whose side is given ^ 

Rule. Maltiply the side of the square by 3*5449076, 
and the product will give the circumference of a circle equal 
in area to the given square.* 

1 . What is the circumference of a circle, whose area may 
be equal to m square whose side is 100 ? Ans, 354*49076. 

2. Find the^' circumference of a circle equal in area to a 
square whose side is 300 ? Ans, 1063*47228. 



PROBLEM XXVIL 

To find the arm of a sector of a circle. 

Role I.' Multiply half the length of the arc by the radius 
of the circle, and ttie product is the area of the sector.f 

RtTLE II. As 360 is to the de^frees in the arc of the 
sector, so is the area of the whole circle to the area of the 
sector.^ 

1. Let A C 60 be a sector lees than a semi-circle, whose* 



• DemmttrMim. By the last Problem, the diameter of a circle 
e^val^ in area to a square, whose side is F, is M 2^791, and its cir- 
cumference therefore will be 1*1283791 X 3141 6 =r 3-5440076. 

f The reason <rf these operations is evident from Problems XVII. 
and XVIII. 

X The reason of the second rale is evident from the 33. VI. which 
proves that arcs of the same circle are as the sectors : therefore the 
whole circumference (360) is to the given arc (18) as the area of the .. 
whole circle is to the area of the sector. 
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radius AO ig 20 feet, and thord AB 30 
feet ; what is the area ? 

^ns. First, V(AO* — AD*) = 
V(400 - 225) = 13 228 = O D ; 
then OC — OD = 20— 13-228 = 
6-772 = C D. 

Again, V(AD2+CD2) = V(225 
+ 45-859984) = 16-4578 = A C the 
chord of half the arc. 

Hence, by Problem XVU. the arc A B is 37-2208 ; then 
37-2208 




2 



X 20 = 372 208 the aiea required. 



2. Let A E F B O A be a sector 
greater than a semi-circle, whose ra* 
dius A O is 20, the chord E B 38, 
and chord BF of half EFB 23; re- 
quired the area ? 

23 = chord B F 
8 

184 
36 = chord B E 




3)146r 



48-666, <&c. =: arc B^F E 
20 



§78 J area, 
3. What is the area of a sector, whdse arc contains 18 
degr^s, the diameter being 3 feet ? 

7854 



Then 360 : 18 : : 7-0686 : the area of the sector ; 

Or, 20 : 1 : : 70Q86 : 35343. Ans, 

4. What is the area of a sedor whose are contains 147 
degreles 29 minid;es, and radius ^5 ? Jlns, 804-3986. 

5. What id the area of a sector, whose arc contains ] % 
degrees, the radius being 3 feet ? AtK%. V \\^\^^« 
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PROBLEM XXVm. 

^ofind the area qjfihe segment of a circle k 

Rule I. Find the ai^a of tbe sector kaving the saind 
iirc with the segment, by the last Problem ; find also the 
area of the triangle, formed by the chord of the segment and 
the two radii of th^sector. Then add these two areas toge* 
ther, when the segment is greater than a sepii-circle, but 
find their difference when it is less than a semi circle, for the 
answer,* 

1. What is the area of the seg* 
ment ACBDA, its fchord Afi 
being 24, mid radii A E or E C20 ^ 

V(A E« — A D^) = V (400— 
144) = 16 = D E, EC - E D== 
20 — 16 = 4 = C D, V(A D^ + 
D C») = V(144 + 256) =20 i- 

AC;«Len("^X!)-^=45i 

o 

= arc A C B, 

And 22f =: half arc 
20 = radius 




453J =areaofsectoirEBCA — 192=areaofA ABE 
192 =areaofAABE 



261 i z= area of segment A B C A, 

2. Let A G F B A be a segment greater than a semi- 
circle; there are given the chord A B 20*5, FD 17*17, 
AF20, TG 11-5, and AE 1164, required the area of 
the segment? 

(FGX8)-AF^(11.5X 8)^20^ 34 the length 
o o 



•. This rule is evident from the example, and from Problems IV. 
and XXVII. When the triangle E A B is deducted from the sector 
BBC A, the segment A C B remains, 
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of the arc A G F (Problem XVTI.) ; then 24 X 11-64 =: 

279-36, area of sector A E B F G A (Problem XXVII.) 

Again, F D — E D = 1717 — 11-64 = 5-53 = E D ; 

A B X E D 20-5 X 5-53 
then, ^ z= ^ ;= 56-6825 the area of 

the triangle ABE, which being added to the area of the 
sector before found will give the area of the segment, viz, 
279-36 + 56-6825 = 336-0425 the area of the segment 
A G F B A. 

Rule II. To two-thirds of the product of the chord and 
versed sine of the segment, add the cube of the versed sine 
divided by twice the chord, and the sum will give the area 
of the segment nearly. 

When the segment is greater th^n a semi-circle, find the 
area of the remaining segment, and deduct it from the area 
of the whole circle, the remainder will give the area of the 
segment* 



* Demonstratiim, This mle, which is the best for practice, was 
originally demonstrated by Mr. Peter Nicholson. He however 
took the fundamental pari of his demonstration from Dr. Hutton, 
which the Doctor discovered by Flnxions. Let v =: versed sine 
C D of the arc A C B, and d the diameter of the circle ; then by 
a formula in the Trigonometry, (which see), the length of half the arc 

1 -f ^ -Ir j~5, <fec. j which mnltipUed by half the 
diajneter will, by Prob. XXyil.* give the area of the sector, that i«i, 
the area of the sector \s-^V{dv) X ( ^ + g^ + In^' *^^* ) ^^^ i* 
is easy to^onceive that -|- i «^ X *' = the altitude of the triangle 
whose base AHis 2 KCrft; - t;«) = 2K(«?t') X [l - ^- ^,&c.j 
Hence the area of the triangle is ( -|- 1 «f X «) X Vid v) X 
( 1 — oj"~ w^» **^* \ which being added to, or subtracted from, the 

DFxDC=rAD» (35, III.) ; that is, (rf- ») X « = -|-,(cbeingput 
for A B) ; therefore cf =r |^ -f r, and 2 v V^(</t;) =; v V^(5i* -V ^^^\ 
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3. What is the area of the segment A C B, less than a 
«emi-circle, its chord bebg 18*9, and height or versed sine 
D C 2 A. ? 

^ns. A B X D C = 18-9 X 2-4 =4536, and f AB X 

D C = I X 45-36 = 30-20666 ; then ^ ^^/g.^ =-36571; 

hence 3020666 + -36571 = 30-57237 the area. 

4. Required the area of the segment A G F B whose 
height F D is 20, and chord A B 20 ? 

^= ~=10 = AD,and AD« = 100; but AD* = 

^r. ^^ r.r^ AD* 100 

FDxDC.-.CD=:^^=-25- = 5. 

The area of the segment ACB is, by the last case, 
69*7916 ; and the area of the whole circle, by Prob. XVIII. 
is 490-87 ; then 490-87 — 69-7916 = 421-0834 = area of 
the segment A G F B, 

5. What is the area of the segment A G F B, greater 
than a semi-circle, whose chord A B is 12, and versed sine 
18 ? ^«t 297-81034 

Rule III. 1. Divide the height of the segment by the 
diameter of the circle, to three places of decimals. 

2. Find the quotient in the column height, and take out 
the corresponding area segment, which multiply by the sqq^re 



2»^ 29* 4v^ 
szvc -{ J- -j — ^, <fec., (by extracting th^ square root of 

cue 4 

(2 p 

2 4t>^ 4vc ^ 2 8c»p^ -^80t;^ 2 8p» 

Ti^^ '^Yc "*5c^+20»«""3*'^"^ 15c*-f 60re»^3 "^+15^ 

— . - , ■ ■ ^.. — r = Q*^<^+TT:: J^early, which is the rule, Sen 
;»rDblem XVII, 
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of the diameter, and the 'product will be the area of the seg- 
ment required.* 

Note I. If the quotient of the height by the diameter be greater 



* Denumttration, To prove the truth of this mle, it will be neces- 
sary to show that segments whose versed sines are as the diameters, 
will be to each other as the squares of the diameters. 

Let A E B A and a e ha "he two similar segments, cut firom the 
similar sectors A E B C A and aebca, by the chords A B and a b. 
Draw C E bisecting both the arcs. 

By similar triangles CA:Ca::CS:C*; that is, C A : C « : 
C A — ES : C E — tf * •.• C A : C ffl : : E S : es. Hence the versed 
sines of similar segments are as the radii of the circles, or as the 
diameters ; but similar sectors arcs as the squares of the diameters, 
and similar triangles as the squares of their like sides ; C A' : C a*: : 
sector A E B C A : Bcctor aet Call triangle C AB : triangle Cab:: 
seg. A E B A (=r sector A E B C A — triangle ABC): seg. aeba 
( = sector aebCa — triangle abC); that is, the segments are to 
each other as the squares of the diameters. 

Now, the diameter in the tables is 1, then by putting r/=; any dia- 
meter, and V = versed sine, we shall have d:vl I :v-i-dz=: the versed 
sine of a similar segment in the table, whose area we shall call a. 
Then from what has been proved I " : ^/' : : a : a rf* =r area of the 
segment, whose height, or versed sine is v, and diameter d. The 
table of seg. is at the end of work. 

Noie. If to the square of half the chord of the segment there be 
added the square of the versed sine, the square root of the sum will 
gWe the chord of half the arc of the segment. To -f of the chord of 
half the arc of the segment add the chord of the segment, the sum 
multiplied by f of t^ versed sine will give the area. The truth of 
this rule may oe shown thus :— 

As in Rule 11., we have A = {^(dv) x(l + ~ + g^^,, Ac.) 




Rpd therefore the area of the sector Q P R O is - X (v^C't'^N X V\ \» 
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than '5 subtract it from 1, and find the area segment corresponding 
to the remainder, which subtract from *7854 for the correct area 
segment. 

Noie II. If the quotient of the height by the diameter does not 
terminate in three ngures, find the area segment corresponding to 
the first three decimal figures of the quotient, subtract it from the 
next greater area segment, multiply the remainder by the fractional 
part of the quotient, and add the product to the area segment first 
taken out of the table. When great accuracy is not required, the 
fractional part may be omitted. 



is, K((rf -v)Xv)x(^-v^ = Vidv^v^)x(^- »)= area of 
the triangle Q O R ; and this expanded, and taken from the area of the 

for the a^ea of the segment in terms of v and ef, which assume equal 
to ^ V (fnV^(d V -^ v^) -^- n v^(d v)) (in order to find a finite v&[ne for 

the segment) = 2 t; (m K (</ » X H - j)) -|- n K (rf »)) = 

4 n)=z2vy'(dv)Xlmx(^ "^~ ^) +**! = ^^^ X KC^'y) 
x(fn^'l§-^^'^/^c, + n)^2.XV(d.)Xn. 

~ "hTT* ^^' ^**^» -y comparing these two expressions for the 
area of the segment, we get »»+« = -, — -^=r— ^ ; therefore 

2 ., 2 , 2,224 

?» =r - ; then J + n = g,and«=:^ —_=:-_. By substituting these 

in the equation expressing the segment, we get 

2vX-^V(dv^v^) + j^[^(dv)r=^vX(2y'(dv-^v^) + ^l/(dv); 

l>ut V (d v)iB the chord of half the arc, and 2y{dv^v^) is the 

2.2 2 

chord of the segment, and - r is - of the versed sine : therefore - v 

X h ^(fiv ~ v^) 4- -r V{d r) I expresses the rule. 
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6. Let the diameter be 20, and the versed sine 2, required 
the area of the circle ? 

^ = -1, to which answers -040875 
Square of diameter, 400 



16-35 area. 




7. What is the area of a segment, whose diameter is 52, 
and versed sine 2 ? 

/j = •0384^j which is the tabular versed sine. Then 
to '0384 answers -009917, and the difference between 
this area and the next is -000038, which multiplied by ^^^ 
gives -000023, which added to -009917 gives 009940, 
which is the area corresponding to the versed sine -0384^^ 
Then 52 * X 009940 = 26-878787 is the area required. 



PROBLEM XXIX. 

To find the area of a Zone, or the space included by two 
parallel chords and the arcs contained between them. 

Rule.. Join the extremities of the parallel chords towards 
the same parts, and these connecting lines will cut off two 
equal segments, the areas of which added to the area of the 
trapezoid will give the area of the zone.* 



* Demonstraiion. The trapezoid A B D C, together with the «a%- 
ments A Z C A and D B F D is ecinul to the zoneoeX^eeiL >^ <^<2it^ 
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1. Suppose the greater 
chord A B = 30, the less 
C D 20, and the perpen- 
dicular distance D or = 25, ^ 
required the area of the 
zoneABDC. | (A B — 
CD) = ^B = i (30-20)^^ 
= 5 : then \^(D x^+a; B^) 
=:DB = V(252 + 52) 
= 25-49. AB- B^ = 
A^ = 30 — 5 = 25, and 
fA:rXBar)^D^ = F^=C25X5)-f-25 = 5. Dx + 
F^ = DF = 25 4-5 = 30 = 1 V(CD«+ D FM = 
1 C F= G ;r = I V(20» +30*) = 18025, the radius of the 
circle; (DBXA:r)-f.2Dar = G3f= (25-49 X 25) -u 
(2X25) = 12-745, Gz^Gyzzizy, 18025 — 12-745 = 
5-28 the height of the segment AzC, 3605)5-28(-146 
the tabular area segment answering to which is -071033, 
then 071033 X (36.05)' = 92-315 = the area of the 
segment A ;r C. 



C D and A B ; but the area of the segments is fonnd by Problem 
XXVIII., and the area of the trapezoid is found 1^ Problem Xlll. 

Draw A B of the given length, and make x B ec^ual to half the 
difference between the chords A B, CD; then raise the perpen- 
dicular X D equal to the distance between the given chords^ draw DC 
parallel to A B, and join A C. Bisect A C, C D in the points y, E, 
from which erect the perpendiculars y G, EG, and where thej meet 
at G will be the centre of the circle ; from the centre G with the 
radius G C describe a circle ; produce C G to F, and C F will be the 
diameter of the circle. Produce D x which will meet the diameter 
at F ; because E G is parallel to D F, and bisects both C D and OF; 
join A F, and C A F is a right angle. As Gy bisects A C and C F, it 
is parallel to A F, and is also equal to half of A F. Because ^ ( A B ~ 
C D) = d? B, and V'iH ^' + a'B»)=DB;AB-^B=:A^; then 
Aa?X^B=rD^ Xa?F.-. a? F = Ad?X *B-i-D dr; but Daf-f 
rfjF = DF, and»/(CD« +DF") = CF, the half of which is C G 
= G F. 

Again, the triangles ^ ^ ^ and D ^ B are similar ; D # I- D B * : 
A X llA F which is double Gy; thenGy = DB X Adr-^2D^. 

iiastly, G z — G y =r y z the height of the segment A 2 C. 

When the diameter of the circle is given, or the chord A C and 
height y z^ the operation is very simple, in which case D x ne*d not 
bp giwen. 
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J(AB + CD)X D^!=J (30+20) X 25 = 625 the 
area of the trapezoid ABDC. Hence 625 + 92-315 
X 2 = 809-83 = the area of the zone, 

2. Let the chord A B = 48, the chord C D = 30 ; the 
chord AC = 15-81] 4; what is the area of the zone 
ABDC? 

j4ns. The diameter C F = 50, height of the segment 
AzC-=. 1-2829, area by the table of segments = 13-595. 
Area of the zone A B D C = 534- 19. 

3. Let A B = 20, CD = 15, and their distance 17 1; 
required the area ? Ans, 395*4369. 

4. Let A B = 96, C D = 60, and their distance 26 ; 
required the ar«e ? 4ns, 2138 7527. 

PROBLEM XXX. 

Toifind the area of a circular ring, or of the space included 

between two concentric circles. 

Rule. Multiply the sum of the two diameters by their 
difference and the product arising by -7854 for the area of 
the ring.* 

1. The diameter A B is 30, 
and C D 20 ; what is the area 
of the ring XX? 
30 

^ A.ht- -fHB 

50 sum 

10 difference 



500 
•7854 




392-7000 area of the ring X X. 



* Let D be the diameter of the larger circle, and d the diameter 
of the smaller ; then D* X *7854 =r area of the larger circle, and 
d* X *7854 = area of the smaller circle -.- D« X -7854 — d^X -7854 
= (D* - rf«) X -7854=3(0 + 1/) X (D - <^) X •7854 = l\xfc ^<i^ ^\ 
the ring. And this expression corresponds Nv\t\i Wv<& T\A<e« 

E 2 
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2. What is tike area of tlie circular ring:, when Qie dls- 
melere are 40 and 30 ? Am. 549-78. 

3. What is the area c^ a circutar ring, when the dta- 
metera are 50 and 45 ? y^n*. 373065. 



PROBLEM XXXI. 

To find the area of a part of a rinffi or of ike tf^metif of a 

Rule. Multiply half the sum of thej^, 
bounding arcs by their distance asunder, 
and the product will give the area.* 

I. Let A B be 50, and a i 30 ; and 
the distance a A 10 ; what is the area ol 
the epace a ( B A P 

50+30 






X 10 = 400. 



2. LetAB=60,aS = 40,andaA 
^ 2 ; required the area of the apace 
a6BA? Ans. 100. 

3. LetA8 = 25,a* = ]5,andaA 
^ 6, required the area of the segment of the sector ? 

Am. 120. ' 




- = aC; bnt AC-aC=«A = r- Y" = 

- X r. Bot the itfea of the sector A C B = 
CaXai ar ^a a* 



-^, and the aren of the gector aCt 

.-. the areBoftbe legment AB Ja^ -5 ^-~ 



ftilating A a for its equal ' 
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PROBLEM XXXII. 

To find tlie area of a Lune^ or the space included between 
the intersecting arcs of two eccentric circles. 

Rule. Find the areas of both segments which form the 
lime, and deduct the less from the greater for the answer.* 

1. Let the chord AB = C 
40, E C = 12, and E D = 
4 ; what is the area of the 
June AD BC A? 

Jns. By the 35. III. A' 
(AE«-i. EC) + EC = 
diameter of the circle of which A C B is an arc, and 
( A E "^ E D) + E D = the diameter of the circle of which 
ADB is an arc; hence (20 ^ -f- 12) + 12 = 45-3' ; and 
(20* 4- 4) + 4 = 104 ; are the two diameters. 

12 ^ 45-3 = -264. 4 -M04 = 038. 

The area segment answering to '264 is -165780, and 
(45-3)* X -165780 = 340- 1954802 = area of the segment 
A E B C A. 

The are^ segment answering to -038 is -009763, and 
(104)» X -009763 = 105-596608 = area of the seg- 
ment AEBDA; then 340-1954802 — 105-596608 = 
234-5988722 = the area of the lune. 

2. Let the chord A B = 40, and the heights of the seg- 
ments E C and E D are 15 and 2 ; required the area of the 
hme? Ans, 388-47384. 




.PM 



t ' ■ 



* Demonslration, It is «elf-eTident that the segment A C B A 
A D B A = the line A C B D A. 
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If A B C be a ri^t angled triangle, on the three sides of 
which, if three semi-circles be described ; then the triangle 
T (ABC) will be equal to the sum of the two Imies L 1, L2. 
Because the sum of the semi-circles described on the sides 
containing the right angle is equal to the semi-circle de- 
kjcribed on the hypothenuse, and taking away the tegmenta 
SI, S2, which are common to the equal quantities, the 
remainders will be equal, viz. the sum of the lunes L 1, L2, 
will remain equal to T. 



PROBLEM XXXIIL 

TO MEASURE LONG IRREGULAR FIGURES^ 

fFhen irregular figures, not reducible to any known figure f 
present themselves, their contents are best found by the 
method of equi-distant ordinates. 

Rule. Take the breadth in several places, at equal dis- 
tances, and divide the sum of the first and last ordinate by 
2 for the arithmetical mean between those two- Add toge* 
thor this mean and all the other breadths, omitting the first 
and last, and divide their sum by the number of parts so 
added, the quotient will give the mean breadth of the whole,) 
which being multiplied by the given length will give the area 
of the figure, very nearly. 

It is not necessary sometimes to take the breadths at equal 
distances, but to compute each trapezoid separately, and the 
sum of all the separate areas thus found will give the area of 
the entire, nearly. 

Or, add all the breadths together and divide by the num- 
ber of them for a mean breadth, which being multiplied by 
the length, as before, will give the area nearly. 

I. Let the ordinate AD be 9-2, bfl, cg-9, J A 10, 
B C 8-8, and the length A B 30 ; reqmred the area ? 



MENSURATION OP SUPERPICIE.S, 



7Ji 



9-2 AD 
8-8 BC 



2)18 



9 mean breadth of first and last 
7 hf 

9 eg 

10 dh 




4)35 sura 



8-75 mean breadth of alL 
30 



262-50 area of the whole figure. 
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SECTION III. 



OF THE ELLIPSES. 




1 . If two pins be fixed at the points F/J and a thread P/F P 
be put round them and knotted at P ; then if the point P 
and the thread be moved about the fixed points ¥fy so as to 
keep the thread always stretched, the point P will describe 
the curve A C P B D A called an ellipsis. 

Let the pupil fix two pins in a 
table at any convenient distance, 
as at Fy*; next he is to fasten 
the two ends of a thread, and 
throw it loosely over the ^mea 
pins ; then by stretching the string 
with a black lead pencil, or a 
sharp pointed instrument, and 
carrying it gently round, an ellipsis will be formed. 

2. The two points or centres ¥f where the pins are fixed, 
are called the foci. 

3. The line, passing through the foci, is called the trans- 
verse axis, or the axis major. The point O, in the middle 
of the axis AB, is the centre of the ellipsis. 

4. The line C D, drawn through the centre of the ellipsis, 
perpendicular to the transverse axis A B, is called the con- 
jugate axis, or the axis minor. 

5. The lines L R, drawn through the focal points ¥f^ 
perpendicular to the transverse axis A B, is called the pa» 
rameter, or latus rectum. 
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6. A line drawn fix>m any point of the carver perpen- 
dicular to the transverse axis, is called an ordinate to the 
transverse axis, as EG, or H G. When it goes quite 
Uirough tl^e eUipsis, as E H, it is called a double ordinate. 

7. The extremity of any diameter is called the vertex ; 
thus, A and B are the vertices of the diameter A B ; C and 
D are the vertices of the diameter C D. 

8. That part of the diameter between the vertex and the 
ordinate is called an abscissa ; thus G B, and A G, are ab- 
scissas to the ordinate G E. 

The following are a few of the leading properties of an 
ellipsis : 

PROPOSITION I. 



If from any pomt P, in an ellipse ^ Hraight lines P F, Vf be 
drawn to the foci Ff, their sum is equal to the transverse 
axis AB. 

DemoTistraiion. From 
the generation of the curve, 
it is evident diat A/ is 
equal to B F ; hence A F 
== B/. It is plain also a 
thatFP+P/=A/+ 
Ati^zzAZ+B/zsAB. 

Cor. Hence it appears 
that if two right lines be 
drawn from every point 
in the curve to the foci, the sum of every two connecting 
lines is the same, and equal to the transverse axis. 




B 



PROPOSITION II. 

The line connecting the extremity of tlte conjugate axis 
andfocics of the ellipse is equal to half the transwrse axis; 

^Aaitf,FCar/C=M-.AO,orOB. 



Demomtration. By the last Proposition, F C -^f C. ^s^ 

b3 
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A B ; but F C =/C ; because in the triangles F o C and 
fo C, F is equal to/o and o C common, and the angles at 
o right ; therefore F C is equal to/C (4. 1.) and hence F C 

AB 
is equal to -^ = A O, or OB. . 



PROPOSITION III. 



THEOREM. 




The transverse and conjugate diameters of an ellipsis being 
given, to find the fociy and construct the figure. 

Draw the transverse 
and conjugate diameters, 
bisecting each other at 
right angles at O ; from 
C as a centre and radius 
AO, describe an arc 
cutting the transverse 
diameter A B in ¥ f, 
which are the foci of the 
ellipsis ; take a great 
number of points in A B, the more' the better, as m, m, &c. 
with the radii Am, B m, ( A m + B m = A B) and witib F/ 
as centres, describe two arcs crossing each other at o o, &c. 
join 0, &c. with the hand, and the curve will l)e that of ao 
ellipsis. 

Demonstration. By Proposition II. F C, =:yC = A O: 
and by Proposition I., F o -|- o/^pz Am-f-Bm =: AB; 
hence the reason of the construction. 

On the same principle, an ellipse m^y be constnicted by 
means of three rulers. 

Provide three rulers, of which two Y z, fx are equal, 
each, to the transverse-axis A-B„ and the third xx equal to 
the focal distance F/. Then connecting these rulers so as 
io move freoly About F i/^ and als6 about Xy Zy their inter- 



f ection P will always be in tlie curve ; so that if titiu run 
along both rulers, and the instrument turned freely about 
the foci, a pencil, or sharp-pointed inetrument introduced 
through the slits at the point of intersection, will describe 
the ellipse. 




Proposition iv. 

■The ^stance be(ween the two foci u a mean prfforlionai 

^ between the ram and difference of the trantverie and eon 

Jiyate axU, tiatU,AB^CD :Ff::FJ:AB —CD. 

Demnnfration. CO'=FC'— F0' = AO" — FC 
(Prop. II.) .•.4CO'(=CD^ = 4AO' — 4FO';but 
4AO' = AB», and4F0»=:F/* (Cor. 4. II.) ; hMjce 
Fr=AB'- CD»=(AB + CD)X(AB-CD) 
(Cor. 5. II J; therefore AB+CD:F/::F/:B A — 
C D (17. VI.) ' 
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PROPOSITION V. 

T7te square of the distance of the focus from the centre^ is 
eqtuzl to the difference of the squares of the semi-axes; thai 

w, FO* = AO* — co^ 

Demonstration, FO"=FC^ — OC* (47. I.) ; but 
F C = A O (Prop. II.) ; therefore F O* = A O* — O C*. 

— See the last figure. 

PROPOSITION VI. 

The rectangle of the distance of the focus from each mfieXf 
is equal to the square of the semi^eonjttgate ; tMU is, AF 
XFB = CO*. 

Demonstration. Because CO* = F C* — FO*; but 
FC =AO; therefore C 0* = AO* — FO« = AF X 
F B, (Cor. 5. II.) See the last figure. 

PROPOSITION VU. 

The squwt% of half the transverse axis is to tlie rectangle of 
the greatest and leasi focal distance 'from the extremiim 
of the transverse, <w the rectangle of the ahscessas to the 
square if the ordinate which divides them ; ikcU w, A c*: 
AFXi*"B:!A^X*Bm^«. 

To understand this^ it is necessary to premise the lolkxr- 
ing lemma^ yiz.' 

If fi*om the vertex of any plane triangle a perpendicular 
be let fall on the base, or base produced, and the base bi- 
sected ; then half the base is to half the sum of the sides, 
as the difference between half the sum (A the sides and 
one of them to the distance between the middle of the base 
and perpendicular. 

Make F O = half the sum of the sides Fm^ fm; then it 
will be, Fc : FO : : O OT, or F O — /m : CK. 
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Demonstration, Because F/ : FD : : Fm — fm : FG. 
Hence Fc : FO :: O m : J F G= J F/+ i/G zz/C 
i/K=CK. 

By the lemma AC:FC::CA::AC— fm, which 
being squared and divided, will be A C» : A C^ — F C* : ; 
C K* : C K* — A C« + 2 A C X /^ —fm% which being 
involved and divided, wiU be AC* : A C* — F C« : : AC* 
— C K« : 2 AC* - FC« - C K* - 2 AC Xfm+fm*; 

but AC*— FC* = FD' 
= AFxFB(Prop.VT.); 
al8oAC*-.CK* = AA:X 

^B,and2AC*— 2ACX 
fm=z2FCXCK; like- 
J^wlse/m* — FC* — CK* 
+2FCX Ck =.fm*^ 
fk^ = mk^ /.AC*: AF 
XFB:: AA?XA:B:mA*. 

Cor. 1. From this it follows that, the square of half the 
transverse is to the square of half the conjugate, as the rec- 
tangle of any two abscissas, is to the square of the ordinate 
which divides them. 

For AF X FB = C D* (Prop. VL) /. A C* : C D* : : 
A ^ X A: B : m /c*. 

Cor, 2. The transverse axis is to the latus rectum, or 
parameter, as the rectangle of any two abscissas is to the 
square of the ordinate which divides them. Because D G* 
= A B X j»9 (putting p for the parameter) ; therefore A B* 
: ABX;> :: AA:X^B:m^* :; hence AB ;p \\ ^wV 
X^B :mA*. 
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Cor, 3. Hence the rectangles of every pair of abscissa* 
are proportional to the squares of their corresponding or- 
dinates. 

Cor, 4. The square of the conjugate is to the square of 
the transverse^ as the rectangle of any two abscissas is to 
the square of the corresponding ordinates. 

For AC*:CD*::AC*— Cit*:mA:* (Cor. 2.), or 
C N ^ then by inversion and division, C D * : AC * ! : C D *— 

cN^(z=DNx ng; :C;t* = (mN*). 

Cor. 5, The rectangle of the focal distances is to the 
square of half the transverse, as the rectangle of any two 
abscissas of the conjugate, to the square of the ordiiiate 
which divides them. 

For AF X F B = C D« (Prop. VI.) .*. AF X FB : 
AC* ::DN XNG:Nm2. 

Cor. 6. Hence the conjugate is to its parameter, as the 
rectangles of the abscissas, to the square of the ordinates 
which divides them. 

Cor. 7. Hence also, the rectangles of the abscissas of the 
conjugate are proportional to the squares of the ordinates 
which divide them. 

ar. 8 As A C2 (= FD») = C D« + F C« ; then 

CD«+FC^ :CD2 :: A^X^B:m^«. 

Cor,9, By Cbr. 4. CD* : CD»+ FC« ::DNX ' 
NG:Nm*. 

Cor. 10. As CD« =AC* -FC« ; then, by Cor. 4. 
AC«— FC«:AC* :!DNXNG:Nm». 
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Cor. 11. Because AB= ; therefore by Cor. 2, 

P 

DG* :p^ ::AKXA:B :mA:^ 

Cbr. 12. As D G = ^^; then by Cor. 6, A B» :/>» 

:: DNxNG:Nm». 

Cor. 13. From m draw m o = half the transverse^ then 

« ^vill m « = half the conjugate. For by similar trianglen 

mo^ or A C* ; C k^ H sm^ I sk^ ; then by inversion and 

division AC ism^ :; AC* — C^« : («m» —« A;» =) 

mA:* V *m=:CD. 

Cor, 14. Therefore if from the point o be laid off o « = 
half the difference between the diameters, and that line pro- 
duced till it becomes equal to half the transverse, its extre- 
mity will be in the curve. 

Cor. 15. If upon either axis a circle be described, the cor- 
responding circular and elliptic ordinates will be proportional. 
Because the rectangles of the abscissas are equal to the 
squares of the circular ordinates. (35. III.) 

Cos. 16. If through the extremities of two unequal elliptic 
ordinates a straight line f>e drawn, so as to cut the axis pro- 
duced, a straight line drawn from the point of contact will 



Vd 




f _ .... 

pass througti the extremities of the corresponding circular 
ordinates. Because P N : j»^ : : S N : ^ (Cor. 1,5;) j but 

SN :^y :: tn : Ty .-. pn : pyy. tn : t^^. 

Cor. 17.- From this we may infer that tangoats drawn to 
any two corresponding ordinates wiU pass thro\]k,<^\i ajda ^«5sl^ 
point in the aioB* 
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PROPOSITION VIII. 

In the ellipse f the square of any diameter is to the square ef 
Us conjugate, as the rectangle of the abscissas to that dia- 
meter, to the square of the ordinate which divides them ; 

thatis, CM» :cs« ::MOxOM:ON». 




From the point O draw O R parallel to the axis A B, 
and O H perpendicular to it : also through the point N^ the 
extremity of the ordinate^ draw R Q parallel to D G^ and 
draw the ordinates M P and K S. 



Then bysiniilartrianglesNQsr^^^ -f TP/ ^ 



MP; 
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thatis, (CPXPT)» : MP« :: CH« XTP«q:2CH 
XORX CPXPT + 0R»XCP» :NQ^butAP 
XPB:MP«::AC^ — CH2X2CHXOR — OR«: 
N Q« (Prop. VII. Cor. 3.) ;* and A P X P B =zC P X P T; 
therefore C H= X T P^qp2 CHXORxCPxPT + 
OR"XCP* = (AC«-CH*q:2CHXOR — OR*) 
XCPXPT; hence OR* 

_ AC*XCPXPT — CH*X(CPXPT + TP*) 
"^ CPXPT + CP* 

but AC* = TCXCP = CPXPT + CP*; and 
CPXPT + TP* = CTXTP; therefore 

PTX TCXCP'-PTXTCXCH' 

T C X C P 31 (J R ; 

that i8, CP : P T : : C P* - C H* : O R* ; but by eimiJar 
triangles CS*: C K* : NO*: OR*; that is, C PX PT : 

CS*::OR*: ON*(forCK*z= AP X PB=CPX 
P T) ; hence by composition C P* : C S* : : C P* — C H* : 

O N* ; but by similar triangles and division, C P* : C H* : : 

CM*:CO*, andCP*: CM*;: CP*— CH*: C M* — 

CO*; therefore Ex. Equo. C M* : CS* :: C M* — C O* 

(znMOxOM) : NO*. 

• From the property of the curve and similar tria^^es TQ* 

M 3> 




* Fropot&ion 9. If through the extremities of two unequal ordi- 
nfttei a right line be drawn so as to cut the axis produced ; then a« 
the square of the distance of one of these ordinates from the point of 
intersection, is to the rectangle of the abscissas, which it divides, so 
is the sum of the distances of the ordinates from the point of inter- 
section, to the sum or difference of the distances of the ordinates 
from the centre according as they fall on the same or contrary sides 
ofthe centre; that is, tQ» : AQ X QB : TC^-V'^'^'.^^.-V ^V. 
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: AQxQB:JTL^- ALXLB, and by division T Q* 

. A Q X Q B : : (T L» - T Q*) : ( A L X L B - A Q X 
QB2:)2TCXCQ4:2TCX CL +CL»-.CQ^• 
C Q* ^ C L^ which divided byCQ4:CL;TQ:AQX 
QB2:(2TC-.CQq:CL:CQ+CL::)TQ+TL 
:CQ±CL. 

Cor. 1. When Q and L coincide, TM will become a 
tangent, and C Q, C L will become equal to C N ; tha-efore 
T N^• A N X N B : : 2 T N : 2 C N ; that is, C N : B N : : 
ANiTN. 

Cor. 2. By dividing the last analogy, we get CN : B N 
-CN :: ANtTN — AN; that is, CN: AC :: AN: 
AT. 

Cor. 3. By inverting and compounding the first analogy, 
we get CN: CN+AN::BN:BN+TN; that is, 
CN:AC::BN2BT. 

Cbr. 4. From the two last corollaries, we get AN : BN 
:: AT:BT. 

Cor* 5. By inverting and compounding tihe second corol- 
lary, we get CN:CN + AN:2AC:AC4.AT; that 
is,CN:CA::CA:CT. 

Cor. 6. By inverting and compoimding the last, C T : 
C A : : C T + C A : C A + CN; that is, C T : CA : : BT 
:BN. 

Cor. 7. By inverting and dividing the 5th, we get C T : 
CA :: CT — CA: CA — CN; that is, CT:CA :: 
AT:NA. 

Cor. 8. By inverting and dividing the 6th, C T : B T : : 
C P - A C : B T - BN; that is, C T : B T : : AT : NT. 

Cor. 9. Bythe6thand8th, CA: BN::AT:NT. 

Cor. 10. By the 7th and 8th, CA:BT::AN:NT. 

Cor. 11. If tangents be drawn to each vertex of the 
curve, and if the conjugate be produced to meet any other 
tangent, then as one of these tangents is to the ordinate 
drawn from the point of contact, so is the semi-conjugate 
produced, to the other tangent. For (Cor. 8.) C T : B T : : 
AT:NT V C R : BI :: AP : NO; hence BI:NO:: 
CBAP. 
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Cor, 12. By similar triangles TB;TN::BI:NO 
by the 10th Cor. AC : AN :: Bl; ON. 

Cor 13. By similar triangles TA:TN::AP:NO; 
therefore by the 9th Cor AC : B N :: A P : N O. 

Cor, 14. The 12th and 13th Ex. Equo. perturbate AN 
: BN:; AP:BI. 

Cor. 15. By compomiding the 12th and 13th A C : A N 

X 




X N B ; 1 A P X B I : O N' f that is, C D* : N 0« 4 : A P 
X BI : N 0« (Prop. I. Cor. l.X; therefore C D'^i;! AP X 
B I ; that is^ the semi-conjugate axis is a mean proportion 
between the vertical tangents. 

Cor. 16. Hence AP X BI (=z C D«) AF X F B = 
A/X/B; therefore AF : A P : : B I : F B, and A/: 
A P : : B I : / B ; therefore the triangles are ^ilar and 
right, and the triangles P N I and P/ 1 are right-angled at 
F and /; therefore R is the centre of a circle which will 
pass through the points P, F,/, and I. 



PROPOSITION X. 

If from two conjitgffie diameters ordinates be drawn to tlie 
axis; the distance from one ordinate to the centre is a mean 
proportion between the segments of the other ; that is, 
C^^ = ANXNB, orCN* = A^X^B. 

By similar triangles TN* : C*^ :: [NO' ; R«' \'.\ 
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ANXNB: AC* — CjrnProp. I. Cor. 3.1 ButANX 
NB = TNXNC [Prop. 11. Cor. 1.] ; and by Prop. II. 




Cor. 5, AC' = TCXCN; therefore TN:Cx*::NC 
: TC X CN' — Cx% and by composition TN : TC :: 

C^r'iTCxCN; that is, Ca:'z= TNXNC = AN X 
N B = A C* — C N^ 

Cor. 1. By the 35. III. A N X N B = the square of the 
ordinate of the circle applied to the, point N ; therefore the 
distance between the centre and one of the ordinates, is equal 
to the other ordinate produced to the circle. 

Cor, 2. Hence [and Prop. I. Cor. 16.] A C : C D : : C^ 
: NO. Likewise AC : C D : : CN : Rar ; therefore AC': 
CD*::NCXC^:R^XNO. 

Cor. 3. Produce the conjugate diameter till it meets a 
tangent at the vertex of the curve ; then by similar triangles 
C N : N O : : AC : A L ; and C;r : ar R : : A C : A M; 
therefore NCXC^:R;rXNO::AC':LAxAM; 
then by Cor. 2, C D* = L A X AM. 

ar. 4. Since by the 2nd A C« : C D» : : C r^ : N O*, 
andAC* :CD» :: CN^ ; R ^» ; therefore A C^; C D« : : 
C;r»+CN» :NO«+R^«: 

But by the Proposition Car^+CN'szAC*; therefore 
C D* = N O* + R ^« ; that is, the square of half the con- 
jugate is equal to the siun of the squares of the ordinates 
drawn from the conjugate to the axis. 

Cor. 5. From this it appears that &e sum of the squares 
of any two conjugate diameters is equal to the sum of the 
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squares of the transverse and conjugate diameters. For 
AC«+ CD« = (NO»+ Rar*+ Cx» + C N» =) 

Cor,.6\ Hence the sum of the squares of any two con- 
jugate diameters la equal to the sum oi the squares of any 
other two conjugates. 



PROPOSITION XI. 

^ Parallelogram described ahoui any two conjugate diame- 
ters, is equal to that described about the transverse and 
conjugate* 

Draw the perpendicular C Q ; then by similar triangles 

T c : c Q : . c R : r^. But c A : CT : : c N : c A 




(Prop. VIII. Cor.\ and C N : R^ : : A C : C D, (Prop. 
X. Cor. 2.).; therefore by composition C^A : C Q : : C R : 
DC; hence AC X CD = CQXCR- 

Cor, 1. Therefore all parallelogram described about the 
conjugate diameters of an dlipsis are equal. 

Cor, 2. By similar triangles C K or A C : C Q : :/0 : 
/L ; therefore by the Proposition /O :/L : : C R : C D ; 
also FO : F K : : C R : C D ; that is, as the distance of 
the focus from the point of contact, is to the perpendicular 
from the focus to the tangent, so is the conjugate diameter 
parallel to the tangent, to the conjugate ayis^ 
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f*0 F O 

Cor, 3. Hence /L is as j^y and F K as fr^- 

Cor, 4. By compounding the two last analogies of the 
2nd Corollary F O X O/ :/L X F K : : C R« : C D». 
But CD»=/LXFK; therefore FOXOf=CR»; 
that is, the semi-conjugate diameter parallel to any tangent 
is a mean proportional between the distances of the foci from 
the point of contact. 



PROPOSITION XII. 

Jf upon either axis of the ellipsis a circle he described^ the 
area of the circle will he to that of the ellipsis^ as the 
axis upon which the circle was descrihed, to its conjugate^ 

By Prop. VII. Cor. 15, the circular is to the correspond- 
ing elliptic ordinate, as the axis upon which the circle is de- 
scribed, to its conjugate axis ; therefore the sum of all the 
circular ordinates, or the area of the eircl^.is to the sum of 
all the elliptic ordinates, or the area of tue ellipsis^ as the 
diameter upon which the circle is desonbed, to th^ c onju ga to - 
diameter. 

Cor. 1. Therefore the ellipsis is a mean proportional be- 
tween the circumscribed and inscribed circles. 

Cor. 2. Hence also, a circle whose diameter is a meatl 
proportional between the axes is equal to the ellipsis, 

Cor. 3. From this Proposition, it a{4>ear8 that all ellipses 
are as their circumscribing parallelograms. 

Cor. 4. Therefore the area of an ellipse is in a ratio com- 
pounded of the transverse, and ihe sub-duplicate of the 
transverse and parameter, that is, in sub-duplicate ratio of 
the parameter and the sesquiplicate ratio of the transverse. 

Cor. 5. The areas of ellipses, whose transverse diameters 
are equal, are as the conjugates, or in the sub-duplicate ratio 
of the parameter. 

Cor. 6. The areas of ellipses, whose parameters are equal, 
^re in a sesquiplicate ratio of their greater axes. 
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Cor. 7. The area of any circular segment is to the area 
of the corresponding elliptical segment, as the transverse to 
the conjugate, or generally as the diameter upon which the 
circle is described, to its conjugate diameter. 



PROPOSITION XIII, ' 

The sphere is to the inscribed spheroid^ as the square of the 
transverse to the square of the conjugate. 

This follows from the nature of the circle and ellipsis. 
Because the areas of any two corresponding circles in each, 
are as the squares of the diameters ; that is, as the square of 
the transverse to the square of the conjugate ; therefore the 
flgsm of all the sperical circles, is to the sum of all the ellip- 
tical circles, as the square of the transverse to the square of 
the conjugate ; but the sum of all the spheric circles is the 
sphere, and the sum of all the elliptic circles is the spheroid ; 
therefore the sphere is to the spheroM, as the square of the 
transverse to the st[uare of the conjugate. 

Cor. 1 . The cylinder circumscribing the sphere is to the 
circumscribing spheroid, as the square of the transverse to the 
square of the conjugate ; therefore the spheroid is f the cir- 
cumscribing cylinder. 

Cor, 2. Let t and c be the transverse and conjugate, and 

n ;= '7854 ; r: — 5 — is the solidity, or volume of the speroid. 

o 

f Cor, 3. The corresponding segments of Hie sphere and 
spheroid, are as the square of the transverse to the square of 
the conjugate, and consequently in the same ratio with the 
solids. 



* A spheroid is a solid, generated by the rotation of a seim-ellipsis 
about one of its axes, which remains fixed. When the ellipsis re? 
volves about the transverse axis, the figure is called a prolate spe- 
f pid, which reserables an egg ; when the ellipsis revolyps about the 
fihorter axis, the figure is called an oblate spheroid, which resemble* 
an orange, 
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Cor, 4. Hence and from the equation of the curve, the 
volume of any segment may be found. Let jt z= any ab- 

scissa, and ^ z= the correspondmg ordinate; then ^ = -j- X 

(tx — ^'), and therefore the sum of all the circles consti* 
tuting the volume of the segment, will be (by the Arithmetic 

of Infinities,) i^ (J tx^-i *') = |!^'x(3/**-3*»), 

or, ^ X (3 < or' — 2 or* ) in teims of the parameter. 

. Cor, 5, The spheroid is to the inscribed sphere, as the 
transverse to the conjugate. Because their circumscrilHiig 
cylinders are as the transverse to the conjugate. , 



PROPOSITION XIV. 

The obkUe spheroid is to the inscribed sphere, as the square 
of the transverse is to the square of &e conjugaie. 

Because the corresponding circles in both solids are as the 
square of the transverse to the square of the conjugate ; 
therefore the sum of all the corresponding circles must be in 
that ratio ; that is the oblate spheroid is to the inscribed 
sphere as the square of the transvere is to the square of the 
conjugate. 

Cor. 1. The oblate spheroid is f the circumscribing cy» 
linder ; therefore the volume of the oblate spheroid is equal 

, 2nt'^c 
to-^. 

Cor, 2 The corresponding segments of the spherdid and 
inscribed' sphere are as the square of the transverse to the 
square of the conjugate. 

Cor, 3. Therefore the solidity of a segment whose altitude 
is ^, will be 

^^^'xae^'-i^O = ^ X (3c^^-2^»), or 



"""^ 



c 



CONIC SECTIONS. 97 

X [3 c 0?' — 2 or'] in terms of the parameter, &c. 

C^or. 4. The oblate spheroid is to the circumscribed sphere, 
as the conjugate to the transverse. Because their circum- 
scribing cylinders are in the ratio of the. conjugate to the 
transverse. 

Cor, 6. If about the two axes of an ellipse there be gene- 
rated two spheres, and two spheroids, the four solids will be 
continued proportionals ; and the common ratio will be that 
of the two axes of the ellipse ; that is, as the sphere upon the 
greater axis is to the oblate spheroid, so is the oblate sphe- 
roid to the prolate spheroid ; and as the oblate spheroid is to 
the prolate spheroid, so is the prolate spheroid to the less 
sphere, and so is the transverse to the conjugate. 

Ckyr. 7. The oblate spheroid is to the inscribed sphere, as 
the circumscribed sphere to the prolate spheroid. 

Cor. 8. From Cor. 6, the prolate spheroid is a mean pro- 
portional between the oblate spheroid and the inscribed 
sphere. 

Cor, 9. And also, the oblate spheroid is a mean propor- 
tional between the prolate spheroid and the circumscribed 
sphere. 

Cor. 10. The circumscribed sphere is a mean propor- 
tional between the oblate and prolate spheroid. 

Note, These equations derived from the general propositions will 
be shown at fall length in a subsequent part of the work. 



OF THE PARABOLA. 

DEFINITIONS. 



1 . If in an indefinite right line A B, any two points A 
and F be assumed, and fi*om the centre F, with the radius 
A B, a circle be described intersecting N N perpendicular to 
A B, in the points N N ; these two pom\s v^'^ \i^ \\\. "^^ 

P 
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curve. If an ioGnite number of such ptunta be fband, tbe 
curve ]>a6suig through them will be a panbola. 

2. The point F in caUed the 

3. A right line paBEing through 
&f. points A and F is called the 
axis. 

4. A right line drawn from 
any point in the curve parallel to 
the axis, ia called a diameter, as 
NK. 

5. A right line drawn from . 
the curve to any diameter, pa- 
rallel to a tangent at the vertex, 
is called an ordinate. _ , 

6. When an ordinate ia per- " 
pendicular to its diameter, it U 
«ud to be rightly applied, as N B. 

7. The distance between the vertex of any diamel^ and 
the intersection of an ordinate, is called the abeciBsa. 

8. The perpendicular P P passing through the focus, is 
the parameter to the axis A B. 

9. A line drawn at right angles to the axis at A is called 
the directrix, 

PROPOSITION I. 

The purameler PP, iafoar times Ihe focal diUanee fifom 
ike verter. 

Because FA = FP = 2FV = 2V A; therefore PP 
= 4FV. 

Cor.l. Thevertex V, bisectsAF;thati8,FV"=VA. 



N 


T 








B /\ 
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PROPOSITION II. 

The jum vf any abscissa and focal ttutance i^ equal to the 
dislance of the focus from the extremitif ift^e ordinate i 
IJolii, FN = TB + VF. 
«cc«««FN = DB = VB+VF(=NS). 
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PROPOSITION IlL 

Every ordinate is a mean proportional between its abscissa 
and the parameter of the aids ; that w, 4VFX-BV=: 
BN^ (See the above fyure,) 

Because FN»^FB» = BN* = (FN + FB) X 
(FN-FB). 

Hence (FN-^ FB) : BN :: BN : (FN + FB). But 
(Prop.II.)FN=VB + VF; and FB = V F a? V B; 
therefore F N — F B = 2 V B, or 2 V F; and also, FN 
+ FB = 2VF, or2VB. Hence 2 V B : B N : : B N : 
2VF; andthen, BN^ = 4 VFXVB. 

Cbr. 1. The squares of the ordinates are proportional to 
their abscissas ; since 4 V F is a constant quantity. 

Cor, 2. Hence the equation of t^e curve is y ^ = jo ^, ^, 
X and y, being the parameter, abscissa, and ordinate. 



PROPOSITION IV. 

The parameter [P] is to the sum of any two ordinates, as 
their difference is to the difference of the abscissas. 



: : [L H -r- B NJ : MN ; that is, P • I.TA •.\NIV> -.W^. 

f2 
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PROPOSITION V. 

Any abscissa is to the square of its ordinate^ as any righ 
line drawn within the curve parallel to the axis, is to the 
rectangle of the parts of th-e double ordinate, which it 

divides. 

For by PropositicMi IV. PX MN=:LM X MO, and 
PX VB=:BN^ hence VB: BN* : : M N : LM X 
MO. 

Cor. The difference between any two abscissas is di- 
rectly proportional to the rectangle under the sum and dif- 
ference of their corresponding ordinates. 

PROPOSITION VI. 

If from the vertex a right line be drawn through the extre- 
mity of an ordinate y so as to meet another ordinate pro- 
ducedy that ordinate will be a mean proportioned between 
the other ordinate and the ordinate produced; that is 
H0* = HCXBN. 

For by similar triangles VB :VH::BN:HC:: 
BN* :HO* (Prop. III. Cor. 1.); therefore HO* = HC 
XBN. 

Cor. The abscissa of the produced ordinate, is to the pro- 
duced ordinate, as the other ordinate to the parameter. Be- 
causeHO^ = PX VH = HCxBN; therefore VH: 
HC:!BN:P. 



PROPOSITION VII. 

If through the extremities of any two ordinates^ a right line 
he drawn so as to cut the axis ; tlie external fart of the 
axis will be a mean proportional between the abscissas ; 
<Aa<w, TV^=:VHX VB. 

By similar triangles, T B' : T H* : : B C^ : H D^ but 
BC':HD^ : : V B : V H, (Pto^. lU. Q^.) ; therefore 
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TV*+2TVXVB + VB«:TV^+2TVXVH+ 
VH«::VB:VH, (4.11.) ; but by division TV^+2TVX 




VB + VB»:2TVXVH+VH = -2TVXVB- 

V B^ : : V B : V H — V B, and by dividing the second 
and fourth t^rms By V H — V B, we get 

TV* + 2TVXVB + VB':2TV + VB + VH 
::VB; 1; therefore T V* + 2 TV X V B + V B* = 
2 TVXVB + VB^+VBX VH; hence TV* = 

V B X V H. 



Cor, 1. Since V B = 



BC 



andVH = 



III.) ; therefore V B X V H = 
BC'X HD^ 



BC 



X 



BC^ 



(Prop. 



TV' = 



thenTV=: 



p ^> p . 
BCXHD 



hence 



that 



P* , , -^ p 

isy as the parameter is to one of the ordinates, so is the other 
ordinate to the external part of the axis. 

Cor. 2. When D and C coincide, then T D will be a 
tangent, as T M, and the abscissas will be equal to each 
other and to VN ; therefore asTV« = VBXVH = 
V N" (for H and B will coincide at N) *, laaxve^, ^^ =. 
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V N ; that is, the abscissa will be equal to the ezternal part 
of the axis. 

Cor, 3. If from the point of contact M> M R be drawn 
at right angles to T M, N R is called the sub-normal^ whidiis 

equal to half the parameter. Because (4. IV.) N R = 

= J P, (Prop. III.) 

Cor, 4. The focus is equi-distant from the point of coo- 
tact and the intersection of the tangent with the axis. 
Because FM = VF + VN = TF. 

Cor. 5. The focus is equi-distant from the extremity of 
the sub-normal and the point of contact 

Because NR = 2FV; therefore FR=s:2F V+FN 
= FV + VN = TF = FM. 

Cor. 6. And hence the focus is the centre of a circle 
which will pass through T M R. 

Cor. 7. If from the point of contact two lines be drawn, 
the one to the focus and the other parallel to the axis^ Ihese 
lines will make equal angles with die tangent. 

For FM = F T, (Cor. 4.), the angles FMT and FTM 
are equal ; but the angles O M P and FTM are equal ; 
therefore OMP = FMT. 

Cor. 8. A perpendicular from the end of the sub-normal 
to a line drawn from the point of contact to the focus, will 
cut off from that line a part equal to half the parameter. 

Because the triangles R C F and N M F are similar, and 
have the equal sides F R and F M ; therefore F C = N F, 
and consequently MC = RN=iP, (Prop. VII. Cor. 3.) 
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Cor. 9. A tangent at the vertex produced to meet any 
other tangent, is a mean proportional between half the para- 
meter and half the abscissa. 

For, by similar triangles, V B is half of M N, V N being 
equal TV. But | M N* = J VN X ii> ; therefore V B^ 
= iVNXi/>, (Prop. III.) 

Cor, 10. Hence the perpendicular V B is a mean propor- 
tional between the abscissa and \ the parameter. 

VB* = JVNX2P = JPXVN. 

Cor, 11. Consequently if the points F and B be joined, 
F B will be at right angles to the tangent, on account of the 
similarity of the triangles T V B and T F B. Hence it ap- 
pears that, a perpendicular from the focus to the tangent, 
and the tangent at the vertex will meet at the same point of 
the tangent, B. 

Cor, 12. A perpendicular from the fbcus to the tangent> 
is a ikean proportional between the distance of the focus from 
the point of contact, and the focal distance. 

Because BF* = FTXTV, (similar triangles) ; but 
FT = FM, (Cor.4.); therefore FB^ = FM X F V. 

Cor, 13. If any ordinate 
be produced to meet the 
focal tangent, the ordinate 
eo produced will be equal r. 
4o the distance of the focus 
from the point of con- 
tract. 

Because MF=VN+ 
VF= V N+ VT = 
N T = (Cor. 4.) N B. 




PROPOSITION vin. 

ff an ordinate he prodttced to meet tlie tangent^ titen as the 
double ordinate passing through the point ofcontactf is to 
tJie sum of the two ordinaies^ so is their difference, to the 
difference added to the external part of the ordinate pro- 
duced; tluitis, 2P0:BN::IN:NL. 

Because by similar triangles T P \ V O \\0^ \^\a\ 
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but TP :PO::2PO :P; 
«nd BN : ON :: P : in, 

(Prop. IV.) ; therefore Ex. 
Equo. 2 P O : P : : ON : NL; 
and then Ex. Equo. perturbate, 

2PO:BN::iN:NL. 

Cor, 1. The diflference be- 
tween tha ordinates is a mean 
proportional between double the 
jess and the external part of 
the lower ordinate. For divid- 
ing the terms of the proportion, 
weget2PO : BN— 2PO 
::IN:NL — IN; thatis, 2P0 : IN;: IN; LI. 

Cor, 2. By this means a tangent may be drawn from any 
given point L, in the ordinate produced. Because 2 O P = 
BI— 2NI; therefore BI -2NI : NI::N I ; LI; 
hence NI^ + 2 NI X IL = B I X I L; therefore N P + 
j2NlXlL+IL%«rNL«=BLxLI; lience N L = 
V(B L X L ^) ^0^ which it appears that if the point L be 
given, the points N and O may be found. 

Cor, 3. By compounding the terms of the Proposition, 
2PO + IN:IN::BN + NL :NL; that is, BN: 

IN::BL:NL. 

From the generation of the curve and Prop. II., it ap- 
pears, that two right lines drawn from any point in the 
curve, the one to the focus, and the other perpendicular to 
the directrix, or parallel to the axis, will be alwajrs equal ; 
hence the following construction. 



PROPOSITION IX. 



PROBLEM. 



To constritct a parabola by motion. 

Provide a ruler, .such as B C, and fix it on the plane on 

which the parabola is to be described ; to the directrix B C 

sj^ly a square: O D G, sunilar to what is conmionly called 
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a carpenter's square, in such a manner that one of its sides 
D G ipay lie close to B C ; attach one end of a thread, 
F M O, equal in length to O D, to the end of the ruler at 
O9 the other end of the thread O M F being fixed at F ; then 




slide the side of the square D G along the ruler B C, keep- 
ing the thread stretched by means of a pin M, with its part 
M O close to the side of the square D O ; and the cur\'e 
A M X described by the motion of the pin, will be one part 
of a parabola. 

If the square be turned over, as represented in the figure, 
and moved on the other side of the fixed point F, the other 
part AMZ, of the parabola, will be described by the 
pin M. 

H&re OM + MF=:OD, and taking away the com* 
mon part O M, the remainders M D and M F, will always 
remain equal, which is the property of the curve. 



ARITHMETIC OF INFINITIES. 

To find the superficial or solid contents of any figure, the 
pupil is requested to attend to the following preparatory 
Propositions, showing how to find the sum of certain ^ro* 
gres«ional series. 

F 3 
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PROPOSITION I. 



In any series of equal numbers^ as 1, 1, 1, ^c, 2, 2, 2, 4*<^., 
3, 3, S, ^c, the sum will be eqtuzl to one of the terms 
multiplied by the number of terms ; that is, S^zna, a, 
being one of the terms, and n, the number of terms. 

PROPOSITION II. 

In a series of numbers mi arithmetical progression, beginning 
with a cypher, and the common difference being 1 ; the 
sum will be equal to half the product of the greater, and 
number of terms ; tlwJt is, ptUting gz=z the greatest term, 
n = the number of terms, and S = sum of the series : 
S=Jw^. 

+ 1+2 + 3 + 4; thenS = 4x5 + 2=10. 
For the reason of this, see Arithmetic, 

PROPOSITION III. 

In a series of squares, whose sides or roots form an arith- 
metical progression, differing by \, and commencing with 
a cypher ; the sum of such a series is equal \ of the greatest 
term multiplied by the number of terms ; when the series 
is infinitely continued, that is,Sz=:ig*n. 

1. Thus, 0+1+4=5. But 4x3 = 12; thenTV = i+iV- 
2.0 + 1+4+9=14. But 9x4 = 36; then |J=i + TV- 
3. + 1+4+9 + 16 = 30. Butl6x5 = 80; then |§ = 

In the first series, where the number of terms is 3, the 
sum exceeds | of the greatest term multiplied by the number 
of terms, by -j^ ; in the second series, where the number of 
terms is four, die sum exceeds j of the greatest term multi- 
plied by the number of terms by -jV » ^^ the third series 
the excess of the sum above | of the greatest term mul- 
tiplied by the number of terms is ^; from which it appears 
tba/^ the excess of the sum of the series above | of the pro* 
duct of the greateBt and number of terms, is continually 
dhninishing, according as the Bumbec oi ^^Tina mcx«dAQ<a \ 
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therefore when die number of terms is infinite, the excess uf 
the sum of the series above j of the product of the greatest 
and ■umber of tenoB, muiit necesBarily be iofinitety ama]), 
and consequently less than any assignable quantity ; which 
excess may then be considered as nothing; hence the Eum 
of the series, when the number of terms is infinite, is equal 
to \ of the product of the greatest term and number of termx. 

PROPOSITION IV. 
In a teriei ^ cviet, whoge root* form an arithmftii'al pro- 
grestion beginning with a ij/pher, Ike common difference 
being 1, and the number of term* infinite, the tumwilHir 
equal to \ of the product of the greateH term mulliplitd 
iy the number of terms; that «, S := J j^ n. 
I. Thus, 0-(-l+8 + 27 = 36. But 27X4=108; 
then^ = J+^. 

2.0 + 1+8+27 + 64=100. But64x5 = 320; 
then^=i + -jJi. 

3.0+1 + 8+27+64 + 125 = 225. But 125 X 
6 = 750 ; then IfJ = J + ^. 

In the first series, the excess of the sum above i of the 
greatest term and number of terms multiplied together, is -^ ; 
in the second series, the excess ia only -^ ; and in the thiid, 
only ^ ; therefore, it is obvious that when the number of 
terms is infinitely great, the excess miut necessarily be in- 
finitely Email, and therefore, less than any asugnable quan- 
tity, which excess therefore may be considered as nothing. 
Hence the truth of the proposition. 

PROPOSITION V. 

In a teriet of biquadrates, whoie roots form an arithmetical 
■progresnon, beginning with a cypher, the common differ- 
ence being 1 , and the number of term^ infinite, the sum of 
such a series will be equtdto \ of the proditcl of the greatest 
term and nvmier of terms mitlliplied togeliter ; that is. 

The truSt of thje Propocntioa ina^ W ^iK««i.> »» "'«' *^ 
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foregoing Propositions^ by showing that the excess of the 
sum of the series above the result of the greatest term and 
number of terms multiplied together, vanishes, when the 
number of terms becomes infinite. 



PROPOSITION VI. 

In any two ranks of proportionahy having tJie same number 
of term^y whether finite or infinite ; tJie first term of one 
series is to the first term of the other y as the sum of all the 
terms of the first series to the sum of all the terms of the 
other. For the truth of this, see Arithmetic. 

To apply the preceding Proposition to geometrical quan- 
tities, it will be necessary to suppose a line to consist, or to 
be composed, of an infinite number of points ; a surface of 
an infinite series of lines, either curved or straight ; a solid 
of an infinite series of planes, or superficies. 



PROPOSITION VII. 

The area of a parabola is equal to ^ of its circumscribing 

parallelogram. 

Draw B d parallel to A S, 
and S d parallel to A B, con- 
ceive S rf to be divided into an 
infinite number of equal parts in 
the points yj g, A, &c., through 
which conceive a series of pa- 
rallels to be drawn, such as 
fffiy g ny h P, &c., meeting the 
semi-ordinates am, en, yP, 
&c., in the curve, at the points 
niy rty P, &c. « 

Then fi'om the property of 
the curve, (Prop. III. Cor. 1.) we have the following ana- 
Jogiea^ viz. 
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SA: AB» 



SA : AB* 
SA:AB* 



:Sa 



ct m 
e n 



a 



But S a =/m, Se = ^w, S^mAP, SA=zfl?B; therefore 
by alteraation, we have 

AB*:cfB::^p«:AP 

AB*:<fB :: ensign 

AB* :<fB ::om*:/7», &c. 

In tliese proportions, am^, en^y P% &c., are a series of 
squares, whose roots Syj S^, S7*, &c., are in arithmetical 
progression, beginning with at S, the common difference 
being 1, and number of terms infinite ; and as the lines fm, 
gUy A P, &c., are as these squares having B d the greatest 
term, S c? the number of terms ; then the sum of all the lines, 

by Prop. III. Arithmetic of Infinities ywM be S = 5 — ; 

but S A X AB=: B c/X S^; therefore ^^^— == (S) 

the sum of all the lines /m, y n, A P, &c., which constitute 
the space S cf B S, outside the semi-parabola. But the area 
of the parallelogram ,ASc?BisSAXAB; therefore S A 
XAB — iSAXAB = fSAxABisthe area of the 
semi-parabola A S P B ; therefore tie area of the whole pa- 
rabola will be equal to f S A X <^B ; but S A X c?B is the 
area of the circumscribing parallelogram, hence the area of 
the parabola is f of its circumscribing parallelogram. 

To prove that the parabola is f of the circumscribing paral- 
lelogram, take any point P in the curve infinitely near B, 
(conceive jB F to be dravm.) Now, fi'om the nature 
of the parabola, the angle P B D z= angle P B F, also 
BD = BF, and PB common; tlierefore (IV. 1.) the 
triangles P B F and P B D are equal. Again, the angles 
L P Q and F P Q are equal ; and consequently their supple- 
ments are equal, viz. L P B = F P B, and L P = P F, by 
the property of the parabola, and P B common ; therefore 
the triangles L P B and F P B are equal ; hence the trian- 
gles D PB and LP B are equal; but the triangle LPB=l 
triao^le DLF: therefor© tho tdaagX^ Ti\i^ -ss.X^^^x 
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hence the spacn D L P B is twice the triang-le B L P, and 
therefore the space D LP B = twice the trian^eBPF. 
In like manner it may be shown that die space D R A Q P B 
is twice the space BPQAFB. 






Moke R H = F W, then the parallelogram G R = twite 
the triangle B F W ; therefore the gpace B A H G is double 
of A P B W A, and consequently lie parallelogram W G is 
three times the space W A B ; that is, the space A B W 
is i of the parallelogram W G. But G R = W S and S A 
= AD V GW = 2WR. Now as the space A B W is 
i G W, it is I W R. Hence the parabola B A C is f of 
the parallelogram B K. 

To prove what was quoted in the foregoiug demonstra- 
tion, viz. that the angle P B D is = the angle P B F. From 
the nature of the parabola P T r= P L and the angle DPL 
bang infinitely email causes no sensible difference between 
P D and P L .-. P D = P F and B F is common in the two 
triangles; also BDs=BF .-. (8.1.) the angle PBF = PBD. 



PROPOSITION vin. 



Kafry parabolic conoid is equal to half ti 
cylinder. 



If the semi-puabola B S A be made to revolve about its 
»xi8 SAf the solid tbua formed is called a panbolic conoid, 
»>'J ta»y be coDceirad to be c<mititalbe& ot aii.'iii&in.te wries 
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of circles parallel to its base 
BB. 

From the property of the 
Curve, Prop. III. S A : A B : : 

AB: p(=z^^) the para- 
meter. 
Then SaXP = *«* 
SeXP=/e* 

S^XP=y^* 
Here S a, S c, S y, &c., are 

a series in arithmetical pro- B*^--..., ^ 

gression, then Sa xP>S e X P, 
Sy X P> &c. are in arithmetical 
progression, [Gregory's Philosophy of Arithmetic,^ There- 
fore b a^yfe^f gy^y &c., are a series in arithmetical progres- 
sion, beginning at S, the first term being 0, the common ^ffer- 
ence 1, AB*, the greatest term, and S A the number of 
terms. Therefore A B* X J S A = S, the sum of the series, 
(Prop. II. Arithmetic of Infinities.) But the areas of all 
l^e circles, which constitute the solid, and whose radii are 
^«> f^9 SVy &c-> *^re, by Prob. XV III. Sec, IL, equal to 
^ha^yCriy 2/e* X w, 2 ^3^* X w, n bemg equal to -7854 ; 
therefore, putting cf = 2 A B, and ^ = S A, the sum of all 
the circular areas constituting the parabolic conoid will be 
J n d* A. But nd} hv& the content of the cylinder, the dia- 
meter of whose base is c?, and height A, (Prob. IV. Sec. 4); 
therefore the parabolic conoid is half of its circumscribing 
cylinder. 

Cor, The solidity of the lower frustrum of a conoid cut oflf 
by a plane parallel to the base, is equal to half the sum of 
the areas of both bases multiplied by the height of the frustrum. 

It has been shown in the Proposition, that the areas of 
the circles which constitute the frustrum are a series in arith- 
metical progression, the sum of which is equal to \ the sum 
of the extremes multiplied by the number of terms ; but 
the extremes are the areas of the two bases of the frustrum, 
and the height the number of terms ; therefore S = | (A + 
a) X ^9 3 being the solidity, A the area of the greatftt V^^sm^^ 
a Ube area, of the less base, and h &&\iQ\^\. ol ^<^ ^t\isNx\ss&., 
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PROPOSITION IX. 

Even/ parabolic spindle i* equal tor^ofiU circumtcrHnny 
cylinder. 

Draw Sd parallel to A B, and also /a, y e, h y, &c., pa- 
rallel to AS, It has been proved in Proposition X., that the 
lines/m,^n, kP, &c., are a aeries of squares, whose root« 
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a 



form an arittmetdcal progreesioa ; therefore their squares, viz. 
fm'fCfn^, ft P% will be a series of biquadrates, whose roots 
will form an arithmetical progression. 

Now, the spindle is generated by conceiving the segment 
C S B to revolve about b B ; and the solid itself is composed 
of the series of circles whose radii are ma, ne, Py, &c. 
Agun, S A — fm ^ma 
SA— yn = Be 
S A — ft P ^ P^, &c. ; therefore by squaring, 

1. SA'-2SAX/m+/m'=7na' 

2. SA' — 2SAXi'n+5»'=ne' 

3. SA' — 2SAxAP + ftP' — Pj'', &c. 

In these equations SA', SA', S A', &c., form a series 
of equal squares, of which A B is the number of terms, there- 
fijre their sum will be SA'X AB. 

And' because fm, gn, A P, &c., are a series of squares, 
of which S A is the greatest term, and A B the number of 

terms ; their sum will be ^^ , (Prop. III. Aritlime- 

tic of Tf^nities,) which being multiplied by 2 S A, will give 
the sum of that part of the equation, 2 S A X fm, 2 S A X 
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Again, fm ^f gn\ kF\ &c., are a series of terms of 
biquadrates, as has been shown above, whereof (fB% or 
S A^ is the greatest, and A B the number of terms ; there* 
fore their sum (by Prop. V, Arithmetic of Infinities) will be 

S A* V A B 

= . Hence it is obvious, that the sum of ma*, 

5 ' 

ne*y P^% &c., will be 
SA'XAB-^><A5 + «A1XAB^ 

eSA^XAB 2SA"X AB _ 8SA'XAB 
5 3 "" 15 • 

But the areas of the circles, whose radii are S A, ma^ ne, 
Py, &c., are found by multiplying the squares of their dia- 
meters by *7854 (= 7i) ; therefore, the sum of double such 

a series (tf circles is =-jr , putting D = 2 S A, H =: 

2 A B r= the solidity of the whole spindle. 

But the solidity of the circumscribing cylinder is n D* H; 

_, 'i-i .oTiDH., 
therefore the solidity of the spmdle, viz. =-^ is the 

eight-fifteenth of its circumscribing cylinder, 

Cor, From this may be derived a method of finding the 
the solidity of the frustrum, S Ay p, of a spindle. 

The area of a circle whose radius is S A being the greatest 
term, and the area of the circle whose radius is Py, the 
least term, and At/ the number of terms ; then the sum of 
such a series, that is, the sum of all the circles included 
between A and y will be the solidity of the required 
frustrum. 

From what has been shown in the Proposition, the sum of 

all the series S A% ma% g n*, Py% is ^S A* — 



2SA 



PJLI ^ !LE!\ X a 3^ = Z. By multiplying the equa- 

* / 
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tion by 3, we get (SS A*- 2S A X Ai> + ^^') X 
Ay = 3Z. 

Divide both sides of the equation by Ay, and 3 S A" — 

2SAxAjo+^^ = |^; but SA»-2SAxA;? = 
py"^ — hp^y (by . the Proposition) ; then the difference of 

these will be equal, that is, 2 S A* -^ ~-- z= — — py^ 

-f-Ajt)*, and by transposition, 2SA^4"P^* — f^J^* = 
?— ; divide by j— , and we get (2 S A* •\-py^ — f ^P *) 

^Ay:=zz* Then the areas of all the circles included be- 
tween A and 5^ will be (1-5708 X 2 S A» +3-1416 X jo^ 
— 31416 X T^P^) X iAy=:(-5236X 2SA" +1-0472 
X;>y*— 10472 X T^i?*) X A^^zzthe solidity; putD = 
2SA, C = 2jt>3^, (f=2Ajo, andL = A3^; then(2D* + 
C* — ^ d*) X L X -2618 is the solidity of the frustrum. 



OF THE HYPERBOLA. 

DEFINITIONS. 

1. If in the line B C produced both ways, there be as- 
sumed two points F and /, equi-distant from B C ; and if 
from the centres F and/, with the radii B I and C I (I being 
assumed beyond B), arcs be described so as to intersect 
each other in M, and an infinite number of such points be 
found ; the curve passing through these points is called a 
hyperbola. 

2. The points F and/ are called the foci. 

3. The line B C is called the transverse or greater axis. 
^' The point O in the middle of B C is the centre. 
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5. The line D G pasaing tbrougli tlie centre perpendicular 
to &e axis, and of such a length that B D may be eqoal to 

O F, 18 called lie conjugate or leaa axis. 

6. Any line paeeing through the centre and terminated 
both ways by the curve, ib called a diameter. 




7. Diameters are called conjugates, when one of tbem is 
parallel to a tangent passing through ^e vertex of the other. 

8. A ri^t line drawn from the centre to a diameter pro- 
duced, and parallel to the tangent at its v«tex, is called an 
ordinate; and if the ordinate be perpendicular to die dia- 
meter, it is said to be rightly appUed, 
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9. The part of the axis, or of any diameter produced, 
which i9 intercepted between the vertex of that diameter and 
the ordinate, is called an abscissa. 

10. A third proportional to any diameter and its conjugate 
is called the parameter of that diameter. 



PROPOSITION I. 

7%e difference of right lines drawn from any point in the 
curve to the foci, is equal to the transverse axisy and there- 
fore always equal, 

For/M = C I, and 

FM = BI;therefore/M-FM = CI — BI=BC. 

Cor. 1. Hence it appears that the curve must pass through 
BandC. 

For/B — F B = F C -/C = B C. 

Cor, 2. By the definition B C is bisected in O, and B F 
= C/; therefore the focal distance is bisected in O. 

PROPOSITION II. 

Half the conjtigaie o^is is a mean proportional bettoeen the 
distance of the focus from the extremities of the transverse 
axis. 

For BD'— BO*(=OD«)=:FO^^BO*z=FB" 
+ BO* + 2FBXBO— BO'=z:FB' + 2FBXBO 
= (FB + 2B0)XFB = FCXFB; thatis,OD* = 
FC X F B. See the last figure. 

PROPOSITION III. 

Jf the conjugate axis be applied to the vertex of the transverse 
axiSf the centre of the hyperbola will be the centre of a 
circle which will pass through the foci and the extremity 
of the conjugate. 

For by the construction O N = (B D) O F = O/; there- 
^re iffirom the centre O, with the radius O F, a circle be 
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described, it will pass through N and /. — See the last 
figure. 

Cor. Therefore the distance of either focus fi*om the ex- 
tremity of the conjugate, is a mean proportional between the 
distance of the foci, and the distance of that focus from the 
vertex to which the conjugate is applied. For, as a circle, 
vnth. the centre O, passes through F N/, the angle F N/ is 
right; therefore/N" = F/X/C, and FN^ = F/X FC, 
(8. TV.) 

PROPOSITION IV. 

The parameter is double the ordinate applied to tlie Jbcus. — 

See last figure. 

For P F* + F/^ = P/*; but F/= C B + 2 BF, and 
PF = CB + PF. Then P/^ = CB^ + CBX2PF 
+ PT^ and P/^ = P T^+/F^ therefore C B X 2PF 
=/F^-CB" = 4F0* — 4BO^ = 4BD^ — 4B0' 
= 40D^ = DG^ thatis,CBX2PF = DG^CB: 
DG:: DG:2PF; then by definition 10,2PF( = PP) 
is the parameter. 

Cor, The distance between the foci is a mean propor- 
tional between the transverse, and the sum of the transverse 
and parameter. 

For F/^ = P /* — P F^ = (C B +2 P F) X C B ; 
therefore C B : F/: : F/*: (C B -f 2 P F). 

LEMMA. 

In any plane triangle, if the base and difference of the siden 
be bisected, and a perpendicular be let fall from the vertical 
angle to the base ; then half the base is to the sum or differ- 
ence of half the difference of the sides and one of them ; as 
half the difference of the sides to the distance of the middle 
of the base fi-om the perpendicular. — (See Trigonometry?) 

It is easily proved that F/ : F m +/ wi : : F O : F/+ 
2/K; hence FC:/m+FL, or ¥m — FL::FL: 
FC+/K, orCK. 
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m 




FC XCK 



Cor. Hence, /m = ^ ^^ 
FCXCK 



FLand 



Fm = 



FL 



+ FK 



PROPOSITION V. 

^s the square oj hcdf the transverse to the rectangle of the 

focal distances from the vertices ; so is the rectangle of the 

abscissa and sum of the transverse and abscissa^ to the 

square of the ordinate ; thai is, AC":AFXFB:: 

AKxKBimK^ 

By the lemma AC : FC : : C K :/m — AC; which being 
squared and divided will be, A C* : F C -AC? : : C K» : 
ffn — 2/m X AC + A C*— CK^ which being inverted 
and divided, i^dll be A C^ I F C* — AC" I : C K" -r AC": 
fm^^ 2/m X AC + 2AC'*-CK" — FC^ But 
FC* — AC^zsAFXFB; C K* -AC« = AK X 
KB; and 2/m X AC — 2 AC* = 2F C X C K, (by 
the last Cor.), /m» — 2/m XAC-2AC* — CK^- 
FC" =/m* -/K^ =mK^ hence A C* : A FXFB: ! 
4J^XKB:mK\ 
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:v^ 




Cor. Tbe square of half the transverse is to the square 
of half the conjugate, as the rectangle of the abscissa, and the 
sum of the abscissa and transverse, to the square of the 
ordidate. 

ForCD* = AFXFD. 

Cor.2, DG* = ABXP. 

Cor. 3. Hence the squares of the ordinates are propor- 
tional to the rectangles of the abscissa by the sum of the 
abscissa and transverse. 

Cor, 4. The square of half the conjugate is to the square 
of half the transverse, as the sum of the squares of half the 
conjugate and the distance of the ordinate from the centers 
to the square of the ordinate of the conjugate. 

By Cor. 1, Proposition V., AC» : CD* ; : C K* - A C *: 
M K* ; hence by inversion and division C D* : A C* : • 
MK* + CD*:CK^orMK^ 

CjOt, 5. As the conjugate is to the parameter, so is the sum 
of the squares of half the conjugate and the distance of the 
ordinate from the centre to the square of the ordinate of the 
conjugate. 

Cor, 6. Therefore these squares are as the squares of 
the ordinates of the conjugate. 

Cbr.7. As CD«=AFXFB; then AFXFB: 

AC'::CD* + MK":MK^ 

Cor, 8. And as A C* z= F C* — C D» ; then A K X 

K B : c F' — c D» : : M K' : c D^ 
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Cor. 9. Also, as A B^ = 



GD 



; then GD^ : P^ :; 



AKXKB:MK"::MK':MK^ + CD^ 



PROPOSITION VI. 

Tf through the extremities of any two ordinatesy a right line 
be drawn so as to meet the axis; then as tlie sfjuare of the 
distance of one of the ordinates from the point of inter- 
section, is to the rectangle of the ahscissa by the abscissa 
and transverse ; so is the sum of the distances of both or- 
dinates from, the point of intersection y to the sum of their 
distances from the centre ; tliat is, TQ^:AQxQB 

::TQ+TL:CQ+CL. 

For, by similar triangles, and Proposition V., T Q ^ : 
AQ X QB :: TL* : AL xLB; therefore by divi- 
sion TQ" : AQ x QB :: (TL^ — TQ* : AL x 
LB-AQxQB::)CL^-CQ2— 2TCxCL + 
2 T C X C Q : C L* — C QS and by dividing the two last 
termsbyCL — CQ, we shall have TQ2 : AQ xQB:: 
(CL+ CQ-2CT : CL+CQ :0 TL+ TQ : 
CL+CQ. 

Cor. If P and M coincide ; then A Q and A L will be- 
come equal to A N, and the line T M will be a tangent, as 
T'C^^eAe/^/bre T N ': ANXN B::2 T N:2 C N; hence 
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by dividing the two last by 2, and the first and third by T N, 
we shall get C N:B N: : A N: T N ; which ie the property 
of the tangent 

Cor. 2. By dividing the last analogy, we shall get C N : 
BN-CN:: AN:TN — AN; that is, CN : AC :: 
AN: AT. 

Cor, 3. By inverting and dividing the first, we shall get, 

CN:CN — AN :: bn:BN — tn, that is, cn: 
A c : : B N : B T. 

Cor. 4. Therefore Ex, Equo. AN ; AT :: BN : BT. 

Cor. 5. By dividing the third, we shall get C N : A C : : 
C N -^ AN : A C — AT; that is, C N : A C : : A C :CT. 

Cor. 6. By inverting and compounding the last analogy, 
we get CT:CA::CT4-CA:CA + CN; that is, 

CT: CA::BT: bn. 




r. 7. By inverting and dividing the 5th Cor., we get 

: c A : : ( A c — c T : c N - A c : : ) A T : A N. 

fr. 8. By inverting and dividing the 6th Cor., we get 
:BT :: AC — CT :BN — BT; that is, CT : 



Cor 
CT 

Cor 
CT 

BT::AT:NT. 
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Cor. 9. By comparing the 6th and 8th Cors. then fay Ex. 
Equo. A C : B N : : A T : N T. 

Ck)r, 10. By comparing the 7th and 8th Cors. then Ex. 
Equo.AC:AN::BT:NT. 

Cor, li. If the point N be at an infinite distance, then 
A C will be equal to A T, and therefore the tangent passes 
through the centre. 

Cor, 12. If perpendiculars to the extremities of the trans- 
verse and semi-conjugate be produced to meet the tangent 
produced; then AI:ON::CR : B K, (Cor. 8. and 
similar triangles.) 

Cor. 13. By similar triangles, T B : TN : : B K : NO ; 
therefore by the 10th Cor. A C: A N : : B K : NO. 

Cor. 14. By similar triangles A T : T N : : I A : N O ; 
therefore by Cor. 9, A C : B N : : A I : N O. 

Cor, 15. By Ex. Equo. perturbate, A N : B N : : A I : 
BK. 

Cor, 16. By compounding the 13th and 14th Cors. AC* ; 
A N X N B : : A I X B K : N O' : : (Prop. V. Cor. 1.) 
CD*:NO'; thereforeCD= = IAXBK=AFxFB. 

Cor, 17. When the tangent passes through the centre, 
then will A I and B K be equal ; and therefore C B = A I 
= B K =z B V, (Cor. 16.) 

Cor, 18. Therefore if half the conjugate be applied to the 
vertex of the transverse diameter, a tangent at an infinite 
distance will pass through the centre and the extremity of 
the conjugate. 

Cor. 19. Therefore if a right line be thus drawn, it will 
continually approach the curve, but will n^ver meet it ; being 
a tangent at an infinite distance. 

PROPOSITION VII. 

^ solid formed by the rotation of an hyperbola upon itsajtis^ 
is to the circumscribing cylinder as naif the transverse + J 
the abscissa, to the sum of the transverse and abscissa, 

JUet / and .r be the transverse and abscissa, P tbe para- 
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mater, n a quantity, by which if the aquare of aay radius be 
multiplied, me product will be the area of the circle. — Sm 
Fiy. Prt^. V. 

By Prop. y. M K"= -j- X ('*■ + **) J therefore Ibe 

nP 
aresof a circle whoeeradiueis MK, will be — X (' ' ^ 

<*), and the warn of all the circles between A and P must be 

^-T^X (i' + i*). ^rithneiio of JnfinitUt; but the 

solidity of fiie cttcumscribing cylinder — - — X (' + *) 

tterefore the hyperbolic conoid ia to the cylinder as } ^ 4* 
irVot + x. 

Cor. I. 3i-(-2;r will be to 6;-|-6d; in the same ratio. 

Cor. 2. When the abscissa becomes equal to the trans- 
verse, the conoid will be to the cylinder as 5 to 12. 

Besides the method given at the beginning of this Chapter 
to construct a hyperbola by means of points, tbe Following 
may be ibund useful in practice; — 

Fasten one end of a long ruler /M Q at the point/ by 
Q 

J/ 
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means of a pin on a plane, so as to turn freely about/ as a 
centre. Then fasten the end of a thread F M Q, shorter 
than the ruler, at the point F, and the other end of the 
thread at the end Q of the ruler. 

Then turn the ruler /M Q about the fixed point/, at the 
same time, keeping the thread tight, and its part M Q close 
to the side of the ruler, by means of the pin P ; the curve 
line A x described by the pin P is one part of an hyperbola. 

If the ruler be turned, and moved on the other side of F, 
the other part A ^ of the same hyperbola will be described. 

If one end of the thread be fixed to the end Q of the ruler, 
while the other end of the ruler is fixed at F, the hyperbola 
f (z^ is described, 
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SECTION IV. 



PROBLEM L 

The transverse and conjugate diameters of an ellipsis being 

given, to find the area, v 

Rule. Multiply the transverse and conjugate diameters 
together, and the product arising by '7854, and the result 
wUl be the area.* 

1. Let the transverse axis be 35, and the conjugate axis 
25 ; what is the area ? 

Ans. 35 X 25 X -7854 = 687225. 

2. The longer diameter of an ellipse is 70, and the shorter 
50 ; required the area ? Ans. 2748*9. 

3. What is the area of an ellipse whose longer axis is 80, 
and shorter axis 60 ? Ans. 3769*92. 

4. What is the area of an ellipse, whose diameters are 
50 and 45? Ans. 176715. 

PROBLEM IL 

To find the area of an elliptical ring. 

Rule. Find, the area of each ellipse separately, and 
their difference will be the cu'ea of the ring. 



* DemoHstratiott. By Proposition XII. Cor. 2, the diameter of n 
circle equal in area to an ellipse, is a mean proportional between 
the transverse and conmgate diameters of the ellipse ; thus, putting 
d for the ^ameter of the circle, t for the transverse, and c lor the 
(M>njugate diameter of the ellipse ; then 1 1 d :i d ic, and d^:^tXc; 
but flP X -7864 = area of the circle, Proh. XXVIII. Sec. 2, which in 
equal to the area of the ellipse ; therefore / X <^ X *7S54 ::r. axe^ <ail 
the ellipse. 
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Or, From the product of the two diameters of the greater 
ellipse deduct the product of the diameters of the less, and 
multiply the remainder by '7854 for the area of the ring.* 

1 . The transverse diameter A B is 70, and the conjugate 
C D 50 ; and the transverse diameter E F of another ellipse, 




having the same centre O, is 35, and the conjugate G H is 
25 ; required the area of the elliptical space between their 
circumferences ? 

70 X 50 X -7854 = 2748-9 ; and 35 X 25 X 7854 
= 687-225 ; then 2748-9 — 687-225 = 2061-675 = 
area of the elliptical ring. 

70 X 50 =: 3500 
35X25= 875 



2625 X -7854 =2061-675 = area. 

2. The transverse and conjugate diameters of an ellipse 
are 60 and 40, and of another 30 and 10 ; required the area 
of the space between their circumferences ? ^ns, 1649-34. 

3. A gentleman has an elliptical flower garden, whose 
greater diameter is 30, and less 24 feet ; and has ordered a 
gravel walk to be made round it of 5 feet 6 inches in width, 
required the area of the walk? ^ns, 561-561 feet. 



• Demonstration, The first Rule is self-evident; for the space 
E G F^H being deducted from A C B D, the remainder will be the 
gpace between both circumferences. 

The seoond Rule is equally evident. For, by putting T and C for 

the transverse and conjugate diameters of the larger eUipse, its area 

is T X C X -78^4, and the area of the smaller ellipse is ^ X <^ X 

'/aS4 ; then their difference is T X C X *7854 - ^ X c X '7854 s= 

^A-C— /Xc>X'7854wbichUthftwle, 



IISNSUEATION. 
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PROBLEM III. 

Ginen the heighi of an elliptical segment ^ whose bate is pa- 
rallel to either of the axes of the ellipse, and the two axes 
of the ellipsis^ to find the area, 

RuLB. Divide the height of the segment by that diameter 
of which it is a party to three places of decimals, find the 
quotient in the column height of the Table, and take out 
Uie corresponding area segment. Multiply the area seg- 
ment thus found and both the axes of the ellipsis together, 
and the result will give the area required.* 

1 . Required the area of an elliptical segment R A Q, 




whose height A P is 20 ; the transverse axis A B being 70, 
and the conjugate axis C D 50 ? 

20 -5- 70 = •2854- = the tabular versed sine, the corres- 
ponding segment answering to which, is -185166 ; then 
•185166 X 70 X 50 = 648081, the area. 

2. What is the area of an elliptical segment cut off by a 



* Demonstration. By Corollaries to Proposition XII. an ellipse is 
to the rectangle of its two axes, as any circle is to the square of its 
diameter. And also any segment of an ellipse is to a like segment 
of a circle, as the rectangle contained by the two axes of the ellipse 
is to the square of the diameter of the circle. But by Prob. XXVIII. 
Rule 3, the segment of the circle is found by multipljring the area seg- 
ment as found in the Table of circular segments, corresponding to the 
height divided by the square-of the diameter ; therefore, the segment of 
the ellipse is equal to the product of both its axes multiplied by the area 
segment corresponding to the height of the segment divided by the 
diameter of which the given height is » part 
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chord parallel to the shorter axis, the height of the segment 
being 10, and the two diameters 35 and 25 ? 

^ns, 16202025. 

3. What is the area of an elliptical segment cut off by a 
chcH-d parallel to the longer axis, the height of the segment 
being 10, and the two diameters 40 and 30 ? 

u4ns. 2750064. 

4. What is the area of an elliptical segment cut off by a 
chord parallel to the shorter diameter, the height being 10, 
and the two diameters 70 and 50 ? ^ns, 240-884. 



PROBLEM IV. 

To find the circumference of an ellipse, hy having the two 

diameters given. 

Rule. Multiply the sum of the two diameters by 1-5708^ 
and the product will give the circumference nearly ^ that is, 
putting t for the transverse, c for the conjugate, and p for 
3*1416; the circumference will be (<+ c) X \p* 



* Demonstration, It has been shown that the geometrical mean 
between the two axes is equal to the diameter of a circle equal in 
area to the ellipse ; but the arithmetical mean exceeds this geome- 
trical mean, wnile the circumference of the ellipse exceeds that of 

the circle equal in area to it ; therefore ~L X ^ ^ (' + <?) X 

^ p will give the circumference nearly^ 

G 




" 2 - X p is greater than the circumference of » circle; but 
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1. Let die transverse axis be 24, and the conjugate 18 ; 
required die area ? 

(24 + 18) X 1-5708 = 42 X 15708 = 65-9736 is the 
circumference nearly. 

2. Required the circumference of an ellipse whose trans 
verse axis is 30, and conjugate 20 ? An9. 78*54. 

3. Required the circumference of an ellipse whose dia- 
meters are 60 and 40 ? Am, 15708. 

4. What is the circumference of an ellipse whose dia- 
meters are 6 and 4 ? An8. 15*708. 

5. What is the circumference of an ellipse whose dia- 
meters are 3 and 2 ? • Ans, 7-854. 



PROBLEM V. 

To find the length of any arc of an ellipse. 

Rule. Find the length of the circular arc xy^ inter- 
cepted by O C, O B, and whose radius is half the sum of 



V{tXc)y(,p\B less than the circumference of the ellipse equal in 
area to the circle ; therefore {t-\-c)'X,^p ia the circumference of 
the eiUipse nearly. 

Otherufise : 

Let A B be the curve whose length we require ; and let two other 
enrves E Fand C D be described ki eqnal but venr small distances from 
it, the one without it, and the other within it ; these two curves do not 
diiSer much from ellipses, and the difference of tiieir areas, as found by 
Prob. II. Sec. IV. will give the area of the ring or space between them 
nearly ; but this area is equal to the curve A B multiplied by E C ; 
the distance between the two curved E F and C D ; therefore the 
area of the ring divided by E C will give the length of ^e curve A B 
nearly enough for practical purposes. 

Therefore, putting ^ := the transverse axis of the ellipse, whose 
length is required, 

c ^ its conlngate 

p = 314161 

rf= tEC = AC or AE. 

Then (< + 2rf) X (c + 2rf) X4;> (='7854) =r the area of the 
curve EF. 

And(< — 2rf) X (<? — 2</)Xi;>=: the area of the curve CD. 

The difference (< + c) X J» rf = the area of the ring. 

Therefore (t-{- c)Xpd-r-2 d =: the length of the curve A B ; 
that is, (< -f. c) X I/' = the length of the curve, 

G 3 
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O C, OB; and it will be equal to the elliptical arc B C 
nearly.* 

1. Let the axis AD be 24, C K 18, and O T 3 ; re- 
quired the length of the arc B C ? 

Here we have T D = 9, and x\ T = 15; then from the 
property of the ellipse, we have A O* : O C* : : A T X 




^^^^ - 12x12 16 >^d^B = 

V(OT*+TB«)z=V(9+^-^~^)= 9-21616, the 

radius of the circle of which G B is an arc ; but O C is the 
radius of the cirde of which C V is an arc; therefore the ra- 
dius of the circle of which ^y is an arc, isfOC-f-sOB 
= 910808. But by Trigonometry zB-^OB =3-f- 
9*21616 = -325515 which is the sine of the angle COB, 
or arc x y, to the radius 1, answering to 18*9968 degrees. 
Therefore by Problem XVIL, Rule 1, the length of the arc 



* DenumatraMon, It is manifest that the circular arc 4ry is an 
arithmetical mean hetween the circular arcs C V and G B ; butd? jr 
is nearly equal to the elliptical arc C B. Hence the rule is evident. 

Note, The nearer the axes of the ellipse approach towards equa- 
lity, the more exact the result of the operation oy this rule ; and the 
less the elliptical arc, the nearer its exact length will the arc xy 
approach. 

This rule is the easiest for practice. Other rules might he given 
which would find more accurate results ; but being both tedious and 
difficult, and the investigation necessarily involving the fluxional or 
differential caiculns, they are omitted. 
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xy 18 01745 X 18-9968 X 910808 -j= 30192, which is 
also equal to the length of the elliptical arc C B nearly. 

2. Given AD 30, C K 20, and O T 5 ; required the 
length of the arc B C ? Ans. 503917786255^ 

3. Given AD 40, C D 30, and OT5; required the 
length of the arc B C ? An9. 5033880786. 

PROBLEM VI. 

Given the diameters and ahscissaSf to find the ordinate. 

Rule. Say, as the transverse is to the conjugate, so is 
the square root of the rectangle of the two abscissas, to 
the ordinate.* 

.1. In the ellipse A C D K, the transverse diameter A D 
is 100, the conjugate diameter C K 80, and the abscissa 
B T 10 ; required the length of the ordinate T B ? 

100 : 80 : : V(90 X 10) : T B == 24. (See the last figure.) 

2. Let the transverse axis be 35, the conjugate 25, and 
the abscissa 7 ; required the ordinate ? Ans, 10» 

3. Given the two diameters 70 and 60, and the abscissa 
10 ; required the ordinate ? Ans. 20-999. 



PROBLEM VIL 

Given the transverse axisy conjugate, and ordinate, to find 

the (d>scissas. 

Rule. As the conjugate is to the transverse diameter, so 
is the square root of tiie difference of the squares of the 
ordinate and semi-conjugate, to the distance between the 
ordinate and centre, l^en this distance bemg added to. 



• Demonstration. The equaticm of the curve is rf* : c* : : ^ (rf — «) 
• y^ i putting d for the transverse diameter, c for its conjugate, and 
M for an abscissa to the ordinate y ; then d I e II y(je(d '^ a)) : y, 
which is the rule. 

From this equation expressing the property of the curve, the follow* 
ing rules are derived. 
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and subtracted from, the semi-diameter, will give the two 
abscissas.* 

1. Let the diameters be 35 and 25, and the ordinate 10, 
required the abscissas ? 

By the Rule ^ ± ^^ V([-2 J " 10»j= — =--=28 

and 7y the two abscissas. 

2. Let the diameters be 120 and 40, and the ordinate 
16, required the abscissas ? Ans, 96 and 24. 

PROBLEM VIII. 

Given ike conjugate axis, ordinate, and abscissas, to find 

tlie transverse axis. 

Rule. Find the square root of the difference of the 
squares of the semi-conjugate axis and the ordinate, which 
added to, or subtracted from, the semi-conjugate, acif^rding 
as the less abscissa or greater is given. 

Then say, as the square of the ordinate is to the rectan- 
gle of the conjugate and the abscissa, so is the sum or dii' 
ference found above to the transverse required.f 



• Demonstration- From the property of the curve, we have d^ I 
c^llx (flf — x) : y^ then c^dx^c^x'^ =r flf*y*, and dividing c*, 

we get rf J? — d?* =r — j— , and j?* — af a? := — Z^ , and by com- 

d^ d^ rf*y* 
pletiHg the square, we get a?* — rfo? -(- -r- := -X — / = d^ 

(|-S)='-(i^) = S(*^-.'); tHen, --= + 
y^f^(ic«--y«))^+V(4c«-y«),andjr = ^+^V^(4c»-y«) 

which corresponds with the rule. 

t Demonstration. The same notation being retained, we have, from 

the property of the curve rf« : c* : (a? rf - a?*) : : y\ and therefore ^r* </* 

^^c^jrti^ c^ jr2; then by ransposition, y* rf* — c* jr rf =r — c* #*, 
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1. Let the ordinate be 10, and the less abscissa 7; wbat is 
the diameter, allowing the conjugate to be 25 ? 

V([ J T- 10») = 7-5 ; then 7-5 + 12-5 = 20 ; hence 

10* : 25 X 7 : : 20 : 35 the transverse required. 

2. Let the ordinate be 10, the greater abscissa 28^ and 
the conjugate 25; required the transverse diameter? 

Am, 35. 

PROBLEM IX. 

Critten the transverse axis^ ordincUey and abscissa^ to find the 

conjugate, 

RuLB. The square root of the product of the two ab- 
scissas is to the ordinate, as the transverse axis is to the 
conjugate.* 

1. Let the transverse axis be 35, tie ordinate 10, and 
the abscissas 28 and 7 ; required the conjugate ? 



C*4P 



and by dividing both sides of the equation by y*, we get rf* j d:=z 

— -, and by completing the square, we have rf* -^ — j- -f- -— - 

9 if 9 

r= -J— J- —^ then by' extracting the square root of both theee 

equal quantities, we get a — 5— ^ := V( -7—7 5- 1 » henoe 

<i=2p±V(-5^--^j = -.X[ic+K(ic*-y.)] 

which is the rule. For V^(J c* — f^) is the square root of the diflFer- 
ence of the squares of the semi-conjugate and ordinate, to which ^ c 
18 added for one factor ; then from the nature of proportion y^ ; c jr 



ex 



• Demonstration. From the equation of the curve, we have d^ : 
c* :: xX (d— x) : y* ; the roots of these are proportionals, nz. 
\/'[x Xid'-x)]:y::d:c, which is the rule. 
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the conjugate. 

2. Let the transverse diameter be 120, the ordinate 16, 
and the abscissas 24 and 96 ; required the coiyugate ? 

j4ns, 40. 



OF THE PARABOLA. 



PROBLEM X. 

Given the base and height of a parabola, to find its area. 

Note, Any double ordinate A B or 
C P of a parabola may be called its 
base, and the axis O D, or any part of 
itf as O G its height. Hence it appears 
that any donble ordinate may oe its 
base, and its height the abscissa to that 
doable ordinate. 

RuLB. Multiply the base by C 
ihe height, and § of the product A' 
will be 5ie area*. 

1. Required the area of a parabola, whose height is 6 and 
base 12 ? 6 X 12 X t = 48 the area. 

2. What is the area of a parabola, whose base is 24 and 4 ? 

j4ns. 64. 

3. What is the area of a parabola, whose base is 12 and 
height 2? ^ns, 16. 




* Demofutration, This is proved in Proposition XI .« Section III., 
where it is shown that the area of a parabola is equal to } of its cir-> 
cnmscrilHng parallelogram. Bnt the base mnltiplied by the height 
is the area of the circumscribing parallelogram ; then } of this area 
i^ the area of the parabola. 



M£N8URATI0N. IZ5 



PROBLEM XI. 

To find the area of the zone of 'a parabola, or the space 
between two parallel double ordinates. 

Rule I. When the two double ordinates, their distance, 
and the altitude of the whole parabola are given ; find the 
area of the whole parabola, and find also tibe area of the 
upper segment, their difference will be the area of the zone. 

n. When the two double ordinates and their distance are 
given ; to the sum of the squares of the two double ordinates, 
add their product, divide the sum by the sum of the two 
double ordinates, multiply the quotient by | of the altitude 
of the zone, and the product will be the altitude of the zone.* 

1. Given A B 20, S T 12, and D ^ 8; what is the area 
of the zone A S T B, the altitude D O being 12-5 ? 

(20 X 12-5) X f = 166 I = area of the parabola ABO, 
and (12'5 — 8) X 12 =54, and 54 X f = 36 ; hence 
166f — 36 = 130 f the area. 

III. When the altitude of the whole parabola is not given. 

2. Suppose the double ordinate A B z= 10, the double 



• Demongtration, By Prop. III. Cor. 1, Sec. III. D O : * O : : A D« : 
Sjp«; andputtingABzzD, ST=rf,Dd? = a; DO :a?0 :: JD« : 
iiP::J)^:d^\ andby division, (17. v.) DO — a?0: a?0::Da — 
rf*:rf2; that is, D Of :a?0 ;: D* — rf« : rf* ; butDd?=:a /. a: j?0 :; 

D«-<^:«P. Hence«0==-|^^^, andDO ==a + =^-^, 



But D X ( a + jTT^j'a ) X I is equal the area of the whole para- 

bola, and d X fri — ^ X i is equal the area of the segment SOT; 

their difference is the area of the zone A S T B, viz. 

/ . ad* \ f ad* \ D» — rf» 

<" K" "•■ D^^^j ^ ^^ - 1'' ^ D^:^; X ^ = DT:rj.x 

4 a = T^ . 7^ X 4 o is the area of the zone A S T B, 

* L) -\- d 

which is the rule. 
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ordinate S T = 6, and their distance D or = 4 ; what is the 
area of the zone A S T B ? 

i^^0_><^=12i;thenl2|X4X} = 32f 
10 + 6 

the area as before. 

3. Let the double ordinate A B = 30, C P = 25, and 
their distance D G = 6 ; required the area of the zone 
ABPC? ^ns. 27f}. 



PROBLEM XII. 

To find the length of the curve^ or arc ofaparahohy €vt off 
by a double ordinate to the axis, 

RuLB I. Divide the ordinate by the parameter, and call 
the quotient q. 

Add 1 to die quotient q, and call the root of the sum f . 

To the product of q and «, add the hyperbolic logarithm 
of their sum, then the last siun multiplied by half the para- 
meter will give the length of the whole curve on both sides 
of ike axis. 

Putting c for the curve, q for the quotient of the double 
ordinate divided by the parameter, s for V(l 4" ^% ^^^ ^ 
for half the parameter ; then 

c = a X (S' * + ^yP' log. of ^ + *).* 



* Demonstration, Let v = any curve hegimmig at the vertex O, 
y := the ordinate to the axis at the extremity of the curve, je =r iti 
abacissa, a = ^ the parameter of the axis. 

Fromtheproperty of the curve as shown in Prop. III. Cor. l,Sec.IlI. 
its equation is 2 a or =:y ' ; the fluxion of these quantities will be equal, 

• • ' y y 

hence 2 a jr = 2 yy, and dividing both by 2 n, a? == -: — ; hence 

i-=3^/. 'vz^V{]^-^x^)\ but *»=^:/. i; =r^^^ + ^^ 

_j. r(a^4-yg ) ^^ ^^^^^^ ^^ ^^^^ will be » =y ili2!_+Lj[l> 
a ^ 2a 
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Ab^. The oomiiion logarithm of anj number multiplied hf 
8*302585093 giyes the hyperbolic logarithm of the f ama nomber. 

1. What is the length of the curve of a parabola^ cut off 
by a double ordinate to the axis^ whose lengdi is 12, tiie 
abscissa being 2 ? 

2x 



36 



«^= 2,-^ and ^ =: 6; then a 

9, andg|=4 = f, al8o*= V(1+9") = V(1-H) 

z= VCV) = i V(13) = 1-2018504 = *. Hence f + 
1*2018504 := 1-868517, whose common logarithm is 

+ iflXhyp.log.ofy + 5;li2^i!2==iflyK(l-f y«)+laX 

hyp. log. of [y + V^ (1 -f- y^)], putting y = - ; double of thia quantity 

gives the value of the double curve, viz. 3 t; = c := a y K(l + 9^ ~f~ 
aXhyp.log. of [y + rCl +s^)] =a X (yS + hyp. log. of 9 + 8), 
which 18 the rule. 

t The length of the curve av $f may be found pretty accurately 
thus : Conceive two curves A OB and Cy D to drawn equi^distant 
from the curve whose length is required at a veir small distance, say 
the one hundred millionth part ofan unit from it ; then it is obvious 

O 




a^c 



that these two curves do not differ much from parabolas. Find the 
area of the parabola Cy D to the ordinate C F and height Fy which 
call S ; find also the area of the parabola A O B to the ordinate A F 
and height F O, which call G ; then G — S will give the area of the 
ring A C y D B O A, which area being divided by the perpendicular 
distance O y, or the breadth of the ring, will give the length of ^ a 
curve equal to a mean between the curve A O B and C y D ; that if, 

C — S 
otxvz; hence d?r«=: — pr-. In this figure Oy=:<C :=-r7?r5iTJTnns» 



r 



O 



the mean breath of the rmg, from which A F and C F may be deter- 
mined, and hence G and S. 
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•271497, which being multiplied by 2-302585093, pro- 
duees '6251449 for its hyperbolic logarithm ; and- also f X 
1-2018504 =: -8012336; the sum of these two is 1-4263785, 
liMrdbre 9 X 1*4263785 = 12-8374065, is the length of 
the curve required. 

Rule II. Put y equal to the ordinate, and q equal the 
quotient arising fhnn the division of the double ordinate by 
tiie parameter, or from the division of double the abscissa 
hf the ordinate ; then the length of the double curve will be 
expressed by the infinite series 

2y X\^ 1 -i- 2.3 2-4-5 + 2-4-6-7' *"• ) 

Note, This series will converge no longer than till ^=: 1. For 
when f it greater than 1, the series will diverge. 

Let the last example be resumed, in which the abscissa is 
2, and the ordinate 6. 

Hence 2X2-T-6 = |i=:5'; then employing f instead 
of ^ in the last series, we get 
12 X (I + (f)' - JC*); + 3 X {JY) = 12-837 the length 

2-3 2-4-5 2'4-6-7 

of the curve as before. 

« Rule III. To the square of the ordinate, add ^ of the 
square of the abscissa, and the root of the sum will be the 
length of the single curve, the double of which will be the 
length of the double curve nearly.t 

* Demonstration, The fluxion of the ctgrve in the last mle is 

;= ;^(l+4)for ; = ^^+^^ = ; V^' -^^ = by ex. 
a* a^ ^ a ^ 

ti'acting the square root if X(l+^,-2|l;+^:^ Ac); 

then by finding the fluents, and ptltting 9 = -, we get 

a 

» 5= jr X (1 + ^ - gqpi + 2^^6:7' ^•) = *^e ^e»s^ ^^ o^® »^<^® 
of the curve, the double of which gives the entire length on both sides, 

t ^demonstration. From what has been said in the last rule v := jr 



IfSNSU&ATIOK. Id9 

Note, 11^ two first rules are not recominended in nractioe. — 
in&e practical application of this is much simpler, and is inerefore to 
be employed in peference to either. 

Retaining the same example^ in which xz^2, and y =:8, 
we shall get t; = VG^" +7 ^") = V(36 + V) = 6-1291, 
and C = 12-8582, nearly. 

2. Required the length of the parabolic curve, whose ab- 
scissa is 3, and ordinate 8 ? j4ns, 17*384. 

PROBLEM Xin. 

Criven any two abscissas and the ordinate to one of tJiem, to 
find the corresponding ordinate to the second abscissa. 

Rule. Say, as the abscissa, whose ordinate is given, if 
to the square of the given ordinate, so is the other given ab- 
scissa to the square of its corresponding ordinate.* 

1. K the abscissa x O = 10, and the ordinate ^ S = 8, 
what is the ordinate A D, whose abscisi^a D O is 20 ? 

xO : ^s^ :: DO : ad% viz. lo : 64 :: 20 : 128, 

the square root of which is 11 -313, &c., = A D. 

2. If 6 be the ordinate corresponding to the abscissa 9, 
required the ordinate corresponding to ^e abscissa 16 ? 

Ans, 8. 

PROBLEM XIV. 

Criven two ordinates, and the abscissa corresponding to one 
of them^ to find the abscissa corresponding to the other. 

Rule. Say, as the square of the ordinate whose ab- 



X (1 + 5^7* - 5^:57^ + ^y 7S Ac.,) and as 1/(1 -I- i y^)== 1 

"* §55^* "^ 27^ ^*' ^^' ' ^^^ ^ ^® suppose q not greater than 
1, and reject the series, t> = y V^(l + -J y*^ --. y(y* -(- 1 a*) nearly ; 
V C =2t; = 2l/(ya +^0^^) nearly. 
* This is evident frcHn Preposition III. Cor. 1 . Section III. 
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scissa is given^ is to the given abscissa^ so is the square of 
the other ordinate to its corresponding abscissa.* 

1. Given S ^ = 6, or O z= 9, and A D = 8 ; required 
the abscissa O D ? 36 : 9 : : 64 : 16 = O D. 

2. Given S jr = 8, x O = 10, and A D ^ 9 ; required 
OD? ^ns. 12-656. 

PROBLEM XV. 

(riven two ordinates perpendicular to the axis and thei/r dis- 
tancCj to find the corresponding ahscissas. 

Rule. Say, as the dilSerence of the squares of the ordi- 
nates is to their distance, so is the square of either of them 
to the corresponding abscissa.f 

1. Given S ^ = 6, A D = 8, and or D := 7 ; required 
the abscissas ? 



(64 - 36) 

28 
28 



7 : : 64 

7::64:16 = OD, and 

7:: 36: 9 = 0^. 

2. Given Sar = 3, AD^=j4, and arl)=i2; required 
the abscissas ? j4ns, 4 ^ and 2 ^. 



OF THE HYPERBOLA. 



PROBLEM XVI. 

Criven the transverse and conjugate diametersy as also any 
abscissay to find the corresponding ordinate. 

Rule. The transverse is to the conjugate, so is the 
mean proportional between the abscissas, to the ordinate.} 

• This rule is derived from Proposition III. Cor. 1. Section III. 

t Demonstration. From the property of the parabola, DOl aOll 
A D» : S 0?* ; then by division, DO — ^0(=DiF):^0::AD» — 
Bar» :Sfl?«thatis, ADa— Saf«:SA'«::DiP:«0. Also, AD* — 

Sof* V AD« ::D«:DO» 
/ ^^monsirtaion. It U proved In Proposition V. Cor. 1, Section III. 
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1. If the transverse be 2i, the conjugate 21, and the 
less abscissa 8 ; required the ordinate ? 

24 : 21::V(32X 8) : 2W(32X8) _ j^ ^ ^^ 

dinate. 

2. If the transverse axis of an hyperbola be 120^ the less 
abscissa 40, the conjugate 72 ; required the ordinate. 

^ns, 48. 

3. The transverse axis being 60, the conjugate 36, and 
the less abscissa 20, what is the ordinate ? Ans. 24. 

PROBLEM XVII. 

Given the transversBy conjugate^ and ordinate^ to find the 

abscissa. 

Rule. To the square of half the conjugate, add the 
square of the ordinate, and extract the square root of the 
sum. Then say. 

As the conjugate is to the transverse, so is that square 
root to half the sum of the abscissas. 

Then to this half sum, add half the transverse, for the 
greater abscissa ; and from the half sum take half the trans- 
verse for the less abscissa.* 



that the square of half the transverse is to the square of half the con- 
jugate, as the rectangle of the abscissa by the sum of the abscissa 
and transverse (which is the abscissa relatively to the opposite ci^rve^) 
to the square of the ordhiate ; therefore t^ : c^ : : a? X (< -f a?) : y*, 
and t\c\X V{x X {t +J?)) ? y, which is the rule ; t^ c, d?, a, y, being 
the transverse, conjugate, abscissa, and ordinate. 

Note, The less abscissa added to the transverse is equal to the 
greater. 

^ Demonstration, Retaining the same letters as in the last demon- 
stration, l)' : ^y : : y' + 0' : I + *♦ (P'op- v. Cor. 4. See. iii.) 

then eitw V(tf^ -|- 1) ):- + *= half the abscissas ; then g + 
;r-|-o=^ + * = greater abscissa, and g"'"*""^ ^ *' 
l/ (^ y -|-y>) -|- ~ = the greater or less abscissa, which is tho role. 
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1. If the transverse be 24, and the conjugate 21 ; re- 
quired the abscissas to the ordinate 14 ? 

10*5 ^ I conjugate 14 =: ordinate 
10-5 14 



110-26 196 

196 



S06'25 the square root of which is 17-5 ; then 2^1 * 
24 : : 17-5 : 2.0 = half sum, 20 + 12 =32 the greater abl 
scissa, and 20 — 12 = 8 the less abscissa. 

2. The transverse is 120, the ordinate 48, and the con- 
jugate 72 ; required the abscissas ? j4ns, 40 and 160. 



PROBLEM XVIII. 

(riven the conjugate^ ordinaie, and abscissas, to find the 

transverse. 

Rule. To or from the root of the sum of the squares of 
the ordinate and semi-conjugate, add or subtract die semi- 
conjugate, according as the less or greater abscissa, is 
used ; then as the square of the ordinate, is to the product 
of the abscissa and conjugate ; so is the sum or difference, 
above found, to the transverse.* 



* DfimonttroHon, From Propoiition V. Cor. 1. Section III., w« 

have gj : 2 ) :•* X (/ + «) :y*; hence <*: c« ::*/.fira :y«, 
UieDjr»/*=:<?*JP/ + ca«*; Kudi y^ i^ — c^ xt:=zc^ afi-, divide by y*, 

fuid we get f* -^ X < = — r-» complete the sqnare, and then 

c^» ^. . , <?♦ a?» (?■ a^ , c^ afi' Aci^ ao^ y^ 4- c^ af* 

#• — -rr X ^ + -T-T = — r + -A— A = 7-T- 9 ^^ 

yi 4y* y* 4y* 4y* ^ 
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1. Let the conjugate be 21, the less abscissa 8, and its 
ordinate 14 ; required the transverse ? 

= 3 X (V(3' + 4^ +3) = 3 X (5 + 3) = 24 the trans- 
verse. 

2. The conjugate axis is 72, the less abscissa 40, the 
ordinate 48 ; required the transverse ? ^ns, 120. 

3. The conjugate is 36, the less abscissa 20, and its 
ordinate 24 ; required the transverse ? j4ni. 60. 



PROBLEM XIX. 

Given ike abseissay ordinaiey and transverse diameter ; to 

find the conjugaie. 

Rule. As the mean proportional between the abscissas, 
is to the ordinate, so is the transverse to its conjugate.* 

1. What is the conjugate to the transverse 24, the less 
abscissa being 8, and its ordinate 14 ? 

^y 24 X 14 ^. , , ^ 
^ ^^ =:21 the conjugate. 



V((^ + ^)X^)"~V(32X8) 

2. The transverse diameter is 60, the ordinate 24, and 
the less abscissa 20 ; what is the conjugate 7 Ans, 36. 



V/(4|r« + c-K = g+|Jv/(4ya + c») = |£xV^(4^ + e») 



• Demonttratitm, By the last, we have fi : d^ 11 (t + af) X » 1 3f^; 
then the roots of these are proportionals ; viz. 1 1 c 1 1 V^ [(t ^ 3pyx»] 

:y; and then {^[(t -\- w) X »] lylU ; c= ^ [(t+^a) X ^V ^^^^ 
}• the rule, 
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PROBLEM XX. 

Criven any two ahsctssas, X, or, and their ordinates, Y, y ; 
to find the transverse to which they belong. 

Rule. Multiply each abscissa by the square of the or* 
dinate belonging to the other ; multiply also the square of 
each abscissa by the square of the other's ordinate ; then 
divide the difference of the latter products by the difference 
of the former ; and the quotient will be the transverse dia- 
meter to which the ordinates belong.^ 

1. If two abscissas be 1 and 8^ and their corresponding 
ordinates 4| and 14^ required the transverse to which they 
belong ? 

8^ X 41 X 41 - r- X 14' _ 35 X 35 ^ 14 X 14 

^''^ 1 X 14^ - 8 X 41 X 4i ""14 X 14-35 X 4| 

5X5 — 2x2 21 X8 «^,, 

PROBLEM XXI. 

To find the area of a hyperbola by means of egin-distant 

ordinates. 

Let A N be divided into any even number of equal parts, 
A C, C E, EG, &c., and let perpendicular ordinates A B, 
CD, E F, &c. be erected, and let these ordinates be ter- 
minated by any hyperbolic curve B D F, &c. ; and let A = 
AB + N0,B = CD4-GH + LM,&c.,andC = EF 
+ I K, &c. ; then the common distance A C, of the ordi- 
nates, being multiplied by the sum arising from the addition 

* J)emon8tr(Uum» Let X aad a be the abscissas, and Y and y the 
corresponding ordinates; then by Proposition V. Cor. 3. Section 
III., we have t x + a?^ : tX -{-X^ r, y^ lY^ ] hence t Xy^-f X^jf* 
.= *f Y«4«« Y2, then<Xy* -/«? Y«=4^»Ya-X2y2, and • 




of A, 4 6, and 3 C, one-tiiird of the product will be the 



wee, putting D^ AC. 

ConcHve a parabolic curve to pass througjb the firat Hires 
points B D F, which will very nearly coincide with the hy- 
perbolic curve, when &e ordinates are taken very neor.each 
other ; and therefore the area of the hyperbolic epace A B F E 
will be very nearly equal to the pamb^dic space, Aeir boun- 
daries nearly ctunciding. Let the abgciisa be called j:, and 
the ordinate^; then from the natureof the parabola we have 

Ji-X(** + **)=y.ani^/ = ^X V(^* + (^)- By 

extracting' the square root of V(^ ~}~ ' '^') ^^'^^ ^" ^ &n 

infinite series, and multiplying hy -, we shall have^. Let 

the infidte sieriee multiplied by- be represented by A -|- 

B * + C a:* -|- D »*, &c., which ie obviously a general ejc- 
preBBioD for the ordinate y; and if we considers to be con>- 
posed of an infinite number of points, beginning with a 
cypher, the several values of it, as it increases from 0, may ' 
be represented by 0, 1, 2, 3, &c. Now as i^) the ordmateg 
(which are supposed to be extremely near each other,) cor- 
responding to die abscissas 6, 1, 2, 3, &c., make up ths - 
area of the space A B F E, let x be interpreted by 0, 1, 2, 
3, &c., and we shall get 
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A + BXO + CXO^ =AorABtlie ordinate, 
A + BXl + CXl' when a; = 0. 

A + BX2 + CX2* 



X ^ x^ 



A + BXo + ^X-r = middle ordinate D C. 



A+BX^ + CXa?^ = third ordinate E F. 
The sum of all these is obviously the area of th^ space 

ABFE; that is, Aar-| ^--l — ^ = area = 

From the middle equation, we have 

4 A + 2B^ + C^=4DC, and when or = 0, we get 
A = A B, when ^ = A £, we get 

A+Bjp+Ca?*= EF, add these together, and 

6A+3B;r+2Cj^=4DC + AB + EF. But 

(6A + 3B;r + 2Ca;*)X^ = areaofthecurve /. 
(AB+4DC+EF)x| = area of the curve; or 
(AB + 4DC+EF)X-^; forD = ^-^2. Pursuing 

the same mode (EF + 4GH+IK)Xq- = area of 

o 

the hyperbolic space E F K I ; and (IK + 4LM+NO) 
X -5- = area of I K O N, &c., consequently the sum of all 

these areas will give the entire hyperbolic space A B O N 
very nearly; that is, (AB + 4 CD + 2 EF + 4 G H + 

2;iK + 4LM + NO)Xj = (A + 4B + 2C)X§. 

' 1, Oiven eleven ordinates to an hyperbola, between the 
asymptotes, to find the area. ,I-*et us sup^se the first value 
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ofir to be notlimg, and the last l, therefore the common 
distance of the ordinatee will be 7^9 <^^ ^i*om the nature of 

the curve we shall have the ordinates , , ,^ y . , ■■ ., , , , ^ , &c. 

l-f-O l+'-l i+*2 

0«* 10 >o 10 10 i<> 10 ^^ 10 10 10 'o 
^** TTJ"? TT> TT> TT> TT' TT> TT> iT> TT> IT? TTT* 

HereA = ^ + ^=U = l-5. 
. B=^ + ^ + ^ + ^f + ^ = 3-4595393. 
C=zn + n + n + ii= 2-7281745' . 

D=:l. Then(A+4B+2C)X§ = 

'69315021 the area required. 

This formula will answer for finding the contents of all 
solids, by using the sections perpendicular to the axis. The 
greater the number of ordinates employed, the more accurate 
die result ; but in real practice three or five are in most 
cases sufficient. 



PROBLEM XXII. 

To find tJie length of any arc of an hyperbola^ beginning at 

the vertex* 

Rule I. To 19 times the square of the transverse, add 
21 times the square of the conjugate ; also to 9 times the 
square of the transverse add, as before, 21 times the square 
of the conjugate, and multiply each of these sums by the 
abscissa. 

II. To each of these two products, thus found, add 15 
times the product of the transverse and the square of the 
conjugate. 

III. Then as the less of these results is to the greater, 
so is the ordinate to the length of the curve nearly.* 

* Let a = semi-traiunrerae, b == semi-conjugate, ^ = the abscissa, 
^=: ordinate; theny« =-2 • (2 a * -f «*) hence a? -J^^lax-rr— ^ 

h2 



«» 
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1. In the hyperbda B AC, the transverse diameter k 80, 
the conjugate 60, the onlinate B D 10, and the abscissa 
AD2; required the length of the arcBAC?* (Fig.p.l50.) 

Here 2 (10X8^* + 21 X 60*) = 2 (121600+75600) = 
314400. 



and ^=^ . (*2 + y*)* - a, andd Jt =: .-2^!^ 



y 



And dzzr 



••• '=!'V +57* y — iQ«5 -»'+ ^ 112 iiT — y 

-- <fec. > = the fire A P. 

But the rule expressed algebraically is 

l5tf** + (19a? + 2U^)^^ ,. ... ^ „ _. .. , . 

^ — ^ ' ^. ,^, ■' X y» which if actually divided, the quo* 

]5ab^ -\- (9 a* + 21 **) • a^ ^ "^fw**"/ ^•*u^7«, k«c 4ut/' 

tient will be found to.differ but little from the preceding series which 
expresses the true value of the arcs^ therefore the rule approxima^s 
the truth. 

iVVe, It is to be observed that a? =5 t • (4* -|- y^y — a. 

• The length of an arc of an hyperbola 
may be found thus : Conceive two curves 
to be drawn equi-distant from Q A P at 
an extremely small distance from it, as in 
the parabola ; find the area of these two 
new figures tskken as hyperbolas, from which 
they do not materially difier by reason of 
their nearly coinciding with the hyperbola 
QAP; then the difference between these ^• 
two areas divided by the perpendicular dis- 
tance between them will give 'the length of the curve QAP nearly. 

Hence, any curve may be rectified in this way, when its area can 
pe found from certain duoensions. 
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And 2 (9 X 80* + 21 X 60*) = 2 (57800 + 75000) =± 
266400. 

Whence 15 X 80 X 00* + 314400 =4320000 4- 
314400 = 4634400. 

And 15 X 80 X 00* + 206400 ir 4320000 + 266400 
= 4586400. 

Then 4586400 : 4634400 : : 10 : 1^^= 101046 

4586400 

= A B. 
Hence A B C = 101046 X 2 = 20-2092, 

2. In the hyperbola B A C, the transverse diameter is 
^0, the conjugate 60, the ordinate B D 10, and the abscissa 
A D 2-1637 ; required the length of the arc A B ? 

j4ns. 10-3005. 

3. Required the area of the hyperbola to the abscissa 25, 
die axes being 50 and 30 ? Ans. 8050909. 



PROBLEM XXIIL 

Criven the transverte axis o/*a- hyperbola^ the conjugate^ and 

the abscissay to find the area. 

Rule t. To the product of the transverse and abscissa, 
add 4- of the square of the abscissa, and multiply the square 

root of the sum by^.21. 

. '• ■ ' ' ■ 

II. Add 4 times the square root of the product of the 
transverse and abscissa^ to the preceding product^ and divide 
the sum by 75. 

III. Divide 4 ^6d the prciduct of th6 conjugate and ab- 
scissa by the transverse ; this quotient, multiplied by the 
former quotient, will give the area of the hyperbola nearly.* 

* Denwiutraiion, Retaining the same notation^ the equation of 
the hyperbola is y =-(2a* + «^*. Henceyrf*=-(2ii^jr-f*2)*. 
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1. In the hyperbola B A C, the transverse ^is is 30, the 
conjugate 18^ and the abscissa AD is 10; what is the 
area ? A 

Here 21 V (30 X 10 + f X 
10=) = 21 V (300 + 71-42857) 
= 21 V (371-42857) = 21 X 
19-272 = 404-712 ; 




d X, Now in order to make the series expressing the area converge, 
let ttr=: 



, from which a = z . And 



2a+a 



i 



_^ 3c4a*«r4a*tt;2^* 2 a dw ^^Aawid w ^^ 
^ a?rHlJ,'^(l_u;)2 5 (1-^)2 — (1 — a;)' ^ 

2abw^dw J l-2 + 2-3ir-f-3-4ttr2-|-4-5?(r» -f <fec.? by actual di-. 

2. 1 1-2 2*3 3*4 > 

vision ; therefore /y dxssAabw^-^ -=- -f- -=- to + -=-«^*+<fec« c 



Butastir=; 



a? 



. Q , is a proper fraction, the powers of ur in this series 

converge, while the co-efficients diverge ; therefore in order to make 
the co-efficients as well as the powers of w to converge, we multiply 



n 



the series last obtained by (1 — - tcr), also divide the factor 4a 6 w 
by the same quantit^r, and we get 

. , 8 tf « m;"^ 5 1-i , 2-2 , 3-3 , , 4-4 , , ^ , 

/y^^ = T:rir?F3+3:6^+57"^+7^«''+^^-^ 

By repeating the operation the value of the series is not 
altered j nence 

* .« 1 ,xf 2Att;* . 2a w ^ Sabw^^ 

y =s -(2aj? +d?2)*=r^| ^,and«=:^ .% 2a?y=7r ; 

^ a 1 — w 1 — w (1— u;)2 

therefore, 

APIf. HeoceareaAPiis 
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^ 4 V( 3Q X 10) + 404-712 _ 4X1 7-32054 403' 712 
And j^ ^ 

69-282 + 404-712 473-994 ^^,^ 
75 75 

Whence ^^^gQ ^ ^ X 6-3199 = 24 X 63199 = 

151*6876 the area required. 

2. What is the area of an hyperbola whose abscissa is 
25, and transverse and conjugate are 50 and 30 ? 

^ns. 8050909. 

3. The transverse axis is 100, the conjugate 60, and ab- 
scissa 50 ; required the area ? Ans. 322-3633584. 



. 51 1 X 1 ^ ^l _ 

y = - (2 a d? -f x^y. And the rule is 

— i ■ » "^^ — ' ^ — X > which being expanded wiH 

produce a series neaiiy eqiial-to the true expression loond for the 
area. (See fig. page 148.) 
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MENSURATION OP SOLIDS. 



SECTION V. 



DEFINITIONS. 

1. A eelid is that which had len^, bteadth, and 
thickness. 

2« The least meafifure is ^ cubic inch. and. all ^lid bodies 
are measured by cubi^s^ ^hose sides ate inches, feet^ 
yards, &c. ... . ■ t 

3. The solid contents of any body is the. number of cubic 
inchei^ji.feet, yards, &c., it contains^ . - - 

' ' 4/' A tubeia a eolidf having sLk equal^ ndee 
at right angles to one another, 

5. A prism is a solid, 
whose ends are any plane 
figure, which are parallel, 
equal and similar. Its sides 
are parallelograms. 

It is called a triangular prism, when its ends are trian- 
gles ; a square prism, when its ends are squares ; a penta- 
gonal prism, when its ends are pentagons ; and so on. 

6. A paralellopipedon is Si 
solid having six rectangular 
sides, every opposite pair of 
which are equal and parallel. 
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7. A' tiylinder is a round prism, 
having circular ends. 



8. A pyramid 19 a solid, having any plane 
figure for its base ; its sides are triangles meet- 
ing in a point, called the vertex. 

Pyramids have their names from their bases, 
like the prism. 

When the base is a triangle, the solid is 
caUed a triangular pyramid; when the base is 
a square, it is called a square pyramid ; and 
so on. 



9. A cone is a round pyramid, having a 
circle for its base. 







10. A sphere is a round solid, which may 
be conceived to be formed by the revolution 
of a semi-circle about its diameter which 
remains fixed. 



11. The axis of a solid is a liae joitiing tke raid^#(F; 
bodt ends. 

12. When the axis is perpendicular t6 l&e base, tto S6M > 
is called a right prism or pyramid, otherwise it is obliqtw. \ 

\9/ Th6 height or i^tude of a sblid, is a line drawn iSx)m ' 
its vertex, perpendicular to its base, and is equal tvite 
axis of a right prism or pyramid ; b«t| in auk. cblique ofte, 
the aUitode is fhe perpendicular of a fight-angled triaagteiy 
whose hyi^thenuse is die axis. :! > 

14. When the base is a regular figure, it is called a re^ 
gular prism or pyramid ; but when the base is an iir^ular 
figure, the solid on it is called irregular. 

15. The segment of any solid, is a part out off from the 
lop by a plane parallel to its base. 

h3 
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16i A frustrum is the part remaining at the bottom, after 
the segment is cut off. 

17. A zone of a sphere is a part intercepted between two 
planes, which are parallel to each other. 

18. A circtilar spindle is a solid gene- 
rated by the revolution of a segment of a 
circle about its chord, which remains fixed. 




19. A weifye is a soKd, having a rectan- 
gular base, and two of its opposite sides 
meeting in an edge. 



20. A prismoid is a solid, having 
for its two ends two right-angled pa- 
rallelograms, parallel to each other, and 
its upright sides are four trapezoids. 




21. A spheroid is a solid, generated 
by the rotation of a semi-ellipsis about 
one of its axes, which remains fixed. 

When the ellipsis revolves round the 
tcimsverse axis, liie figure is called a 
prol^, or oblpng .q>eroid ; but when 
t|^e ellipsis revolves round the shorter axis, the figure is called 
aA oblate spheroid. 

, 22. An elliptical spindle is a solid, ge- 
nerated by. the rotiition of a segment of an 
ellipsis about its chord. 





i. 



!23. A parabolic conoid^ or paraboloid, is a 
solid generated by the rotation of a semi- 
parabola ieibout its axis.' - ' 




UMSinuirioN or solim:: loot 

24. An unfftiia, or iot^, ia a part cut off ft eolid by ft 
plane oUitjue to the base, 

PROBLEM I. 

TofindthetoMtyofacuhe. 

Rule. Multiply the side of a cube by itself, and tha^ 
product ag^n by the side, for the solidity required.* 

1. If die side of a cube be 4 inches, required ite solidity? 



G 

1 

J. J 

il LJ 

A 



to pui thnnigh each of the lineal 

end! ; and the ends to""" ~~"" ' " 
il measarmg 



ulrdiTide^ 

riOleltoflio 



mist ; tlien it ii efident that tba put cat off inti be divided by tW 
plane into B< imd; a«be« H Qine are gqnarec iA each end. . 

Bnl the magnitDde of the whole prino, or of asij other of an eqnal 
baaa,i>toUiemagnltadeDfthepwt«be«ebe^htistheliaeB]m — ^~ 



dwnamllnealnemiringaiiiti in the hei^; taat i«, eqo«I to (b»> 

ap.<tfaainflnlemiin$eraf pl^ei infiniteljr thin, i^Q parallel to the 
baMi when tbe prima are of the miob hei^t, the right and obl!q«^ 
ntlim will refdin the oma number ofmch plate*, and therefoTa 
tiotk va«t te e^nal to eaoh odier, u tlwy requre the aame aumbek' 
afe^Dalplatettocf--'" '^— 



100 HHcnrsATioM or snuot. 

JitiTh, i'mT=.lQ, Ae Duniber of cubes of 1 mch deep 
in tiie square E F G D, and ae the entire solid cooMBte of 
four Buch dimensionB, its contente ie Id X 4 =r 64 cubic 
bcbea. 

2. Wbat IB the Eoli^ty of ft cubical piece of marble, eacb 
Bide being 5 feet 7 incbes ? ^m. 174 feet, Dearly- 

3. A cellar is lb be iag, wboM holgtb, breadth, and depth, 
are each )2 feet 3 incbes, required the number of eolid feet 
ihit? ^f». 1838'feet3iocbei>neariy. 



PROBLEM II. 

To find the golidity of a paraUelopipedon. 

Rule. Multiply continually the length, breadth, and 
deplb together, for the solidity. 




1. What mlhe solidity of the pftrallelopipedonABCDEFG, 
die length A K being 10 feat, tb« breadth A G 4 feet, and 

A B X A G X A p =s 10 X 4 X 5 as 200 feet; 

'.■)iate. ThwTdfliieiidnitfran«4MtUslieeif HUintlMlut. 

', 2. A piec^of timber 20 feet long, 10 incbei broadt and 

^linekes deep trcqtu'ed its AoM contents? .^tfiu. 2080 feet 

3,. Apiece of timber is 10 inches square at die, tods and 

'iO'ieet long { rniuu^d ite contents 7 -Ant., .4tlCH> feqt 

4. A piece of timber 15 inches square at each end, find 

18 feet long, Is to be meaaured, required its eontentB, and 

how far from the end must it be cut across, wo that the piacc 

eutoffnuty coatain 1 solid fbotf 
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Ans. The solidity is 28-125 feet; and 7*68 in length will 
make one foot. 

4. What length of fl piece of square timber will make one 
solid foot^ being 2 feet 9 inches deep^ and 1 foot 7 inches 
broad? 

Ans, 2*756 inches in length will make one solid foot. 

PROBLEM III. 

To find ihe solidity of a pritm. 

Rule. Multiply the area of the base by the perpendicular 
height and the product will be the solidity. 

Noie. The reason of this rule is erident firom what was said in 
Rule I. 

I. What is the solidity of a prism, A B C F I E, whose 

^ p 




side C D is a peatagooy each side of whidi being 3*75, and 
height 15 feet ? 

When the side of a pentagon is 1, its area is 1*720477, 
(Tablft II.) ; therefore 1*720477 X 3*75* = 24*1942 = 
ihe drea of 1h6 hstke in square feet; hence 24*1942 X ^^ =^ 
36!^9lS sbiid feet, the content. 

2. What is the solidity of a square prism whose length is 

*^l'f^^ ^^ i^^ ®^^^ ^^^^^ ^^^® H ^<>ot?.. 
- . » u4ns. 9-J- solid feet. 

B, What is the soUcUty of a prism, whose' base is an eqi|i^ 

lateral triangle, each side being 4 feet, and height 10 (eet^ 
' Am, 09-282 feet 

4. What quantity of water will a prismatic vessel contain, 

it beinff a square, each side of which is 3 feet, and height 

7 feet? Am. 63 C<^^ 
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PROBLEM IV. 

To find the solidity of a cylinder. 

Rule, Multiply the area of the base by its height, and 
the product will be the solid content.* 




1. What is the capacity of a right cylinder ABGC, 
whose height^ and the circumference of it^ base, are (each) 
30 feet ? 

First ,^ , ..^ = the diameter, half of which multiplied by 

half the circumference will give the area of the base, (Prob. 

XVIII. Sec. n.), that fe, 10 X gq^ = ::^^ = the 

25 
area of the end; then Trgrr- X 20 = 636-61828 the con- 
tent. 

2. What is the contents of the oUique cylinder A B F E, 
the circumference of whose base is 20 feet, and altitude A C 
20 feet? 

As before, the area of the base is ^ ; then 



•7854 ' -7854 

X 20 = 636-61828, the solid contents, as before* 

3. The length of a cylindrical piece of timber is 18 feet, 

I • - ' - 

* The reason of this rale is evident from Rule I. 
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and its circumference 96 inches ; how many solid feet in it ? 

u4ns. 91-676 feet. 

4. Three cubic feet are to be cut off a rolling stone 44 

inches in circumference ; what distance from the end must 

the section be made ? ^ns, 33*64 inches. 



PROBLEM V. 

To find the solidity of the prisms formed hy a plane passing 
parallel to the axis of a cylinder, 

\ RuLB. Find by Prob. XXVII. Sec. II. the area of each 
segment (^ the base^ which multiplied by the height, will 
give the solidity of each prism.* 

I. In the cylinder AB G C, whose diameter is 3, and 
height 20 feet ; let a plane K N pass parallel to the axis, 
and 1 foot from it ; what is the solidity of the two prisms 
into which the cylinder is divided. — (See the last figure.) 

S O 3 * 1 

rr^ = (- — 1) -5- 3 = 1= g = -16 the tabular versed 

sine, to which in the Table of Circular Segments correspond- 
ing to the area is 08604117 

which taken from -78539816 

leaves the other segment . • • • '69935699 

Then 3* = 9 X 08604 1 17 =7-7437053 = seg. D C N. 

Also 3* = 9 X -69935699 =6-2942 1291= seg. D GN. 

Hence 20 X 7-7437053 = 15-4874 = the sUce 
L K A C N D ; and 20 X 6-29421699 = 125-88434 = 
the slice LKBGND. 

Suppose 1^6 right cylinder, whose length is 20 feet, and 
diameter 50 feet, is cut by a plane parallel to, and at the 
distance o^ 21-75 feet from itsa^; required the solidity 
of the smaller slice ? . Jlns. 1082*95 feel. 






* .The reason (^tius ml^ is manifest from Prob. XXVn. Sec. II. 
and from Prob, I. in this Section. . 
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PROBLEM VI. 

To find tJie nolidiiy of a pyramid. 

Rule. Multiply the area of the base by the one-third of 
the height, and the product will be the solidity.* 

1 . What is the solidity of a square pyramid, each side of 
its base being 4 feet, and height 12 feet ? 

Then 16 X '^ = 64 feet, the solidity. 

2. Eeach side of the base of a triangular pyramid is 3, 
and height 30 ; required its solidity? Ans, 38-97117. 

^3. The spire of a church is an octagonal pyramid, each 
side at the base being 5 feet 10 inches, and its perpendicular 
height 45 feet ; also each side of the cavity, or hollow part, 
at Uie base is 4 feet 1 1 inches, and its perpendicular height 
41 feet; it is required to know how many solid yards of 
stone the spire contains ? 

Ans. Solidity of the whole stone work is 32*19738 yards. 

4. The height of a hexagonal pyramid is 45 fee^- each 
side of the hexagon at the base being 10 ; required its 
solidity? ^n«. 38971143. 

« * 

PROBLEM VII. 

. • • • 

To find the solidity of a cone, 

' Rule. Multiply the area of the base by one-third of the 
height, and the product w^ be the solidity /f 



; * It ia proved in eveiy "vrork on soM Geometr^f fkat ^eiy pyramid 
is one-thiid of a prism having the samie ba«e and ImjlHt ; but the 
soHditT of a Dnsm .is foond by mnltipl^ing the ate^of tlie base by 
ths hmght ; tAereftwe the Boliinty cf a pyrunid is fbimd \j multiply* 
ing tlie area of the bate b^ one-thurd of the height. 

t In solid Geometry it is proved that every cone is the third part 

cffr^lindmr having th» same hase a nd a ltitad e ; bvtthe it^fi^^of 

a cylinder is fomid by mnltiplying the area of its base by its altitude ; 

thereicnre tha soBdilj of a cone is*, fmuid by^an^qpltpiif Hm aroa of 

7^ ifrA0» 2»f aoe-tfaird of its altitade. . - 
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1. The diameter of the base of a cone is 10 feet, and its 
perpendicular height 42 feet ; what is its solidity ? 

10* = 100 X -7854 = 78-54 ; then 78-54 X V = 
1099-56 feet. 

2. The diameter of the base of a cone is 12 feet, and its 
perpendicular height 100 ; required its solidity ? 

Ans. 3769-92 feet. 

3. The spire of a church of a conical form measures 
37*6992 feet round its base ; what is its solidity, its perper- 
diculat height beiAg 100 feet ? Ans. 3770-1526. 

4. How many cubic yards in an upright cone, the circum* 
ference of the base being 70 feet, and &e slant height 30 ? 

Jtns. 13409. 

5. How many cubic feet in an oblique cone, the greatest 
slant height being 20 feet, the least 16, and the diameter of 
the base 8 feet? ^;i^. 264-73216 feet. 

PROBLEM VIII. 

. To find the sotimt^ of the frustrum of a pyramid. 

Rule. Add the two ends and ^e mean proportional 
beCt^e^ iSLem together ; then multiply the sum by one-third 
<yf tlie perpendiosJsr height, and the product will give the 

^ DemmkmUm, ]>t A> and a^ be eqnal to fhe areas A B aad 
8 1> $ .P auod j^ibe (kerpendicnian from the yertex V upon the planes 
of the buses A B and S D ; and A = P — j9 the height of the fms- 
trnm. Pnt also C ^ the entire solid, Thexontent of the entire solid 
VAOBRis 

A« X y , and of the part V S Q D P =s a« X %. (Prob. VL), and the 

difference between these two solids is the contents of the firnstrum ; 

thatis,A«X^-«»x| = A2 X5 + (A*-«')X|; bnt 

A« : a»: : A R« : SP« (20. VI.) ; hence 

At tf :: AR: SP(22. VI.) Bnt 

AK : S P : : R V: P V : : P : ;? (4. VI.) ; therefore by equality of ratios 
A la:: P:p; and then by division A — a iaXlh:p\ but 

A — a: a:: A« — a* :aX(A + a); hence 
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1 . In a square pyramid, let A O == 7, P D = 5, and the 
height O Q == 6 ; the solidity of the frustrum is required ? 

7 X 7 = 49 = the area of the base. 

5 X 5 = 25 = the area of the section S D. 

7 X 5 = 35 = the mean proportional between 49 and 25. 

Therefore, ^^i^^i^ X 6 =218 = the content c^ 
the frustrum. 

2. What is the content of a pentagonal frustrum, whose 
height is 5 feet, each side of the base 1 foot 6 inches, and 
each side of the less end 6 inches ? 

u4ns. 9*319250 cubic feet. 

3. What is the content of a hexagonal fhistrum, whose 
height is 6, and the side of the greater end 18 inches, and 
of the less 12 inches J? Ans. 24*681722. 

4. How many cubic feet in a squared piece of timber, the 
areas of the two ends being 504 and 372 inches, and its 
length 31 i feet ? Arts. 95-4 feet 

5. What is the solidity of a squared piece of timber, its 
length being 18 inches, each side of the greater base 18 
inches, and each side of the small end 12 inches ? 

j4n». 28*5. 



A« — a2 : A o +o« : : A : ;?, and 
(A2- «*) X -f- =(A«i+ a«) X g; therefore 

(A3 + Aa-fa^X-s = the content of the fnistnim, which ia the 
m/e. 
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PROBLEM IX. 

To find the solidity of the frustrum of a cone. 

Rule. Add the two ends and the mean proportionals 
between them together, then multiply one-third of the sum 
by the perpendicular height^ and the product will be the 
content.* 

1. How many solid feet in a tapering roimd piece of 
timber, whose length is 26 feet, and the diameters of the 
ends 22 and 18 inches respectively ? 

Here 22* X '7854 =380-134 inches = the area of the 
greater end, and 

18» X '7854 = 254-47 inches =the area of the less end, 

(Prob. XVm. Sec. 2.) (380134 X 254-47) * = 311-018 
= the mean proportioned between the areas of the ends ; 
thai, by tiie rule 

g54-47+380_134 + 311-018 ^ ^ j^) = 98346 

cubic inches = 56*9 cubic feet, the ^ns, 

2. How many cubic feet in a round piece of timber, the 
diameter of the greater end being 1 8 inches, and that of the 
less 9 inches, and length 14-25 ? Ana, 14-68943 feet. 

3. What is the solid content of the . frustrum of a cone, 
whose height is 1 foot 8 inches, and the diameters of both 
ends 2 feet 4 inches and 1 foot 8 inches ? j4ns. 131-584. 



PROBLEM X. 

To find tlie aolidity of a wedge. 

Rule I. Add the three parallel edges together, and mul- 
tiply one-third of the sum by the area of that section of the 

* The demonstration given of the last rule applies to this. 
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wedge which is perpendicular to these three edges^ and the 
product will give the content.* 




Note. When the qnadrangalar sides are parallelograms, the 
wedge is a triangnliur prisma having for its hase the triangle B O C ; 
when the quadrangles are rectangular, A O is the heu^t of the 
j^rism, and the area of the triangle B O C multi|died by A will give 



* Demonstraihn. Let the planes A OC G, ARBO, BRGC be 
trapezoids, the latter bemg any how inclined to the former, and C G, 
A 6, B R ^allel to one another ; let also the wedge be divided info 
two pyramids by the plane B O G ; then B is the vertex of the py^ 
ramid whose base is the triangle O G C ; and G is the vertex of the 
pjramid which has A R B O for its base. Again, let S D be popen- 
Sumlar to A O and-KB ; and D T perpendicular to A O and G C ; 
then the triangular plane S D T is perpendicular to the three parallel 
edges BR, A O, C G. Put/» := tiie perpendicular of the triang^ 
S D T, let fall from the vertex S upon the base D T, (produced if 
necessary), and P the perpendicular let fall from T, (produced if ne- 
eeMary) ; hemoe P and jv are the heights of the pyramids A R B O G 
and GC O B respectively. 



Now 



CGX DT 
8 



= the area of the triangle O G C ; and 



OCXTD^j» aC^DTXo ,^ ,.^ 

2 ^ 3 ^ "3" ^ 2 — ~ content of the py- 

ramidOGCB, and i X S D = the area of the trapezoid 

ARBO, »dM±M^ gj, ^ P^^AO+RB^S^P 

r= the solid content of the other pyramid. But the area of the trian- 

_, ^^oT^m^ DTX i>_SDXP. .^_ . ^. GC 

gular sectMii SD T rr 5— «• s; ■ ; therefore the sum— 

^DT X P , AO+RB _SDXP 

X g — £. -^ ^ X — 5 — , or the content of the wedge 
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iia content ; when the triangle B O C is isosceles and perpendicular 
to the plane A C, the wedge is of the con^non kind ; C G is its edge, 
and A ilB O its back. 

Ruiif! II. To twice the length of the base, add the length 
of the edge, multiply the sum by the breadth of the base, and 
the product by the height of ihe wedge, and i of the last 
product will be the solidity ; that is, {2 L -j[- X r ^ ^> 
by putting L = R B the length of the base, / = G C the 
length of the edge, b zziAR the breadth of the base, h se 
the perpendicular height of the wedge.* 

1. Let A = 4,GC5;:3j BB =21^ the perpendicular 
D T ^ 12, and p the perpendicular distance of B R from 
the plane of the face AC^3| feet; required the solid 
content ? 

^-^^^+^^ X 12 X I' = 661 cubic feet. 

2. The perpendicular height from the point T to the mid- 
dle of the back A B is 24-8, the length of the edge C G 
110 inches, the base R B 70 inches, and its breadth AR 
30 inches ; required the solidity ? ^ns, 31000 cubic inches. 

3. How many cubic inches in a wedge whose altitude is 
14 inches, its edge 21 inches, the length of its base 32 
inches, and its breadth 41 inches ? ^ns, 892*5 cubic inches. 



. GC ,AO-fRB - . ,. _ , DTX JP , SI>XP 

18 i-^— H 5 mnltiphed by 5—^ or by 5 — 

00 « • . 



that is. one-third of the snm of the parallel edges multiplied by the 
area of the triangle S D T, which is the rule. 

* Doctor Hntton gives the following demonstration of this mle : > 

Then, since it is evident that, according as the edge is shorter or 
longer than the base, the wedge is greater or less than half a prism 
of ti^e same height and breadth with the wedp^e, and length eqnal to 
that of the edge, by a pyramid of the same height and breadth at the 
base also, and the length of whose base is eqnal to the difference of 
the lei^gth of the edge and base of the wedge ; we shall have the con- 
ientiblh + ibhX(±h':fl) = i6lh + ibhXil'-l) = iifi 
X(3/+2L--2/) = *AX(2L + /). 

Cor, If/=sL, the ralewiIlbecome|6.Ax3Lsi^;»AL = ^a 
prism of the same base and height, as it ought* 

Sehol0um, It is evident, whether the two ends, or the two sides of 
the wedge be equally or unequally inclined to the base, it will make 
fip difference in the mle, 
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PROBLEM XL 

To find the solidity of a prismoid, which is the frnstrum 

of a wedge. 

Rule. By either of the foregoing rules, find the solidity 
of two wedges whose bases are the two ends of the finis- 
trum, and height the distance between them, and the sum 
of both will be the solidity of the prismoid or frustrum.* 

L In the prismoid A B P Q, there is given R B = 18, 
AO=:27, PD = 21, SQ = 24, B0 = 12, DQ=4, 
fmd B I = 30 ; what is its solidity ? 




18-4-274-21 30 V 12 

^ ^^ X '^il^l = 3960 = the content of the 



• Demonstration. Conceive the frastnim to be cut by a plane 
passing through the opposite edges A O and P D, which will evidently 
divide it into two wedges ARBODP and PSQDOA. Let BI 
represent the perpendicular distance between the ends A R B O and 
S P D Q ; also let B O represent the distance of A O from R B, and 
D Q the perpendicular distance of P D from S Q ; then it is obvious 

^, BIXBO ^BIXDQ .„^ ^ 

that ^ , and ■ ■■ - ■ will be the respective areas of the 

two triangular sections of the two wedges which are perpendicular 
to the edges BR, A O, S Q, and P D. Then by the last rule, the 



RB+AO+PD 

' ■• • " o " ""^ X 



content of the wedge ARBODP will be 

B I y B O 

—^ ; andtheconteirtofthe wedge PSQDOA will be 

8Q-4-A04-PD BIxDO 
^^ 3 t JL- X ^-^-^ and the sum of both will be the 

solidity of the pnsmoidi. 
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,. ,24 + 27 + 21^30X4 ,,,^ , 
greater wedge, and ! — -^ X — ?— = 1440 the 

cntent of the other ; then 3960 + 1440 = 5400 the content 
of the frustnim. 

• 2. What is the solidity of a piece of wood in the form of 
a prismoid, whose ends ai'e rectangles, the length and 
breadth of one being 1 foot 2 inches and 1 foot, and the 
corresponding sides of the other 6 and 4 inches ; the per- 
pendicular height being 30 J feet ? jins, 18-074 cubic feet. 

Note. The following rule will answer for any prinnoid, or cylinder, 
of whatever figare each end may be. 

Rule. If the bases be dissimilar rectangles, take two corres- 
ponding dimensions, and multiply each by the sum of double the 
other dimension of the same end^ and the dimension of the other end 
corresponding to this last dimension ; then multiply the sum of the 
products by the height, and -^ of the last product wiU be the solidity.* 

PROBLEM XII. 

To find the solidity of a cylindroid ; or the fritstrum of an 

elliptical cone. 

Rule I. To the longer diameter of the greater end, add 
half the longer diameter of the less end, and multiply the 
sum by the shorter diameter of the greater end. 

II. To the longer diameter of the less end, add half the 
longer diameter of the greater end, and multiply the sum by 
the shorter diameter of the less end. 

ni. Add the two preceding products together, and multiply 



* Demonstration. It has been shown before that the prismoid U 
composed of two wedges, whose bases are the two ends of the pris- 
moia, and whose heights are equal to that of the prismoid ; there- 
fore, by the last Problem, Rule II., its solidity is = [(2 L 4^ /) B -f- 
(2/ + t)6] X\h\ andas JL4-i/= M, andiB-f i* = »8, are 
lengtii and breadth of a section parallel to, and equally distant from, 
eech end, we shall get 

[(3L-l-/)B + (2/ + L)6XiAL or 
(2BL+B/+26/+6L)X-}A='(BL-j-i/-f4M»i)XiA; 
that is, the sum of the areas of the two ends, and 4 times the section 
in tiie middle, multiplied by -^ A. 

As every prismoid aud cyhndroid may be conceived to consist of 
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the sum by *2618 (pnerthird of '7854) and then by the 
height, Ihe last product will be the solidity.* 

L LetABCDhea eylindroid, the base of wluch is 
an ellipsis, whose two diameters are 40, and 20 inches, the 
t<^ a circle, whose diametier is 30 inches ; what is its so- 
lidity, allowing the height to be 10 fiset ? 



m 



I 


/I 


^ 


k 


'""a 

p\ 

\ 


VJ 




^^ 



H 



(AB + JCD)XGH 
(CD + 5AB)X^P 



(40 4- 15) X 20 
(30 + 20) X 30 



1100 
1500 



sum = 2600 
Then (2600 X 2618 X 10 = 6806-8, which divided by 
144 gives 47-27 feet, the answer. 

2. The transverse diameter of the greater base of a cy- 
lindroid is 13, and conjugate 8 ; the transverse diameter of 
the less base 10, and conjugate 5*2 ; what is the solidity of 
tbe cylindroid, its height being 12 ? Ans. 7219-3868. 

3. The transverse diameter at the top of a cylindroid is 
12 inches, and conjugate 7 ; the longer diameter at the 
bottom IS 14 inches, and shorter 12, and its height 10 feet; 
required its solidity ? ^n^. 6*78 feet. 



an iafinite nunber of rectanp;alar prismoids, it is evident that the 
last rule will answer for anj prismoid or cylindroid of whatever 
figure the opposite end may lie. 

* This rule may be easily deducted from the preceding ones. Other 
rules are given, which find the true solidity only when the middle 
section between the two ends, is similar to the two ends ; which never 
can be, except when the parallel ends are similar ellipses ; that is, 
the transverse and conjugate diameters at each end parallel to each 
other j this can never happen, but when the solid is the frnstrum of 
tm eUiptical cone. 
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PROBLEM XIII. 

To find the solidity of a sphere,. 

Ru]>£ I. Multiply the cube of the diameter by «5236, 
ond the product will be the content. 

II. Multiply the diameter by the circumference of the 
sphere^ and die product multiplied by one-sixth part of the 
diameter will be the solidity.* 

I. Suppose the earth to be a per- 
fect sphere, and its diameter 7957|- 
miles, how many solid miles does it 
contain ? 

7957 J X 3I4I6 z= the circum- 
ference of the earth, CProb. XVI. 
Sec. II.) ; then 

79571 X 3-1416 X 7957t = 198943750 = the smface of 
the sphere ; then 



* Demonstration. The reason of the first rule is evident from Solid 
Geometry, where it is demoi^strated that a sphere is -{■ of its circum- 
scribing cylinder. But the diameter of the base of the cylinder and 
its altitude are each e^ual to the diameter of the sphere ; therefore 
{d being the diameter,) d^ X '7854 is the area of the base, which 
being multiplied by the height of the cylinder, will give its solidity ; 
that Is, «P X '7854 X rf=rf' X '7854 = the content of the cylinder, 
tl^e two-thii^ds of which will be the solidity of the sphere ; that is, 
d^ X '7854 Xi^d^ X '5236 = the content of the sphere, which in 
the first rule. 

The reason of the second rule is equally obvious. For the surface 
of a sphere is equal to the circumference of one of its great circles 
multiplied by its diameter ; tiiat is^cXd^c being Ihe circumference, 
and d the diameter of the sphere. Now, the sphere may be con- 
sidered as miide up of an infinite number of pyramids, whose bases 
compose the surface of the sphere, and all tne vertices meeting in 
the centre, their common altitude or height being eqnsl to the rstdius 
of the sphere, or half the diameter : and therefore its solid content, 
or the solid content of any spherical pyramid, being a part contained 
within right lines drawn from the surface to the centre, is equal to a 
pyramid whose ba^se is equal to the spherical surface, and height 

equal to the radius, or half the dian^eter ; that U^ oXdX -gt which 

it the rule.-' See Solid Oeemetry, 

1 
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198943750 X 7957J X t = 263857437760 mnes, the 
solidity by Rule II. 

Again, -5236 X <^'=-5236 x(7957f)3 =263858149120 
miles^ the solidity by Rule h, which gives the result too 
great on account of taking *5936 a little too great. 

2. What is the solidity of a sphere, whose diameter is 24 
inches ? ^ns, 7238-2464 cubic inches* 

3. What is the solid content of Uie earth, allowing its 
circumference to be 25000 miles ? 

^ns. 2638581491^ miles. 

4. Required the solidity of a globe whose diameter is 30 
feet? An^ 14137-3. 



PROBLEM XIV. 

To Jlnd the solidity of the segment of a sphere. 

Rule I. From three times the diameter of th^ sphere, 
deduct twice the height of the segment/ multiply the w- 
mainder by the square of the height, and that product by 
•5236, the last product will be the solidity.* 

II. To three times the square of the radius of the seg- 
ment's base, add the square of its height ; mi^ltiply this sum 



* Demonstration. Let ACn he a triangular pyramid, whose 
base n A is infinitely small ; the sphere, u was said be^re, may be 
conceived to be composed of an infinite number of snch pyramids, 
whose bases constitute the surface of the sj^ere, their altitudes being 
the radius of the sphere, and the centre their common vertex ; then 
by the last rule, the solidity of the sphere, or any sector thereof^ is 
equal to a pyramid, the area of whose base is the spherical surface, 
and its altitude the radius of the sphere. 

Let O D (A) be the heiffht of the segment A D B ; then d X 3*1416 
X A =? the sjOierical sqrnce, anddX 3*1416 X ^ X } C D = 3*14ia 
XdhX^dm •5236 rf» A = the solidity of the sector A C B D. But 
EO X0D=A02;11iatis,(</-A) X ArrAO^and AO* X3-1416 
X i O C =r the solidity of the cone ACB = (rf— A)AX 3-1416 X J 

(j- A)rs(rf-r A) X A X *SS36 X (rf-S A) =(rfaA - 3<fAa+2A») 

X '5236, which taken from the solidity of the sector, leaves the so- 
Hdity ol the segment ; that is, (-8236 <^ A) — (<f> A — 3r/ A« -f 2 A^) 
X i^ :sr (3rfA - 2 A^) x -5236 =i;(34A-2A')X -5^36 as (3 4 
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by the height, and the product by -5236, the last result will 
be the solidity. 

1. What 18 the solidity of each d ^ 

the frigid zones, the diameter of the 
earth being 7957|: miles, and half 
the breadth, or arc of the meridian , 
intercepted between the polar circle • 
and the pole 231 degrees ; that is, 
A D = 23i degrees, supposing A B 
to represent the polar circle. 




jBy Rule I. 



£ 






As 1 (5= tabular radiusj : 3978| (=s radius of the earth) 
0829399 (= tabular versed sine jof 23^ degrees) : 
3300074946, the versed sine, pr height of the segment 

Then -5236 A^ x (3 <^ — 2 A) = -5236 X 3300074046' 
X 23213-2350108 z= 1323679710 the soUd content. 

% Rule IT. 

As 1 : 39781 : : 3987491 (= the tabular sine of 28 J 
degrees) : 1586-57282526, the radius of the base. 

Then -5236 A X (3 r* + A«) = -5236 X 3300074946 
X 7660544-936 = 1323680299-69, the solidity. 

2. Let A B D O be the segment of the sphere whose so- 
lidity is required. The diameter A B of the base is 16 
inches, and the height O D 4 inches ? 

^ ^ns. 435-6352 cubic inches. 



■» ■ 



— 2 A) X A* X -5236, which U «ie first rule. Thia nde wiU hold 
true, when h is less Ihait d. 

Let r := A O, the radius of the segment's base ; then (d '- h) X h 

sr r* ; hence d = — { — ; then substitute for d^ and the rule be- 

cotne8(2ll=tAi!^ 2A)XA*X-5236i=(3H4A2)XAX-523«f, 

which is the second rulo, and is always to be used when the radius of 
the sphere is not given. The reason of these rules might have h^ett 
4edficed- immediatelT fr<nn the demonstratioii of the ' rules for per^ 
the laiA Problem. 

I2 
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3. Required the solidity of the segment of a sphere^ 
whose diameter is 20 feet> and the height of the segment 5 
feet ? Ans. 654-5 feet. 

4. What is the solidity of a spherical segment, whose 
base is 16 inches and height 4 ? Ans, 435*6352, 



PROBLEM XV. 

Tqfind the solidity of thefrustrum or zone of a spltere. 

Rule I. To the sum of the squares of the radii of the 
two ends, add \ of the square of their distance, or the height 
of the zone ; this sum multiplied by the height of the zone, 
and t)ie pjrodjact again by 1*5708, wUl be the solidity. 

11. For the middle zone of a sphere. To the square of 
the diameter of the «id, add ^ of the square of the height ; 
multiply this sum by the height, and then by -7854, the last 
result will be the solidity. 

Ory From the square of the diameter of the sphere, de- 
duct \ of the square of the height of the middle zone ; mul- 
tiply the remainder by the height, and then by *7854, die last 
result will be the solidity.* 



* Demonstration. Pnt H := height of .the greater segment ; and 
h ^ height of the less ; R := radius of ^ greater base, and r zz 
radius of the less. Then it is obvious that the difference between 
these two segments will be the zone required ; that is, (3 R> 4- H*> 
X H X -5236 - (3r2 + A«) X /** X !«236 = [(3 R^ H -f H^ - 3i* 
A + A')l X '5236. Pnt fif :2i the diameter of the sphere, and then 
from the property of the circle, we get (</ — H) X 11 = R', and (rf— 
A)XA=r2. 

Hence dzs, rr — , and d = — j — , consequent i^ rs 

. xl , . A .....# H 

» 

tliA^ and putting a =rH — A, we get [(SR^ H + H?) — (3r« A 

+ A')l X -5236 = (Ra 4- r^ + J fl^) X a X 1*5708. Now, j$ one of 

the radii pass through the centre, we get R* = -j- := C O* + ^ Q* = 

9^ -f- ftS ; hence the last theorem becomes (r^ -f 4 <>^^) X a X 3*1416 

sr (^rfa - J a?) X « X 3-1416. Hence {t^y^^a^) xaX 6-2832 =r 

(faf»=i a^) X a'X 6«883^ wiU express the soMty of the middle aoi^ 
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1. Required the solidity of the 
frustrum of a sphere, the diameter 
of whose greater end is 4 feet, 
the diameter x>f the less end 3 ^Z 
feet, and the height 2| feet ? » 

i-5708 X 2-5 = 8 j X 3-927 = 
32-725, the solidity of the frus- 
tnun: 

2. What is the tolidity of the temperate zone^ its breadth 
being 43 degrees, the radissof the top being 1586-57282526', 
and the radius of the base 3648-86750538, and height 
2062-2655 ? 

(3648-86750538'+ 1586-57282526*+ J x 2062-2655=) 
X 2062-2655 X 1*5708 = 17249136 X 2062-2055 X 
1-5708 = 55877778668, the solidity of each temperate zone. 

3. Required the solidity of the torrid zone, which extends 
23| degrees on each side of the equator, the diameter being 
79571 miles, and height 3173-14565052 ? 

(7957-75* — i X 3173-14565052*) X 3173-14565052 
X -7854 = 149455081 137, the answer. 

4. What is the solidity of the middle zone of a sphere, 
whose top and bottom diameters are each 3 inches, and 
height 4 inches ? ^ns. 61-7848. 

5. What is the solid content of a zone, whose greater 
diameter is 20 feel, less diameter 15 feet> and the height 
10 feet? Ans, 189-58. 

6. How many solid feet in a zone, whose greater diameter 
is 12 feet, and less diameter 10 ; the height being 2 ? 

j^ns. 195-8264. 



A B D C, being double the former, where a is } the altitude, and r = 
half the diameter of each end. Put A =: the whole altitude, and 

^= 2 r, the diameter of each end ; and the theorem becomes 

<rf« + 4A«) X A X -7854z=(e^ - J A) X A X -7854. 

The reason of this mle may be deduced from the demonstration 
given for finding the solidity of the whole sphere. 
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PROBLEM XVI. 

To find the aoUdUy of a cimular spindle. 

Rule, . Find the distance of the chord of the gseneratuig 
circular segment from the centre of the cirde, and also idi 
area of this segment. 

Then, from J of the cube of half the length of the spindle, 
or half chord of the segment, subtract the product of the 
central distance, and half the area of the segment ; tlie re* 
mainder, multiplied by 12*5064 will give the solidity.* 

I I .1 ■ , ■ . . . ■ . ■ I ,1 

* DemonHraikn* Pot PC = a, FS =: e, and r = radiiu; conoeyie 

fin infinite nmnber of cnrdinates y, y, jf, &e., to be drawn, as ii^ tha 
figare, and let the distance between every two of them be represented 
by X, Then from the property of the circle, T O X 0B= O V«=: 

««; thatisv,(r + c + y)XOB=d?Sthatia,(c+OB + y + «+^) 
XOB = (2c + OB + 2y)xOB=:«2. But(i? + OB+y)ar:t«j 

therefore, (c + OB +y)« -.(2c -f 0B + 2y) X OB=r«-.#« 

= c« -f 2cy+y«; hence, r^ - c« — 2cy — a?2=y«;bnt S €»(!*> 

— FSa (c«) = FC« (o*) ; therefore, a« — 2 cy — jp? =y«. Now, U 
we take 4? z= 0, 1, 2, 3, <fec., we get 

a«--2cy = y« 

a2 — 2cy — 22=:ya 

/* "' «- '" 
a*-.2cy — 32=rya 

^c. ^c. <fec. (fee. 
a* -^ 2 c X — a« = Oa 

But if we ccmceive the spindle to revolve abont the chord A C, the 
sum of all the circles whose radii are y, y, y, &c., will be the solidity 
of A B L, and the area of these circles is, i (2 y)> [=r 4y^] -^ (2yj^ 
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1. Let the axis AC of a V B 

t^irciilarfipiii^be40iBche8| . 

and its |fr6ato diameter /f ^ 
B L 30 inches ; what is a / 
its solidity? jk — 

20* -T- 15 = 26f , then / \ 

2«f -I- 16 fci: 4 1 f , the dia- [ \^ 

meter of the circle. Again \ **•••-... 

411. 30^.. ^, \ 

** -J J= 5|-, the cen- \ 

tral distance. \ 

Now 15-f-41f -=-36, "^- 

Ae area segment corres- "t 

)9Dn^Bn^ to which is -254550, which multiplied \y the scpiare 
of 41 1 produces 441^92708 the area of the generating seg- 
tnent ABC, the half of which is 220^354. 

Lastly, (20= -f- 3) - (5| x 220-96354) = 1377*7l2e8, 
«nd lAis multiplied by 12-5664 produces 17312-88862 eobic 
inch^, the solidity reqcured. 



.-" 



I=s4>l + &c.i X •7864=(5^+^ + i^ + &c.) X 4 X '7854 = 

<^« + y^ 4- y« + &c.) 3-141 6. But y^ + y^ + y^ + «fec. =: the ium 
€3i tlie left-naad members of the equations ; therefore the sthh 
of the left-hand members multiplied by 3*1416 will give the 80> 
lidity of the part A B L. The sum c* -|-a^ -f a' <fec. =:«S end of 

5<:y-f 2<?y^2cjf + &c. = 2cXABF; also, e« -f ia^-fi«-f 3» 

*}-.... o* =r -^ J therefore 1^ sam of tJie left^-hand inekabers of 

iJie equations is a* -^ 2d X space ABF — -q-^= -5- —2c 
X »pa<^ ABF = ^y*-<rX space AB F j X 2. Then, ( y ~ « 
X space A BF) X 2 X 3-1416=: the solidity of A B L, which is half 

-— — <? X space 

ABF^4x314l6=r^^-<fX«pa«« ABF^X 12-5664, which is 
the rule. 
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2. The longest diameter of a circular spindle is 48, &nd 
the middle diameter 36 ; required the solidity of the spindle ? 

u4ns. 29866*6634. 

PROBLEM XVII. 

To find the solidity of the middle frustrum of a circular 

spindle* . 

Rule I. Find the distance of the centre of tlie middle 
frustrum, from the centre of the circle. 

n. Find the area of a segment of a circle, the chord of 
which is equal to the length of the frustrum, and height hidf 
the difference between its greatest and least diameters.; to 
which add the rectangle of the length of the frustrum and 
half its least diameter; the result will be the generating 
surface. 

lU. From the square of the radius, subtract the square 
of the central distance, the square root of the remainder will 
give half the length of the spindle. 

IV. From the square of half the length of the spindle 
take i of the square of half the length of the middle frus- 
trum, and multiply the remainder by the said half length. 

V. Multiply the central distance by the generating sur- 
face, and subtract this product from the preceding; the 
remainder, multiplied by 6*2832, will give the solidity.* 



• Detnonttratum, By the last, we have H — «* =r (c + y)« ^ ©a -f. 
2<?y + y«, and r* — c^— 2cy - a?^— ^ ; p^t H-.c« = a«; thea 



1^ 



Put 0, 1, 2, 3, <!»;., for or, then 
«« — 2cy-.2«=y» 



/// _^ /// 



o* — 2cy — 3a=y2 
<fec. <fec. ^c. <fec. 



HXNSURATION OF BOLIM. I '7 

1. Required the iolidity of the middle fruetrum of a cir- 
cular epindle, the length D E being- 40, the greatest diameter 
Q F 32, and the least diameter P S 24. 

F4ret,20*-i.4= 100, and 100+4= 104, the diameter 
•of "die circle. 

Again, 53 — 16 = 36, the central distance. Also, 1 (32 
— 24) = 4, and 4 -7- 104 = -038^^ the area Mvinent 
correspoading to which ie -009940, which multiplied by the 
square of 104, produces 107-51 104, the area of P L Q ; and 
40 X 12 = 480 flie area ofthe rectangle PD EL. 

Hence 107-51104 + 480 =: 587-51104 the area of the 
gmerating surface P D L E. 

Next \f(S2' — 36") = -^(1*08) = 8 V(22) = B O 
ludf the length of die spindle ; 
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Fran what has Ism sud in the Iwt dammutratioii, we hate 
<i«XD*-«cXiTMeDPQO-^ =S fom of the left-hand 
nKtnben ^d the eqaatiou. Bat 

o«XD*-2oXipB«BDPQO-^ = 

(o* -Da") X D*- Sc X "PMO D PQO = 

(o»-D«»)xD«-.cX space PD E L. 

Then this multiplied In 3 xS'HISti]], from what has been «^ 

inthelut, giTe the aolu&t; of the frnitnutt ; that ia, (a* — D 4^) X 

D«-»X9«oePDELxe-8S33, whkh ii the role. 

l3 
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And (1408 — ^) X 20 =25493J. 

o 

Then 36 X 587-51104 = 21150-39744, and 

(25493 J - 21150-39744) X 6 2832 = 27287 5347, 

the required sdidity. 

2* What is the soKdity of the middle frustrum P S R L 
of a circular spindle, whose middle diameter F Q is 36, the 
diameter P S of the end 16, and its length D B 40 ? 

Ans, 29257-2904. 

3. If a cask in the form of the middle frustnim of a cir- 
cular spindle, have its head diameter 24, hung diameter 32, 
and length 40 inches ; how many ale gallons does it hold ? 

Arts. Its solid content in inches is 27286-5411256, and 
the content in gallons is 90*7608, allowing 282 cuIhc ineheff 
to the ale gallon. 



PROBLEM XVIII. 

To find ike Bolidky of a spheroid, 

RuLB. Multiply the square of the revolving axis hy the 
fixed axis, and this product i^^ain hy -5236 for the solidity.* 

1. What is the solidity of a prolate 
spheroid whose longer axis A B is 55 
inches, and shorter axis C D 33 ? 

Here 33*X 55 X 52361=31361 022 
ckUc inches^ the answer. 

2. What is the solidity of an oblate spheroid, whose 
longer axis is 100 feet, and shorter axis 6 ? 

An9, 31416 cubic feet. 




• DemonsiHtiiim. It wat ibown in PFoporition XIII. Cor. 2, 
EUipse, t&at^M>fi(m7ofA6iq]lieroidi3^^^l£^, when / i» the 
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3. What is the solidity of a prolate spheroid^ whose axes 
are 40 and 50 ? ^ns. 41888. 

4. What is the soHdity of an ohiate spheroid, whose axes 
are 20 and 10 ? ^ru. 2094-4. 



PROBLEM XIX. 

7h find tJte iolidUy of ike segment of a spheroid^ ike bate of 
ike segment being parallel to ike revolving ttJtu of the 
tpkeroid. 

Case I. 

Rule. From three times the fixed axis, deduct twic« 
the height of the segment, multiply the Remainder by the 
square of the height, and that product by '5286. 

Then say, as the square of the fixed axis, is to the square 
of the revolving axis ; as the product, foimd abov6, is to the 
solidity of the spheroidal segment.* 

1 . What is the content of the segm^t of a prolate sphe- 
roid, the height O C being 5, the fixed axis 50, and the 
revolving axis 30. — See last figure. 

50 X 3 - 5 X 2 = 150 — 10 = 140 ; then 
140 X 5* = 3500, and 3500 X 5236 = 1832-6 ; then 
25 : 9 : : 1832-6 : 659-736 the answer. 



traDfiverse, e the conjugate, and n =s -7854 ; but — 5 — = | m X 

«« /=s f X •7854 X c« ^±r '5236 X c« «, whkh is the rule. 

The seKditj af ^e oblate spheroid 18 2^^ = I n X ^^ e 7= -^6 

X t* c. See Prop. XIV. Cor. I, Ellipse. See also Prop. XIII. Cor. II. 

* DetMnttrtttion. It is prored in Prcyposiiion XHI. Cor. 4, ElHjtse, 

that the solidity of the segnxent is ^ ■ X (3^<a?* — 2i!P'), when *• 

is the abscissa or height of the segment, y the corresponding ordi- 
nate, / the transverse, and c the conjugate ; but 

?^ X K8f-3#>X ««J= T^XliiX {(a/- 3#>X *•] = Y^ 
i;236 X [(3 ^ -^ 3 jO" X 4f«> i**!^ i^ fto rafe- 
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Cas£ II. 

When the hose is elliptical^ or perpendicular to tlie rewhing 

axis. 

Rule. From three times the revolving axis, take double 
the height; multiply that difference by the square e^ the 
height, and the product again by '5236. 

Then as the revolving axis is to the fixed axis, so is lie 
last product to the content. 

2. What is the content of the segment 
of a spheroid, whose fixed axis is 50, re- 
volving axis 30, and height 6 ? j^a^am^mm^Y 

30x3—2X6 = 90—12 = 78; 

Then 78 X 6* =2808; and2808X -5236^* 
= 1470-2688 ; 

Then 30 : 50 : : 1470-2688 : 2450-448, 

the answer. 

3. In a prolate spheroid, the transverse or fiixed axis is 
100, the conjugate or revolving axis is 60, and the height 
of the segment 10 ; required the solidity ? Ans, 5277-888. 

4. If tiie axes of a prolan spheroid be 10 and 6, required 
the content of the segment, whose height is 1, and its base 
parallel to the revolving axis ? Ans. 5*277888. 

PROBLEM XX. 

To find the solidity of the middle zone of a spheroid, the 
diameter of the ends heing perpendicular to the fixed axis, 
the middle diameter, and that of either end being given, 
together with the length of the zone. 

Rule. To twice the square of the middle diameter, add 
the square of the diamefter of the end ; multiply the sum by 
the length of the zone, and the product again by -2618 for 

the solidity.* 

■ ■ > — — — — — — ■ — 

* Demonstration, The solidity of the middle zone of a fphere (by 
Problem XV. Section 4.) 18 (^ + i AB) X A X *78M. 
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1. What is the solidity of the mid- 
dle zone of au oblate spheroid, the 
middle diameter being lOO, the dia- 
meter of tiie end 80, and tibe length 
36? A| 

100* X 2 + 80* = 26400 ; then 
26400 X 36 = 950400, and 950400 
X -2618 = 248814-72, the answer. i'^-^TlfU-'^r 

2. What is the solidity of the mid- "^'^ 
die frustrum of a spheroid, the greater diiimeter being 30, 
the diameter of the end 18, and Uie length 40 ? 

Ans. 22242*528. 




Now let / =: A B the fixed asds, ? p^, .t,^ «i»i«,»- -«»i.«^- j 
r =: E F the revol^axis, p ^' *^® ^^'^^"^ «P**«^' 
A =: y O the height of the middle fmstnun^ 
P r= K I the diameter of one end of the spherical zone^ 
d:szmH the corresponding diameter of the spheroida] ^ne. 

Then by sabstitntion the above equation for the spherical zone will 
become ^D^ -f ^^ X * X •7854 = (3Da +2A«) X * X -2618. 

BiitK0« = GK«-G0a;thati8,~ =-^-^. Hence I>« = 

4 4 4 

/> — A' ; and conseqnentlj the solidity of the spherical zone is 
(3/« — A«) X A X •2618. But it has been shown that -5236/* : 
•5236/r« : : (3/« - A) X A X -2618 : the soUdiiy of the spheroidal 
frustrum; thatis,/* :r« :: (3/«- A") X A X '2618 : the solidity 
of the spheroidal frustrum. 

By Proposition XIV. Cor. 2, Ellipsis, C D* : E F« : : I K* : ««« ; 
th«ti«,/*:r«::/»-e«:rf«:hence/»==j;f— ^; therefore —^^ ; 

,.1 :: ( Vl^^ - A«^ X A X -2618 : the soUdity of the spheroidal 

fruatrnm ST (2 H -f O A X *2618. 

PuttingrsAB, the rule for the sphermdal cone will be the 
same. 
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PROBLEM XXI, 

To find the wtidily of a parabolic conoid. 

Rule. Multiply the square of the diameter of ite baee 
by '3827, and that product by the height ; the lart product 
\vill be the Boliility.* 

1. What is the iolidity of the pa- ^ 
rabolic conoid, whose hei^t is 10 feet, 
and the diameter dl its base 10 feet ? 

IC X -3927 = 3927 ; then 39 27 
X 10 = 392-7 the solidity required. 

2. What is tht; solidity of a parabolic 
conoid, whose height \b 30, and the dia- 
meter of its base 40 ? Ans. I »849-6. a 

3. What is the contmt of the para- 
bolic conoid whoee altitude te 40, and the diameter of its 
ba«eI2? At». 22t;i952. 

4. Required the solidity of a parabolic conoid, whose 
haigbt IB 30, and the diameter of iU baee 8 ? Ant. 7£3-984. 

PROBLEM XXII. 

To find the solidity of the fruflrutn ofaparabolie conoid. 

RtTiiB. Multiply the earn of the squares of the diameter* 
of the two ends by the height, and that product by '3929 ; 
the last product will be the solidity .t 



* Demmtttration. It waa proTed in Prop. VHT. Arilh. of InfittUiei, 
that fit* parabolic coimiil ii tmJf of a cf linder of tlie gnine base and 
beigbt. Bnl the eoll<lil;oftIie(7linderuD>X'7!iS4XA,(A being tbe 
height of the cylinder) ; therefore the solidity of the conoid ■■ 

t Demmtlratum. ItviBa froveiinFr A. Vtll. Car. AritA. ^ inf. 
that the iolidity of the lower fnutram of a parabolic conoid is eqael 
to half the aum of both htaet nrahJph'ed t^ the height of the (rtu- 
tmin. If D ha the diameter of the greater btue, and d the diameter 
•flheleu, their areai are D' X *7S54, and i^X-78£4; then oU 
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1. The greater diameter of ike 
frustrum is 10, and the less diameter 
5 ; what is the solidity, the length be- 
ing 12 ? * C 

10* = 100 
5'= 25 



125. Then 125 X 12 = 1500, and 
1500 X -3927 = 589-05 the solidity. 

2. The greater diameter of the frustrum of a parabolic 
conoid is 20, the less 10, and its height 12 ; what is the 
solidity? Jlns. 2356-2. 

3. The greater base of the frustrum of a parabolic conoid 
is 30, the less 10, and the height 50, requu^ed the solidity ? 

Ans, 19635. 
4« The greater base of the frustrum of a parabolic conoid 
is 15, the less base 12, and the height 8 ; required the so- 
lidity? Jlns, 1159-2504. 



PROBLEM XXIII. 

To find the soUdity of a parabolic spindle. 

Rule. Multiply the square of the middle diameter by 
-7854, and that product by the length ; then ^ of this pro- 
duct will be the solidity.* 

I. The middle diameter C D, 
of a parabolic spindle is 10 feet, 
and the length A B is 40 ; required ^* 
its solidity ? 




their sum is (D^ -f d=) X 



•7854 



= (D« -f flP) X -3927, which mul- 



tiplied by the height of the fmstmm will give its solidity, viz. (D* -J- 
d^y X '3927 X >^ is the s<^idity, which is the rale. 

* DemonttmUion. It was shown in Prop. IX. Arith, of Infi/Utiei^ 
thtti eveiy poriboUc spindle is eqnal to ^f^- of its eirbnmscribiM cy- 
liiuler. But, the contents of the circnmseriMng cylinder i» D^ X - 
'7854 X i^ D being the middle diameter, and / tiie length ; therefore 
^^X^X '7854 X A is the tolidi^ of fho spindle, wMdi is the mW. 
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10* X -7854 X 40 z= 3141-6 feet. 

Then -^ X 3141-6 = 1675-52 feet, the answer^ 

2. The middle diameter CD, of a parabolic spindle is 12 
feet, and the length A B is 30, required the solidity ? 

^ns. 1809-5616. 

2. The middle diameter of a parabolic spindle is 3 feet, 
and the length 9 feet ; required its solidity ? 

Jns. 33 92928. 

3. The middle diameter of a parabolic spindle is 6 feet, 
and the length lO ; required its solidity ? J^ns, 150-7968. 

4. The middle diameter of a parabolic spindle is 30 feet, 
^d ihe length is 50 ; required its solidity ? ^ns. 18849-6. 



PROBLEM XXIV. 

To find the Bolidity of the middle frustnim of a parabolic 

spindle. 

Rule. To double the square of the middle diameter, 
add the square of the diameter of the end ; and from the 
sum subtract -^ of the square of the difference between 
these diameters ; the remainder multiplied by the length, and 
diat product by -2618, will be the solidity.* 

1. In a parabolic spindle, the 
middle diameter of the middle frus- 
tram is 16, the least diameter 12, '^^ 
and the length 20; required the 
solidity of the frustrum? 

Here2xl6^ + 12^ — ^X4* = 512+144 — 6-4 = 
649-6 ; hence 649-6 X 20 x 2618 s= 3401-3056, the 
solidity. 

2. The bung diameter of a cask is 30 inches, the head 




* Demondraiion, In Prop. IX. Cor. Arith. of It^fimties^ the eqna- 
tidi for the solidity of the fmstmm is (2D> 4 ^' — tV <^ X £ X 
'2618, where D =r middle diameter C = diameter of the end, d s; 
iilKnieDoe of diametera, and Ls: the length, which is tiie rale. 
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diameter 20 inches^ and the length 40 ; required its contents 
in ale gallons, allowing 282 cubic inches to be equal to one 
gallon? y^n«. 80-211 gallons. 

3/ The biing diameter of a cask is 40 inches, the head 
diameter 30 indies, and the length 60 ; how many wine 
gallons does it contain, 231 cubic inches being equal fo one 
gallon ? ^ns. 332-53 gallons. 



PROBLEM XXV. 

To find the solidity of a hyperbolic conoid. 

Rule. To double the height of the solid, add three times 
the transverse axis, multiply the sum by the square of the 
radius of the base, and that product by the height, and this 
last product by '5236; the result cU- 
vided by the sum of the height and 
transverse axis, will give tlie solidity.* 

1. Required the solidity of an hyper- 
bolic conoid, whose height V m is 50, 
the diameter A B 103*923048, and the 
transverse axis V E 100 ? 

Her« (2 X 50 + 3 X 100)X ^^52!^' = 400 X 




* Demonstrathn, Put A m = R, and a? = V m the height ; then 
R^ X 3-1416 =r area of the base, and R^ X ^ X 3*1416 = sc^ditv 
of the cylinder of the same base and height a« the hjjrperbolic conoid. 




t^se: ^"^ ^ ;; R«X^X 3*1416: hyperbolic conoid, whichii 



equal 



(3< + 2a?) 



XR^X^X 



3'1416_(3<+2ap)XR^X*'X'g236 



which 18 the rule, i being the transverse axis. 



/ + « 
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^^r.r^ i AO/^A/^/x ^ 1080000 X 50 V 5236 , ^^ ,^^ 

2700 = 1080000 ; and "? ■ =188496, 

the soIidHy. 

It. What is the contents of an hyperboloid^ whose altitode 
k lOy the radius of its hase 12, and tiie transverse 90 ? 

Ans. 2073-451 151969. 



PROBLEM XXVI. 

To find, the solidity of tJie frtistrum of an.hyperboloid, or 

hyperbolic conoid. 

Rule. To four times the square of the middle diameter^ 
add the sum of the squares of the greatest and least diame- 
ters ; multiply the result by the altitude, and that product 
by -1809, for the soHdity,* 

1. Required the solidity of the 
frustrum A C E H D B of an hy- 
perbolic conoid, whose greatest dia- 
meter AB is 96, least diameter 
E H 54, middle diameter C D 
76-4264352, and the altitude mn JR^ 
25? n. 

Here 4 C D*+ A B=-^- E H« = 

(5841 X 4) + 9216 + 2916 =4*^— f- — ^B 

35496, and 35496 X 25 x '1309 
= 116260-66, the answer. 

2. What is the solidity of an hyperboloidal cask, its bung 
diameter being 32 inches, its head diameter 24, and the 
^ameter in the middle between the bung and head -| V^lOy 
and its lengdi 40 inches ? Jns. 24998-69994216 inches. 



• * This rule it demonstrated in the note to Problem XI. Sec. IV., 
where it is shown that four times the area in the middle, added to 
the areas of the two ends, and the sum mnlti^ied hy \ of the height, 

gires the soUditgr, but -1300 being -7854 -s- 6, then (4 D> + <^ + ^) 

•7854 / 

X A X ^ = (4D» + rf« + d2)X>iX-1309, which is the rule, 
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PROBLEM XXVII. 

To find the toliHty o/afnulrum of an elliptical gpiniSe. or 
any other tolidjbmwd iy ike revolution of a •conic lecHon 
a/MMit an axit. 

RUI.X. Add bother tbe square of the greatest and leut 
diameten, and 6i<: Etiuare of double the diameter to the 
middle between the hvo ; multiply the eum by the length, 
and the last product by *I309 for die eolidity.* 

1 . What ia the coatent of the middle fruBtrum C D I H 
of any ipindle, the len^ O P being 40, the greateiit, or 




middle diameter E F 32, tbe leas^ or diameter at either 
end C D 24, and the diameter G K 30157568? 

Here32' + (2 x 30-157568)*+24' = 5a37-89 suinj 

Then 5237-89 X 40 = 209515-6, and 

209515 6 X 1309 = 27424, the aniwer. 

3. What in the content cX the segment of any spindle, the 

length being 20, tbe greatest diameter 10, the leant dtameler 

at either end 5, and the diameter in the middle between 

these 8 ? An*. 997-458. 

PROBLEM XXVin. 

To find the lolidii^ of & circular ring. 

Rule. To the thickness of the ring add the inner dia- 
meter ; multiply the sum by tbe square of the thickness, and 
the product by 2-4674, for the soUdity-f 



* Tbifmleu the same aa the last, tuid is democitratedinProblem 
XI. Section IV. 
t Dmnmuiraliiat. Let n a n t> be a cjUodrical ring, (lie diameter 
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1. The thickness of a cylindrical 
ring is 2 inches^ and the diameter 
CD 5 inches ; required its solidity ? 

(2 + 5) X 4=28; then 28X 
2-4674 = 690872 cubic inches, the -^| 
answer. 

2. Required ihe solidity of an 
iron ring whose axis forms the cir- 
cumference of a circle ; the diameter of a section of the ritig 
2 inches, and the inner diameter^ from side to side, 18 
inches ? j4ns. 197'3925 cubic inches. 

3. The thickness of a cylindrical ring is 7 inches, and the 
inner diameter 20 inches, required its solidity ? 

Jns, 3264-3702. 

4« What is the solidity of a circular ring, whose thickness 
is 2 inches, and its inner diameter 12 inches ? 

Ans. 138-1744 cubic inches. 

The last section might be extended almost to any length ; 
the various wayspf dividing areas, solids, and their surfie^^es, 
are endless, and may form an agreeable task for the mathe- 
matician ; but as our object is to promote the useful and not 
the speculative parts of the science, we have omitted such 
problems as are remarkable only for their curiosity. We 
shall therefore proceed to treat of the five regular bodies, 
sometimes called the five Platonic bodies, from their having 
been invented by Plato, who conceived many curious mys- 
teries annexed to them. 



of a section of which is AC, and the mean length monv passing 
through its centre. Then AC-^CD=:mn; therefore the mean 
length of the cylmder is m n X 3*1416 ; and the area of a section 
A C is AC^ X '7854 ; but the solidity of a cylinder is found hy mul- 
tiplying the area of its base, which is liere A C^ X '7B54, by its length 
which is j« n X 3-1416 ; that is, A C^ X -7854 XmnX 3-1416 = 
A C« X (AC + C D) X 2-4674, which is the rule. 
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THE FIVE REGULAR BODIES, 



SECTION VI. 



DEFINITIONS. 

A Regular Body is a solid contained under a certain 
number of similar and equal plane figures. 

Only five regular bodies can possibly be formed. Because 
it is proved in Solid Geometry that only three equi-lateral 
and equi-angular plane figures, joined together, can make a 
solid angle. 

1. The tetraedroTif or equi-lateral 
pyramid, is a solid haying four trian- 
gular faces. 




2. The Jiexaedron, or cube, is a 
solid having six square faces. 




3. The octaedran is a rer 
gular solid having eight tri- 
angular fiaces. 
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4. The dodecaedron has twelve pentagonal faces. 




5. The iooioedron has twenty triangular fkcee. 




PROBLEM I. 

To find the solidity of a tetraedron. 

Rule I. Multiply -jJj- of the cube of the lineal side by 
the root of 2, and the product will be the solidity. f 

II. Or> generally^ multiply the cube of the length of a 
side of the body by the tabular solidity, and the product will 
be the solidity of the body.* 



* DemonsfrtUiott. Let A B C be the tetraedron ; from C let fall 
the peri>endi6iilar C £ on the opposite side ABD, and join £A. 
ThenACa = AE2 + EC2; but J A C^ = J A B* = A E^ ; therefore 
J ACa = EC«. Henoe^AC v^|=rEC ; W ABD cr }AB2»/3 
^ ^ A C^ K 3 ; then ihe solidity wiU be equal to the area of thft 
base multiped by } of the altitude, (Solid Geometry)] that ia» 
*CEXABD=sJACKiX^AC«K3 = T^AC'K2, these. 
u<Uhr, which is the rule. 

The reason (^ the second rule ia obvious from a property in Solid 
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1. If the side of each face of a 
tetraedron be 1, required its so- 
lidity ? 

Herei%Xl'XV2 = TVX 

V 2 =-11785113, the solidity. 

2. The side of a tetraedron is 
12, what is its solidity ? 

j^ns. 203-6467. 




PROBLEM II. 

To find the solidity of a hexaedroriy or a cube. 

Rule. Cube the side for its solidity.* 

1 . If the linear side of an hexaedron be 3, what is its 
content ? j^ns, 3 X 3 X 3 = 27. 



PROBLEM III. 

To find the solidity of an octaedron. 

Rule. Multiply the cube of the side by the square root 
of 2, and | of the product will be the content.f 

1. \Miat is the solidity of an octaedron, when tho 
linear side is 1 ? 



Geometry, nz. that Rimilar solids are to one another as tho cubes of 
their like sides ; and the tabular nnmber being the contents of 
solids whose sides are 1 ; therefore the cnbe of any side multiplied 
by the tabular number corresponding to the figure, will give its 
solidity. . ^ 

• TTus rule is demonstrated in Problem I. Section V. 

t Let £ be the centre of the solid, or the middle of the diagonal 
A C, join D E, which is equal to A £. 

The sfAid is evidently composed of two equal square pyramids, 
eckch base of which, A B C F, is equal to the square of the linear side 
of the si^df the altitude of each Deing equal to D E, or A E, half thtf 
diagonal of that square. Now A B* = A B C F ; but the area 
ABCFX|AE=y AB'X JA.C== i AB*l^ (AB»-f BC^) sa 
i A^'KCSAB^stf ABsK^, whidhistl^ernto. 
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1» XV2 Xi -4 V2=F 
•4714045. 

2. What is the solidity of the 
octaedron^ whose linear side is 2 ? 

Ans. 37712. 




PROBLEM IV. 

To find the solidity of a dodecaedron. 

Rule. To 21 times the root of 5 add 47^ and divide 
the sum by 40 ; multiply the root of the quotient by 5 times 
the cube of the lineal side, and the product will be the so- 
lidity.* 



* Demonstration, Let A represent a solid angle of the dodecae- 
dron, and connect the extremities of the sides A B, A C, A D, of the 
faces which form the angle, by the lines B C, C D, and D B, forming 
an equilateral triangle BCD, within the solid, on the centre of 
which, let fall the perpendicular A E ; join the centre F, of one of 
the faces, and the points A and C. 

The angle CAD contains 108 degrees, the sine of which is 
i 1^(10 -|-2K 5) to the radius 1. 

The angle ADC contains 36 degrees, the sine of which is 
j |/(1 — 2 i/5). (See Trigonometry). 

Hencei/(10-2i/5):K(10-f 21/5):: AC:DC = 

ACl/l^±?J!^-ACV-i±ll?-AC^^i±il5>f-AC 

5 + K5 _ l-fv^5 

^ 21/5 "■ — 2 ^ 

In somewhat a similar manner, we find C Ec=-)-CDK3 = 

CDKi=ii;^XAC; hence E A = K (A C« - C E*) =s 
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IM 




1. If the lineal side of the dodecaedron be 1, what is its 
solidity ? 

« A 1 n ^An .47 + 21 V5 
Here A = j^ eoosequenliy 5 A* y — "dH ^^ 

7 M311896 is the content. 



Now, the chord of an arc being a mean proportional between its 
versed sine and the diameter, A £ the versed sine whose chord is 
A C, and its diameter equal to ^that of the circumscribed sphere ; 
we have 

AC«^2AE = AC«-4.2ACK5^li^== JACV^j-^=: 

V3 -I- l^ 15 
V^3 — !_ A C =r R, the radius of the cirenmscribed sphtrs. 

Again, the angle AFC contains 72 degrees, whose sine is } V^(10 

1-f V^fi 
+ 2 V5), The angle A C F is 54 degrees, whose sine is — ' ■ 

Hence 1/(10 + 2 V^5);l+V^5;;AC;AF=; ^^^Q7j;g^^^ X 

AC = A C V \q ' Now it is obvious that the radius of the 

circumscribed sphere is the hypothenuse of a right-angled trian^e, 
whose two legs are A F and the radius of the inscribed sphere ; hence 

K 
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2. The side of a regular dodecaedron is 12 inches^ how 
many cubic inches does it contain ? 

^ns. 13241*8694592 inches. 



PROBLfiM V. 

To find the tolidky of an icosciedron. 

Rule. To 7 ddd three times the square root of 5, take 
half the sum, multiply the square root of this half sum by 4 
of the cube of the lineal side, and the product will be the 
solidity,* 



we 



have K(R.- AI«)= V[(^i^^±^'Ac) - i±^AC] 

radius of the inscribed sphere. 

Now, the solidity of any regular solid is equal to the surface mal- 
tipHed by } of the radius of the inscribed sphere, and the surfooe, as 

will be «hown hetewRef, Ss eqnal tb 15 A^V' ^ •> > ; tlMreftM^, 

Bxir = l5Mvt±^XiAy'±t^ = SA'X 

V** '\io" = C^the solidity, A being the lineal side, B tbe for- 
l^ce* and C the scJiditr, 

* DemonttraiUm, Let A be the solid angle of the iooraedKoi, 
foTBoied by 5 tria^iglea whoi^ bases fonn the pentagon B C D & F, on 
the centre of which let fall the perpendicular A C, join B G. 

iBione of the steBs of the last demonstration, it was shown that 

B G == A B V^ •< — 1^ > t and tha radios of the oircle otfcumMiihuig 

one of the fences ABC, of the solid =: A K i* But the radius of the 

X 1.. ^v . n AB? Ada 

circumAcnbing ^here is R = 2AG = 2 K(AB«- BG^) = 

AB« AB ^ aA __ 

?y (A **- 5 + K5 ABf) ^2 V'd - .^ + K^) "" 2 V^ 5 - K 5 ■" 



9mt EBCrULAflt BOMm. I9i 




o 

1. What is the 'solidity of an icosaedron, whose lineal 
side is 1 ? 

Let the srd& be denoted by A. f hen A =± 1, and con- 
sequently 

5 A' vL±±i^^=|vI±iV5 ^ 2.18169499, 
2 2 

the content. 

2. What is the solidity of ah icosae&xm, whose lineal 
side is 12 feet ? ^n^. 3769-96896 feet. 

Koie. The following table ioAj he odlfebted from the example* 



Now, R is the hypotheimse of a r^t<«iigl0d triangle of Iklikh tlNI 
ope leg, is Q (=? A j V^|) the radios of the circle oii'ciiilis^bmg toe 
of the faces ABC, and the other the radius r of the inscribed sphere. 

Heiicer=:t^(R«-<l«)±:V^^i^ AB«^ xAbAst 

8x3 24 

If tii[6 wlrate (nirfaee be den<it6d[ b^ B, and thd solicBty by S, we 
shall have 

S==|rB==|ABK^-=!^^X5AB»K3==AAB3V't±|*lf 
== I A B3 K^-ij^ wMch is the pule. 

k2 
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given in fhe foregoing roles, each of which has been demonstrated 
under its particnlar head. It has also been demonstrated that the 
cabe of the lineal side of any regular solid multiplied by the tabular 
number corresponding to the figure, will give its contents. It is 
particularly recommended to the pupil, to employ the general rule 
given in Problem I. whenever the contents of any of the five regular 
bodies is required. 



TABLE IV. 

Showing the solidiit/ of the five regtUar bodies, the length of 

a side in each being 1. 



No. of 
sides. 


Names. 


Solidity. 


4 

8 

20 

12 

6 


Tetraedron 
Octaedron 
Icosaedron 
Dodecaedron •• 
Hexaedron 


•1178511 

•4714045 

21816950 

7-6631189 

1- 



PROBLEM VI. 

To find the surface of a tetraedron. 

Rule I. Multiply the square of the lineal side by the 
square root of 3, and the product will be the whole surface.* 

The following rule is general ior finding the superficies of 
any of the five regular bodies. 

XL Multiply the square of the length of a side of the 
body, by the tabular area corresponding to the figure^ and 
the product vnW be tlie sur&ce of the body. 

1. If tbe side of a tetraedron be 1, what is its surfiice? 



* Demotutraikm, The area of an equi4ateral triangle (Problem 

A* 
VI, Section ll.) is -^ K3, A being one of the sides ; then, the area 

of the four faces will be A* K3, which is the first rule. The reason 
of the second rule is obvious from the property, that ^milar surfaces 
we to ench other as the 8<][u«ref of the& like tides. 
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Here 1* X V^ = V3 = 1*7320508 = the whole sur- 
face. 

2. The side of a tetraedron is 12^ what is its surface ? 

Am. 249-4153152. 



PROBLEM Vn. 

To find the surface of a hexaedron. 

Rule. Square the side and multiply it by 6, and the 
product will be the surfece.* 

1. If the side be 1 , what is the surface of a hexaedron ? 

1* X 6= 6 the whole surface. 

2, If the side be 4^ what is the surface of a hexaedron ? 

j4ns. 96. 

PROBLEM VIII. 

To find the surface of an octaedron. 

Rule. Multiply the square of the side by the square 
root of 3, and double the product will be the surfece.f 

1. If the side of an octaedron be 1, what is its surface ? 
2 X 1* V3 = 2 V3 =3-4641016 = the whole surface. 

2. If the side of an octaedron be 12, what is its super- 
ficies? Ans. 498-8306304. 

3. If the side of an octaedron be 4, what is its surface ? 

Ans. 55-4256256. 



* Demoustraiian, The hexaedron is composed of six square faces, 
the area of each being AS (A being the side,) therefore 6 A^ is the 
whole snrface. 

A* 
t By Problem VL Secticm II. the area oi one of the faces is -j 1/31, 

(A being a side,) therefore the surface of the 8 faces of the octaedron 

is ^VdX 3=2 A^V^d, which the rale. 



I9S UWUJtLATiOV OF SOLIM. 

PROBLEM IX. 

71? find i^e superficies of a dodecaedran. 

Rule. To 1 add f of the root of 5 ; multiply the root 
of the sum by 15 times the square of the lineal side, and the 
product will be the surfac^.* 

1 . If the lineal side be 1, what is the siu^e of a regular 
dodecaedron? 

Here P X 15 V(l +f V^) = 15 V (1 +| V^) = 

2. What is .^ flur&ee of a dodeea^on, whose line^ 
»¥^i^;8? j^ns. 82-58?92. 

PROBLEM X, 

To find the superficies of ai} icosaedron. 

Rule. IVfullpiply five times the s(}uare of the lineal side 
by tbe squ^^ root of 8, and the product will be the suWkce.f 

• A ' . : : 

* JXemon^r(^i(m ^ the pQ^tagQQ, .t^a wgle jMAe hyiia tide 
with the raoias'of the circumscribing curcle is 54 degprees, whose sine 

j# r.^T^Ti 1 i m^ iU ftp-sine J . (See Trigonm^fstry.) 

BqI the tangent i» equal to the ifiiie divided by the o«<tiiie ; therefore 

' • V 5A-\ 6-4-2 K5 

the tangent of 540, or ^= r o -t- ' o-r^ ~=;|/a4-4 

X V5) ; hence the area of the pentagon is 4 K(l-|-f ^^5), which being 
wdl^piM by IS, wili give th<» whole snrfooe, thaii* IS X i V(l + 
f V«) "ss is V(i 4"f V^&y whi(^ is the rule. 

t Demonstration. B7 Problem VI. Section II., ther area of one of 

'■■.'•' j^ ■ ■ 
thd fuc^^ ffit^ 1^5, (A being one of the sides) ; but the figure has 20 

such faces ; therefore 20 X -7 V^^ = ^ ^' ^^ i« the surface qf the 
whole golid. 
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1. The side of an icosaedron is 1, what is its surface ? 

5 X 1* X V3 = 5 V3 = 8-66025403. 

2. What is th^ surface of an icosaedron, whose side is 2 ? 

^M, 34-641. 

3. What is the sur&ce of an icosaedron, whose side is 3 ? 

^m. 77-9423. 

^ Note. It is particulariy rocomm^Acbd to employ the general rule 
given in Prohlem I., in practice, in preference to any other. The 
particular rules given for each solid are introduced merely to find 
the tabular numbers, by which the pupil is to work. ' 

From the examples given in the preceding rules, in which the 
lineal side of each regular solid is 1, the following tabular num- 
bers may be collected. 



TABLE V. 

Shewing the iurface^ of the five regular bodies^ when tJk 

Hneal side is 1 . 



No. of 

sides. 


Names. 


Surface. 


4 

6 

8 

12 

20 


Tetraedron » . 
Hexaedron 
Octaedron 
Dodecaedron • • 
Icosaedron . • 


J -7320508 
60000000 
3-4641016 
20-6457788 
8-6602540 



This Table may 1;^ calculated from Table 11., by mul- 
tiplying the tabular numbers there corresponding to the faces 
at me regidar bodies, by the numb^ of such faces forming 
the solid. Thus 4 times the tabular number corre$pQ|iding 
to an equi-lateral triangle will be the tabular number corres- 
ponding to the tetraedron ; 6 times the tabular namber m* 
swering to a square will be the tabular number answering to 
the hexaedron ; 8 times the tabular number answering to the 
trianglie will be the tabular number that answers the octae- 
dron ; and so of the rest. 

It is usual in works on Mensuration to treat the preceding 
and following Sections under one head, but for the sake of 
distinction, and for other reasons which may be best seen in 
the operations, th^y are here separated, and treated under 
distinct heads. 
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SECTION VII. 



PROBLEM I. 

To find the surface of a cube. 

Rule. Square the side, and multiply this square by 6, 
the product will be its surface. 

Let A be the side^ then 6 A^ is the surface. 

The reason of this rule is obvious ; for A* is the area of 
one of the faces ; therefore 6 A* will be the area of the six 
faces. 

1 . What is the surface of a cube, whose side is 1 ? 
Here 6 A* = 6 X 1' = 6, the surface required. 

2. What is the surface of a cube^ whose side is 10 ? 

^ns. 600. 

PROBLEM n. 

To find the surface of a paralielopipedon. 

Rule. Find the area of the sides and ends, and their 
sum will be the surface. 

« 

1. What is the surface of a parallelopipedon, whose 
length is 10 feet, breadth 4, and depth 2 ? ^ns. 120 feet. 

10 X 4 = 40 ^ the area of one face. 

10 X 4 ^ 40 = the area of its opposite face. 

10 X ^ ^ ^0 = ^^6 ^I'^A ^^ 0^6 ^^c^' 

10 X 2 = 20 = the area of its opposite face. 

4 X ^ = 8 = the area of one end. 

4 X ^ = 8 = the area of its opposite end. 

136 = the surface of the whde solid. 
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2. The length of a parallelopipedon is 5, breaddi 4, and 
depth 3, what is its smface ? u4iu, 94. 



PROBLEM in. 

To find ilie surface of a prism. 

RULB. Multiply the circumference of the end of the solid 
by its lengthy to the product add the area of the two ends, 
and the sum will be the smiace.''^ 




H 



K 



5' 



^ O OD £ S" ^ 

1. If the side H I of the paitagon be 25 feet, and height 
I D 10, what is its surface ? 

25 X 5 = 125, the perimeter ; 

Then 125 X 10 = 1250 = the upright surfece ; 

25« X 1-720477 = 1075-298125 = the area of one end; 



* Demansiraium, If we conceive the pentagonal prism C D E, 4». 
to be fomied of pasteboard and unfolded, the convex surface of it wiU, 
when extendeo, form a pitrallelogram A F G L, whose altitude is 
equal to that of the prism, and base L G equal to the circumference, 
or perimeter of tiie pentagon ; but the area of the parallelogram is, 
A L X LO ; therefore the convex surface of the prism is h Xjh ^ 
being its height, and 0(=;LG) its circumference or perimeter, to 
which the areas of both ends are to be added to find the lurfiRce of the 
•ntir« prism, whkh k the rale. 

k3 



M^&irAot:^ or soifM. 



And 1095-293125 X ^ sp 2150^596250 s: l^e area of 

both ends ; 

Then 2150-596250 + 1250 r= 3400-59625 = Oie entire 

sur&ice. 

2. What is the surface of a cylinder, whose diameter is 
27 inches, and \^\ii 16 feet ? ^ns. 12900195 feet 

; Wi^r ^f m^ r"^ aawv^m lor Hn^ cjl^Mr^ l#4 ev^rj l^M of 



PROBLEM VI. 

7h find the gurface of a pyramid, 

RUL£. Multiply the slant height by half the circumfer' 
ence of the base, and the product will be the surface of the 
sides, to which add the area of the base for the whole 
surfece.* 

Note. The slant height of a pjrramid is the perpendicular distaaoe 
from the vertex to the middle of one of the sides, and the perpen* 
dicnlar height is a straight line drawn from the vevtez to the middle 
of the base. 





B "T" J5 



g|«{ ^1 ^-fm^fHUI^I»»m*^t^itlttmmt>t^f»**l.i^- 



it i H »t n * nil H I 



TT- 



"^ 9i(ffmmtk4KUon.K If ire eoneeive a triaagalw pyranid made of 

, fHilellpai^ la b^ tuifoldedi tt is obvioos t^t the cttnace of its height 

,«iHh^0qtialttotbatofCAB0£Tlttc|kiscoB|poijed ef three equal 

triapglesy'vUk t^ tJiMree faces of the pyvaaaid ; bojb tlw area of C B D 

iiClXiB]^; tilierefbre the area oftbe three ittoee if Clxi 

MJ?4rJl>4'l>^^^^XiiN ir V«iiig the peiuiieter; hence 

^^ XiPi together with the are'ft of 1taftb«ili i» tMvhi^ eioiace. 
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1. Tbe slant height of a triangular pyramid is 10 feet, 
and each side of the base is 1 ; what is its surface ? 

Here ip x C I = | X 10 = 15 = the upright surfisice. 

And 433013 = the area of the base. 

Then 15 + -433013 = 15-433013 = the entire surfece. 

2. The peiyendicular height of a heytagonal pyramid is 
13*5 feety and each side of t^e base 15 inches ; required its 
surface ? M*. 650128 feet 

PROBLEM V. 

Tojind the swfface f>f a «mc 

Rule. Multiply the slant height by half the circumfer- 
ence of the base, and theproduct, with the area of tlie base, 
will be the whole sur&ce.'* 





1. What is the eurfiace of a cone whose side is 20, and 
the circumfereaioe of its base 9 ? 

H«re 20 X T ^ ^=^ tjbe convex siif&oe. 

9* X -07958 = 6-44598 = the area of the base. 

Then 90 + 6-44598 = 96-44598 = the whole surfece. . 

2. The perpendicular height of a cone is 10*5 feet^ foid 
tlie circttmifer^CQ of itfl bi6et8 9£eet; what \a its super- 
ficies ? Am. 54-1336 feet. 

- .... 

* DemontiraHon. |f i» circular §ector be described on paper, so 
tbat its ladiv shaU bd eaual to the idde of the cone, and its arc eqotl 
to the circmnference of the base, this sector can be rolled roimcl the 
cone, so as to cover it exactly ; but the area of this sector is found 
by mnltiplyiiig ttie radins of ike secior by half the arc ; therefore the 
convex surface of the cone is found by multiplying the slant height 
by half the circnmfarenee of the base, whioh, vitti the area of tibe 
base, is tho whole fwfaeo. 



2M SURFACES OF SOLIDS. 

PROBLEM VI. 

To find the superficies of thefrustrum of a p7/ramid. 

Rule. Add the perimeters of the two ends together, and 
multiply half the sum by the slant height, the product will 
be the upright surface ; to which add the areas of both ends, 
and the sum will be the whole surface.* 

1 . What is the superficies of the frustrum of a 
square pyramid, each side of the greater base 
A B being 10 inches, and each side of the less 
base C D 4 inches, and slant height 20 inches ? 

Here 10 X ^ = ^^ the perimeter of the greater 

be^e. 
And 4 '^^ 4 =z 16 iihe perimeter of the less end. . 

Sum 56, the half of which is 28. 

Then 28 X 20 = 560 = the upright surface. 

10 X 10 ^ 100 =: the area of the greater base. 

4 X ^ = 16 ^ ^e area of the less end. 

Hence 560 + 100 + 16 = 676 = the whole surface. 

2. What is the superficies of the firustrum of an octogonal 
pyramid, each side of the greater base being 9 inches, each 
side of die less base 5 inches, and the length 10*5 feet? 

u4ns, 52-590223 feet. 




—li^ 



* Demoiuiratum, Let A B I> C be one of the faces of the frastnun 
of a pyramid, E F, joming the middle of A B, and C D, is the slant 
hds^ Now, it is obnons that when the ends are regular polygons, 
the iroright surface will consist of as many trapezoids, each equal to 
A B D C, as there are sides in the polygon, Uie common height being 

£F; b!rttheareaofthefaceABDCis ^^j"^^ XJBF; there- 

fore the area <^ the whole upright surface is —^^X EF. (P a&d/» 

heing the perimeters of the two ends of the frnstmm,) to which add 
ibe areas of both ends, for the entire surface. 
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PROBLEM VU. 

To find the superficies of the frustrum of a cone. 

Rule. Add the perimeters of both ends together, and 
multiply half the sum by the slant height, to which add the 
areas of both ends, for the whole superficies.* 





1. If the diameters of the two ends C D aiid A B are 7 

♦ 

and 3, and the slant height D B 9, what is the whole sur- 
face of the frustrum A B D C ? 

7 4-3 

-5-- X 31416 X 9 = 141-372, the convex surfece. 

7 X 7 X -7854 = 28-6846, the area of the base C D. 
3 X 3 X -7854 = 7-0686, the area of the end A B. 



Then 141-372 + 35-7532 = 177-1252 = the wholt 
sur&ce of the firustrum. 

* Demonstration, If a part of the sector £ F G, viz. H F G I, 
having H F:= B D, be rolled roand the frastmm A B D C, so as to 
cover it exactly, it is evident that the area of the envelope H F G I 
will be equal to the convex surface of the cone A B D C. Biit fh* 

H I -4- F 
area of the envelope is ^ X F H, and H I is equal to tbo 

perimeter of the less end A B of the cone, and F G equal the peri- 
meter of the greater base C D ; therefore T"^ X B D is the con- 
vex surface of the cone, P being the perimeter of the greater base^ 

P I- n 

and|i that of the less ; therefore ^^ X B D, together with the 
areM of both endi, will be the entire surface. 
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2. What is the superficies of the frustrum of a cone, whose 
greater diameter is 18 inches, and less diameter 9 inches, 
and the slant height 171*0592 inches .^ 

Ans, 7572-98)36672. 



PROBLEM Vm. 

To find the superficies of a wedge. 

RULB. Find the area of the back, which is a right-angled 
parallelogram ; find the areas of bodi ends, which are tnan- 
gles \ and also of both sides, which are parallelograms ; and 
add tdl the sepan^ areas together for the whole sw£aioe.* 

1. The back of a wedge is 10 inches 
k)Dg, and 2 inches broad, each of its 
faces is 10 inches firom the edge to the 
back ; required its whole surface ? 

10 X 2 = 20 = the area of the back. 
10 X 10 X 2 =200 the areas of both 

V(A E* — B^) = V(100 - 1) = 

9*949=: A ^; then 
9-949 X 2 == 19-998 =: areas of both 

ends. 
Hence 200 -f 20 + 19-898 = 239-898 = the whole nv- 

£3ice of the wedge. 

2. The back ef a wed^ is 20 inches long, and 2 inches 
tNToad; each of its faces is 10 mches toTo, &e back to the 
«dge ; what ia its whole surface ? An$, 459-888. 




^fm^m 



Demonnlraiiwu The hack E D C F i9 » parallelagram, having 
of its anglea ridlit, its area, therefore, is C D X C I!. The facoi 



A D C B and A £ F B are rectangular parallelograms, and their 
areas are2XADxDC. The ends A D E and B C F are equal 
triangles, whose areas ar& A 47 X I> £• Then CDXCF + 2AP 
XDCH-AjrXDEsihe whole surface. 
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PROBLEM IX. 
To find the area of the Jhtstrtan rf 4 wetfye. 

Rule. Find the areas of the back and top tsection of the 
two fiaceSy and of the two ends, and the sum of all the 8e* 
parate results will be the whole surface.* 

1. The length and breadth of the 
back are 10 and 2 inches, the length 
and breadth of the upper section are 
IQ and 1 inches, the length of the 
edge from the back to the upper sec- 
tion is 10 inches ; required the whole 
surface? 

10 X 2 i= 20 s= the area of the back, is^ 
10 X 1 ^= 1^ = ^^G su-ea of the upper 

section. 
10 X 10 X 2 s: 300 s the areas of both faces. 

2 -p 1 

-♦-^ = I == -5, and V(iOO -^ •2$) ^98 =c ry. 

Then (2 + 1) X 9*98 ^ J9-94 = areas of both ends. 
Hence 20+10 4-200+29-94 :=: 259^94 inches^ the jins. 

2. The length and breadth of the back are 10 and 4, the 
length and breadth of the upper section are 5 and 2, and the 
length of each of the faces is 20; required the whole super- 
ficies? ^n«. 467*495. 

PROBLEM X. 

fhfind the 9arfkce of n globe or sfihere^ 

RiTlif:. Multiply the diameter of the sphere by its cir- 
cumt^^ciej and the product will be its convex surface.t 

* This ttAe is evident from the last. The back E H 6 F 11 a rM« 
U^igalar paraUielogram, tiie tipper section A BCD is ano^er, the 
liGK^es A E JPD and B H OC are rectangalar parallelograms als<s 
and the ends I>F G C and A E H B are two trapeasoids ; tiien the 
•um of all the separate areas is the surface of the whole firastnun. 

^ Bemmttnttton, Ui»proiv^iitI>r<L«i4tt«|'« £Si»«ik^<!P^^^ 
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1. What is the surface of a globe, whose diameter is 24 
inches? 

24 X 31416 = 75-3984 ; then 
75-3984 X 24 = 1809-5616 inches, the answer. 

2. What is the surface of the earth, its diameter being 
7957 J, and circumference 25000 miles ? 

^n#. 198943750 square miles. 



PROBLEM XI. 

To find the convex surface of any segment^ or zone of a 

sphere. 

Rule. Multiply the circumference of the whole sphere 
by the height of the segment, or zone, and the product will 
be the convex surface.* 

1. If the diameter of the earth be 7970 miles, the height 
of the frigid zone will be 252*361283 miles ; what is its 
surface? 

Here 7970 X 3' 1416 = the circumference ; th«i 
7970 X 31416 X 252-361283 z= 631 8761- 107 182216 

miles. 

2. If the diameter of the earth be 7970 miles, the height 



that the snrface of a sphere is equal to that of the circnmscribing 
cylinder; but the cyhndrical surface is equal to the circumference 
of its base, which is equal to that of the sphere, multiplied by its 
altitude, which is equal to a diameter of the sphere. Therefore the 
surface of the sphere is equal to its circumference multiplied by its 
diameter. 

* Denumstraium. It is proved in Dr. Lardner's Euclid^ Prop. XI., 
that any plane intersecting a sphere and its circumscribing c^inder 
parallel to the base of the cylinder, divides the spherical and cylin- 
drical surfaces into parts which are equal to each other. Therefore 
if two such planes be drawn, the spherical and cylindrical surfaces 
which they include will be the difference between the equal sphericid 
and cylindrical surfaces which they cut off towards either of the bases 
of the cylinder, and therefore those differences are equal. 

But the surface of Uie cylindrical segment is found by multiplying 
its circumference, which is equal to that of the sphere, by its length, 
which ia equal either to the distance between the parallel planes, or 
io tb0b9iffii ofibe i|^mrirnl eegmjOkt *, hence the watm ofthe nile. 
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of the temperate zone will be 2143*6235535 miles ; what is 
its sm^ce ? ^ns. 53673229S 12734532 miles. 

3. If the diameter of the earth be 7970 miles, the height 
of the torid zone wiU be 3178030327 miles ; what is its 
surface ? ^ns, 79573277- 600 166504 miles. 

Note. B J adding the sarfaces of both frigid zones and both tem- 
perate icnesj to the surface of the torid zone, the snm 199557259*44, 
IS the snrface of the earth in square miles. 

4. The diameter of a sphere is 3, the height of the seg- 
ment 1 ; what is its convex surface ? Ans. 9'4248. 

5. The circumference of a sphere is 33, the height of the 
segment is 4 ; what is its convex surface ? Ans. 182. 



PROBLEM Xn. 

To find the surface of a cylinder, 

RULB. Multiply the circumference by the length, and 
the product will be the convex surface ; to which add the 
area of the two ends, and the sum will be the surface of the 
entire solid.* 

1. What is the entire surface of a cylinder, whose length 
is 10 feet, and its diameter 5 feet ? 
31416 
5 



15-7080, then 15-708 X 10 = 15708 = the convex 
surface. 

5 X 5 X "7854 = the area of the base ; then 
2 X 5 X 5 X -7854 = 50 x -7854 = 39-2700 = the area 

of both bases ; then 
157-08 + 39-27 = 196-35, the answer. 
2. Required the superficial content of a cylinder, whose 
diameter is 21-5 inches, and height 16 feet ? 'Ans, 95-1 fl. 

* DemonstraHon. The envelope of a cylinder is a parallelogi'am 
whose sides are evidently the height and circumference of the cy- 
linder ; therefore the area of such a parsdlelogram is equal to the 
convex surface of the cylinder, to which the area of the^ two ends 
being added, the sum will give the entire surface of the solid. 
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9* What it tke eurfiiee of a cylinder whose diameter i% 
2075 iaohet, and iU leogtili 55 inches ? Ans. 29^95 feet 



PROBLEM Xm. 

To fini the $iq>erfioks of a drcuhr cylinder. 

RuUB. Add the inner diameter tp the thickness of the 
ringy multiply the sum by the tbiclmessj and that product by 
9-8696 for the superficies * 

1. The thickness A C of a cylindrical ring is 2 inches, 
the diameter C D 5 inches ; reqmred its superficial content ? 

Here (2 + 5) X 2 = 14 ; then 14 X 9*8696 = 138- 1744, 

square inches. 



* DemorutnUkm. See Fig. Prob. XXVIII. A 6+ C D rr m n, then 
Hie mean length qf the o^linder ia (A C -f- C D) x 3*1416 ; biit the 
<4rQiimfereiice of a section AC is AC X 3*1416, then by the last 
Problem the wirface i8(AC + CD)XACx 3*1416 X 3*1416 = 
(AC+CD)X ACX9*8696, wbieh i« th6 mle. 
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CARPENTERS' RULE OR SLIDE & RULE. 



SECTION VIII. 



This insthiment is sometiiiies called the sliding rule^ and 
i«i used in measuring timber^ and Artificers' works. By it 
likewise dimensions are taken^ and contents computed. 

It. consists of two equal pieces of box^ each <me foot long, 
connected by a Elding joint. 

One hce of the rule is divided into inches and half-quar- 
ti rs or eighths. On the same side or face are sereral plane 
Si ales divided by diagoncd lines into twelfths ; these are 
diefly used in planning dimensions which are taken in feet 
aitd inches. The edge of the rule is divided decimally; 
that isy each foot is divided into 10 equal parts, and each of 
tbose again into 10 equal parts. By means of this last scale^ 
dimensions are taken in feet, tenths, and hundredths ; and 
thdn multiplied as common decimal numbers. 

In one of these equal pieces, there is a slider on which 
are marked the two letters B, C ; on the same face are 
m'U*ked the letters A, D. The same numbers serve for both 
ihv»se two middle lines, the one being above the numbers, 
and the other below. 

Three of these lines, viz. A, B, C, are called double lines, 
as they proceed fit)m 1 V> 10 twice over. These three lines 
ai-e exactly alike both in division and numbers, and are 
numbered fi-om the left-hand towards the right 1, 2, 3, 4, 5, 
(>, 7, 8, 9, 1 which stands in the middle ; the numbers then 
go on, 2, 3, 4, 5, 6, 7, 8, 9, 10, which stands at the right- 
hand end of the rule. 
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These four lines are logarithmic ones ; the lower line D, 
is a single one^ proceeding from 4 to 40, and is called the 
girt line from its use in finding the contents of timber. 

Upon it are also marked W G at 17-15, A G at 18-95, 
and I G at 18*8. These are the wine, ale, and imperial 
gauge points. 

On this &ce is a table of the value of a load, or 50 cubic 
feet, of timber, at all prices from 6 pence to 2 shillings per 
foot. 

To ascertain the values of the figures on the rule, which 
have no determinate value of their own, but depend upon 
the value set on the unit at the left-hand of that part of the 
rule marked 1, 2, 3, &c. ; if the first unit be called 1, the 
1 in the middle will be 10, the other figures that follow 
will be 20, 30, 40, <&c., and the 10 at the right-hand end 
will be 100. If the left-hand unit be called 10, the one in 
the middle will be 100, and the following figures will be 
200, 300, 400, 500, &c. ; and the 10 at the right-hand end 
will be 1000. If the 1 at the left-hand end be called 100, 
the middle 1 will be 1000, and the following figures will be 
2000, 3000, 4000, &c., and the 10 at the right-hand will 
be 10,000. From this it appears, that the values of all the 
figures depend upon the value set on the first unit. 

The use of the double line A, B, is to find a fourth pro- 
portional, and also to find the areas of plane figures. 

The use of the several lines described here is best learned 
in practice. 

If the rule be unfolded, and the slider moved out of the 
grove, the back part of it will be seen divided like the edge 
of the rule, all measuring 3 feet in length. 

Some rules have other scales and tables delineated upon 
them; such as a table of board measure, one of timber 
measure, another for showing what length for any breadth 
will make a foot square. There is also a line showing what 
length for any thickness will make a solid foot. 
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THE USE OF THE SLIDING RULE. 



PROBLEM I. 

To multiply numbers together. 

Set 1 on B to the multiplier on A ; then against the mid- 
tiplicand on B, stands the product on A. 

1. Multiply 12 and 18 together. 

Set 1 on B, to 12 on A; &en against 18 on B^ standi 
the product 216 on A. 

2. Multiply 36 by 22. 

Set 1 on B^ to 36 on A ; then as 22 on B goes beyond 
the rule, look for 2*2 on B^ and against it on A stands 79*2 ; 
but as tiie real multiplier was divided by 10, the product 79*2 
must be multiplied by 10, which is effected by taking away 
Ihe decimal point, leaving the product 792. 



PROBLEM 11. 

To divide one number by another. 

Set the divisor on A, to 1 on B ; then against the divi- 
dend on A, stands the quotient on B. 

1. Divide 11 rnto 330. 

Set the divisor 11 on A, to 1 on B ; then against the 
dividend 330 on A, stands the quotient 30 on B. 

2. Divide 7680 by 24. 

Set 24 on A, to 1 on B ; then because 7680 goes beyond 
the rule on A, look for 768, (the tenth of 7680,) on A, and 
against it stands 32 on B ; but as the tenth of the dividend 
was taken that the number should fall within the compass of 
the scale A, the quotient 32 must be multiplied by 10, which 
gives 320 for the answer. 
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PROBLEM III. 

To Square any numter. 

Set 1 upon C, to 10 upon D ; then if you call the 10 upon 
1\ I, the 1 on C will be 10; if you call the 10 on D, 10, 
t aen the 1 on C will be 100 ; if you call the 10 on D, 1<)0, 
then the 1 on C will be 1000; this being understood, }0u 
\v\\\ observe that against every number on D, stands it« 
s(]uare on C. 

1. What is the square on 25 ? 

Proceeding according to the above directions, 625 stands 
against 25, 900 against 30, 144 dgainst 12, 400 against 
ii), &c. 

PROBLEM IV. 

To ejfiraci the square root of a number. 

Set 1 or 100, &c. on C, to 1 or 10, &c. on D; then 
against every number found on C, stands its root on D. 

1 . What is the square root of 529 ? 
Proceeding according to the above directions, opposite 
529 stands 23 ; opposite lOOO stands 40, and so on. 

PROBLEM V. 

To find a mean propoHiondl between two numbers, as 9 

and 25. 

Set the lAimbet* 9 on C^ to the same 9 on D ; then aganist 
25 on C, stands 15 on D, the required mean proportional. 
The reason of this may be seen from the proportion, viz. 

9: 15:: 15:2^. 

1. Wkalt is the meaii projicMrtional between 29 and 4d0 ? 
Set one number 29 'On C,io the same on D ; then agaimst 
Ih^ other numbet 430 on C, stan^ the required mean pro- 
portional 112, on D nearly. 
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PROBLEM VI. 
To find a third proportidnal to two numbert, at 21 and 32. 

Set the first 21 on B, to the second 32 on A; iSbat 
lAgmitet the eecond 32 6n B, stands 48*8 oa A, t^hich is the 
required third proportioBal. 

PROBLEM VII. 
To find afimrth proportional to three given nifmbers. 

Set the first term oh B, to the second on A ; then against 
the third term on B^ stands the fourth on A. 
> If either of the ttiiddle numbers fall beyond the line, take 
one- tenth part of that number, and increase the fourth num. 
ber found ten times; 

1. Find a fourth proportional to 12, 28, and 114 ? 

Set the first term, 12, on B, to the second term, 28, on 
A ; then against the third t^tm 114 on B, stands 266 on A, 
which is the answer. 
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TIMBER MEASURE. 



PROBLEM I. 

To find the tuperficial content of a board or pkmk, 

Rt^Lfi. Multiply die tength by the breadth, and the pro- 
duct will be the area. 

Note, When the plank is broader (Ct one end than at the other, 
add both ends together, and take half the sum for a mean breadth.* 



* Itiifl raid if alreadj demonstrated. 
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BT THE carpenters' RULE. 

Set 12 on B, to the breadth in inches on A^ then against 
the length in feet, on B^ will be found the superficies on A^ 
in feet. 

1. If a board be 12 feet 6 inches long, and 2 feet 3 
inches broad, how many feet are contained in it ? 

12 : 6 12-5 

2 : 3 2-25 



25 : 625 

3 : 1-6 250 
250 



28 : 1-6 Jim. 



28- 125 Am, 



BY THE carpenters' RULE. 

As 12 on B : 27 on A : : 12-5 on B : 28-125 on A. 

2. What is the value of a board whose length is 8 feet 6 
inches, and breadth 1 foot 3 inches ; at 5d, per foot ? 

Ans. 4*. 5d. 

3. What is the value of a board whose length is 12 feet 
9 inches, and breadth 1 foot 3 inches ; at 5d, per foot ? 

Am, 6s. 7jd, 

4. What is the value of a plank whose breadth at one 
end is 2 feet, and at the other end 4 feet, at 6d. per foot, 
^e length being 12 feet ? Am, ISs, 

5. How many square feet in a board, whose breadth at 
one end is 15 inches, and at the other 17 inches, the length 
being 6 feet ? Am. 8. 

6. How many square feet in a plank, whdse lengtii is 20 
feet, and mean breadth 3 feet 3 inches ? Am, 65. 

PROBLEM n. 

To find the solid content of squared or four-sided timber. 

Rule. Take half the sum of the breadth and depth 
io the middle^ (that is, the quarter girt,) square tiiis 
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half sum^ and multiply it by the length for the solid con- 
tent.* 

BY THE carpenters' RULE. 

As 12 on D : length on C ; : quarter girt on D : the 
solid content on C. 

1. If A piece of squared timber be 3 feet 9 inches broad, 
2 feet 7 inches deep, and 20 feet long ; how many solid 
feet contained therein ? 

3:9 
2:7 



2)6 : 4 



3 : 2 quarter girt. 

3:2 



9:6 
6:4 

10 : 0:4 square of the quarter girt. 
20 length of the piece. 



200 : 6:8 solid content. 

BY THE carpenters' RULE. 

As 12 on D : 20 on C :: 38 on D : 200^ on C. 

2. A squared piece of timber is 15 inches broad, 15 
inches deep, and 18 feet long ; how many solid feet does it 
contain ? 

Arts, 28 1 feet, which is the accurate content, as the 
breadth and depth are equal. 

3. What is the solid content of a piece of timber, whose 
breadth is 16 inches, depth 12 inches, and length 12 feet? 

Ans. i^ feet. 



• This rule, which is generally employed in practice, is far from 
being correct, when the mean breadth and depth differ materiaJly 
from each other, and the timber does not taper. 

L 



UVl*B IL Multi^dy ^H ir^ad(h in the middle by the 
depth in the middle^ and that product by the length, for the 
solidity.* 

4. The length of a piece of timber ie 18 feet 6 inches ; 
^ breadths at the greater and less end 1. foot ^ inches, and 
1 foot 3 inches, and the thickness at the greater and less 
.end 1 foot 3 incfk^, and 1 foot; what is the solid jco^teyt ? 

1-5 1-25 

1-25 1- 



2)2-75 2)2-25 

1-375 mean breadth. 1-125 mean depth. 

1-125 mean depth. 
1*375 mean breadth. 



1-546875 

18-5 length. 



28-6171875 solid content. 



As I : 13| 
C D 

As 1 : 1 

C D 
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B A B A 

; 16J : 2f28 the mean square. 
C D 

223 : 14*9 quarter girt. 
D £1 
As 184 : 12 ; : 14-9 : 28'j6 the content. 

i^off . When the niece to. bd i^^a^^re^ tapers regularly from one 
end to the other, either tdke vie tueim hreadtb and depth in the mid- 
dle, or take the dimensions at both ends, and half their snm for tiie 
mean diiglwwion. Thu, howevsiir* thoi^ very ealsy in praptice, is 
bnt a very imperfect approximation, 

When j^^e piece to p^ measnr^d does pojt tajer regularly, but is 
thick in 801)16' parUi and tmidl in otiiers, m this case take several 



* This rale is correct when the timber does not taper ; but when 

the timber tapers~ considerably, and the breadth and depth nearly 

equal, the rule is ycfly Qr^opepo^. :pie measpj:e^^. therefore, ought 

to consider the shuie.o{tl|6 ptpjoj^t}^ ^f^9i'?^ ^ fij^asn^e before he 

fl7>/?7je4? efrher of the abqfe.xuleliu " t . 
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div^e^iaiM ; add th^n. ^together, and divide their snsi by the 
number of dixnen^ioiiai, so tak^n ; aud nse the quotient as the mean 
dimension. 

Rule III. Multiply the sum of the breadths of the two 
ends by ^e s^m qf the d^pth^^ to which add the product of 
the brea4th a|id de^ ^ ^aeh end ; -J- of this sum multiplied 
by the length, will give tiie exact gpHdity of any piece qf 
squared timber tapering regularly.* 

5. How many feet m a tree, whose ends are rectangles, 
the length and breadth of one being 14 and 12 inches, and 
their corresponding sides of the oUier 6 and 4 inches ; also 
the length 301 feet ? 

14 12 12 X 14 ^ 168 

6 4 0X ^= 24 
— -^ 20 X 16 = 330 
20 16 

32 



512. square inches 



-"5 



square feet. 



32 2 

Then ^ X 30 J = 18 ^ feet, the solidity. 

6. How m^y solid inches in a mahogany plank, the 
Ic^ngth ^nd breadth of one end being 81 1 and 55 inches, 
the length and breadth Qf the other end 41 ^nd %d\ inches, 
and the lepgth of the plank 47 J inches ? 

Am. 126340-5937 cubic inches. 

PROBLEM III. 

Crwen the breadth of a rectangular plank tn incheSy ta find 
how much m length wUl make a Jboty or an^ other re- 
quired jqucm^i^^ 

RUJC^B. Qiyide 144^ or the area to be cut oQ^, by the 
breadtii in inches, and <he quotient will be the length in inches. 



* Tl^B n^ is correct, beiog that ffiyen fpr finding the solidity of 
the joismoid^ or £piistinmL dF apyrapiKl-'which see. 

Let B and 6 be the breadths of the two ends, D and d the depths, 
wdLthe togtti; 4(»PH-CB+^)X(D+4?)-ir6^)5l-=:the 
true solidity, as iu the mle for the prismoid. 
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The Caqienters' rule is furnished \i4th a srcttle which mr- 
swers the purpose of this rule. It is called a table of hoard 
measure^ and is in the following form : 









1 1 5 


%\ 


6 Inches. 


13 


6 


4 3 1 2 


2 1 1 


1 1 Feet. 


1 


'1' 


3 1 4 1 5 


6 7 


8 Breadth. 



If the breadth be 1 inch^ the length dl^anding against it is 
12 feet; if the breadth be 2 inches, the length standing 
against it is 6 feet ; if the breadth be 5 inches^ the length is 
2 feet 5 inches, &c» 

\Mien the breadth goes beyond the limits of the table on 
the rule, it must be shut, and then you are to look for the 
breadth in the line of board measure, which runs along the 
rule from the table of board measure, and over against it on 
the opposite side, in the scale of inches, will be found the 
length required. For example, if the breadth be 9 inches, 
you will find the length a gainst it to be 16 inches ; if the 
breadth be 1 1 inches, the length will be found to be a little 
above 13 inches. 

1. If a board be 6 inches broad, what length of it will 
make a square foot ? Ans, 2 feet. 

2. If a board be 8 inches broad^ what length of it will 
make 4 square feet ? Arts, 6 feet. 

3. If a board be 16 inches broad, what length of it will 
make 7 square feet ? Ans, 5\ feet. 

When the board is broader at one end than at the other, 
proceed as follows : 

If it were required to cut off 60 square inches from the 
smaller end of a board, A D being 3 inches, C E 6 inches, 
and A B 20 inches. 

By similar triangles, we have A B (20) : B C (1|) ; : 

BCX Aor \\ kx 3A^ „ , . 
k«\xy'=. -^ — = 20 ^ "lo"* ^^ X 

^^ = the areas of the triangles A* ^ and D u; S ; therefore 

^ — V A Of =1 ■ ,,, is the sum of the areas of the trian- 
40 40 
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gles hxy and D vo S. Now the rectangle D S a? A, toge- 
fiier with the adjacent triangles is equal to 60 square inches ; 

therefore we have +3 A 4? =: 60 square inches^ and 

3Aa*+ 120 Aar =2400, and A^+40A^ = 800; 
complete the square, and A jt* + 40 A a: -|- 400 = 1200 ; 
extract the root, and A or + 20 = V ^200 = 3464 ; then 
A T = 34-64 — 20 = 14-64 is the length required. 



PROBLJEM IV. 

To find how much in length wiU make a solid fiwt, or any 
other reqmred quantity y of squared timber, of equal di^ 
mensionsfrom end to end. 

Rule. Divide 1728, the solid inches in a foot, or the 
solidity to be cut off, by the area of the end in inches, and 
the quotient will be the end in inches. 

1. If a piece of timber be 10 inches square, how much 

in length will make a «olid foot ? 

10 X 10 = 100 the area of the end ; then 1728 -f- 100 
= 17-28 Ans. 

2. If a piece of timber be 20 inches broad, and 10 inches 
deep, how much of it will make a solid foot ? ^ns. 8-5-| ft. 

3. If a piece of timber be 9 inches broad, and 6 inches 
deep, how much of it will make 3 solid feet ? Ans, 8 ft. 



m 
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On some Carpenters' rules, there is a table to answer the 
purpose of the last rule , it i^ called a Table of Timber, and 
is in the following form : 



1 


11 3 9 


Inches. 


144 36 1 16 9 5 1 4 


2 2 JJ 


Feet. 


1 2 3 1 4 1 5 6 


7 8 9 


Side of square^ 



PROBLEM V. 

Td.Jind the kolidity tf round or unsqmrbd timhei^, 

^ULE i. Gird the piece of timber to be measured round 
the noddle witk a strilig) tak^ I ffart of the girth^ and square 
it, and multiply ihis square by the length for the solidity* 

As the lengQi on C t 12f or 16 on D : 2 quarter girt, in 
12ths or lOths oh D \ content on C. 

Note, When the tree is very irregnlar, divide it into several 
lengths, and find the spBdity 6f feaid& pcift Separately ; or add all the 
girts together, and divide the sum by the number of them. 

L Let the lengtii of a piece oF round timber be 9 feet 6 
inches, and its mean quartei^ girt 42 inches ; what is its 
content ? 



3*5 quarter girt. 
S-5 


3:6 quarter girt. 

3:^ 


12-25 
9*^ length. 


10:6 
1 :9 


116-376 content. 


12:3 

9 : 6 length. 

110:3 
6:1:6 



116 :4:i9 ^ottl^t. 
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BY THE SLIDING RULE. 

C b DC 

As 9-5 : 10 : : 35 : 1 16i content. 
Or 9-5 : 12 : 42 : 116} content. 

RuLd 11. Multiply the area corresponding to the 
qii^C^ girt m inches^ by thie length of the piece in feet, and 
the product will b^ the solidity. 

Nat€. ft tnB.f sconetihies hAJ^h thai the auarte^ girt exceeds the 
limitt oiTthe table, in Ais cMe, take half of it, and foor times the 
content thus found will gite the required content. 
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A TABLE FOR MEASURING TIMBER- 



Quarter 


AREA. 


Quarter 


AREA. 


Quarter 


AREA. 


GIET. 




GIRT. 




GIRT. 




Inches. 


Feet. 


Inches. 


Feet. 


Inches. 


Feet. 


6 


•250 


12 


1000 


18 


2-250 


61 


•272 


12i 


1042 


18J 


2-376 


6i 


•294 


12J 


1085 


19 


2-506 


6J 


•317 


12i 


M29 


19J 


2-640 


7 


•340 


13 


M74 


20 


2777 


71 


•364 


131 


1-219 


20J 


2-917 


7J 


•390 


131 


1-265 


21 


3-062 


7J 


•417 


13J 


1-313 


211 


3-209 


8 


•444 


14 


1-361 


22 


3-362 


8J 


•472 


14| 


1-410 


22i 


3-516 


8| 


•501 


14i 


1-460 


23 


3-673 


8J 


•531 


IH ^ 


1511 


23i 


3835 


9 


•562 


15 


1-562 


24 


4-000 


9i 


•594 


15J 


1-615 


24 J 


4168 


91 


•626 


151 


1-668 


25 


4-340 


9J 


•659 


15} 


1722 


25| 


4-516 


10 


•694 


16 


1-777 


26 


4-694 


lOJ 


•730 


161 


1-833 


261 


4-876 


101 


•766 


16J 


1-890 


27 


5-062 


m 


•803 


161 


1-948 


271 


5-252 


11 


•840 


17 


2-006 


28 


5-444 


lU 


•878 


nj 


2-066 


281 


5640 


111 


•918 


171 


2-126 


29 


5-840 


iij 


•959 


17J 


2-187 


29J 


6044 
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' "3. If a piece of round timber be 10 feet long^ and the 
tjuarter girt 12 i inches; required the solidity? Ans^ 10*85. 

To find the solid content by this Table, look ior the 
'^parter girt 12$, in the column marked, quai-ter girt, and 
in adjmning column marked, area, \\\\\ be found 1*085, 
which multiplied by the length, 10 feet, will give 10*85 
feet for the solid content. 

3. A piece of round timber is 20 feet long, and the quar- 
ter girt 14 J ; how many feet contained therein ? 

Ans. 28-2 feet. 

4. How many solid feet are contained in a tree 40 feet 
long, its quarter girt being 9 inches Ans, 22*48 feet. 

5. How many solid feet in a tree 32 feet long, its quarter 
girt being 8 inches ? Ans. 14*208. 

6. How many solid feet in a tree 8| feet long, its quartei- 
girt being 7| inches? Ans, 3*315 feet. 

7. Required the content of a tree, whose length is 40 
feet, and quarter girt 27 J inches ? Ans, 210-08 feet. 

8. What is the content of a tree, whose length is 30 feet 
6 inches, and quarter gu*t 21 \ inches ? Ans. 160* 186 ft. 

9. Required the content of a piece of timber, whose 
length is 25 feet 9 inches, and quarter girt 12 1 inches ? 

Ans. 29*071 feet. 

10. What is the solid content of a piece of timber, whose 
length is 12 feet, and quarter girt 13 1 inches ? 

Ans, 15*18 feet. 

1 1 . What is the solid content of a piece of timber, whose 
quarter girt is HJ inches, and length 38 feet ? 

Ans. 57*418 feet. 

When the square of the quarter girt is multiplied by the 
length, the product gives a result nearly J less than the true 
quantity in the tree. This rule, however, is invariably prac- 
ticed by timber merchants, and is not likely to be abolished. 
When the tree is in the form of a cylinder, its content ought 
to be found by Prob. IV. Sec. V., which gives the content 
greater than that found by the last rule, nearly in the pro- 
portion of 14 to 11. Notwithstanding that the true content 

l3 
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is not found by Hiean§ &f the iquate of the «[iffirter girt^ yet 
some Alknranc^ 6ug(it i» be Made to tiie pulSBhasw on ac- 
coont of the waste in squaring llie wood so as to be fit lor 
use. if the cylindrical tree be reckoned no more Ihln wW 
the inscribed square will amount \o, the las\ ruley which is 
said to give too little, gives too mucfa. Wh^i the tree is 
not perfectly circular, the quarter gut iis always too great, 
and therefore the content, on that account, will be too great 

Doctor HuTtON recommendsv tbe following rul^ which 
will give the content extremely heai* the tnitk : 

Rule. Multiply the square of \ ef the girt, or circum. 
ference by twice tibe lenglli, and me product will be Uie 
content. 

BT THE SLIDING RULfi. 

As doubhB the length on C J l6 br 10 ipA D : : | of the 
girt, in 12th5 or lOths on D ; content on C. 

12. Required tiie content of a tre6, itsJetgth bei^g 9 feet 
6 inches, and its mean girt 14 feet ? 

ft. in. p. 
14-i-5:=2-8=s2 :9: y=:f ofthegirt; then 

ft. in. 
2-8 9:6 2:9:7 

2-8 2 2:9:7 



7-84 19 : 

19 



148-96 content. 
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148:9: 8:11:7 content. 

CD JD C 

As 19 : 10 : : 28 : 149 content. 
Or 19 : 12 ; : 33-6 : 149 content. 

Dr. GxEGORT recommends the following rules given by 
Mr. Andrews : 
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Let L denote the len^ of the tree in feet and decimals, 
and G the mean girt^ in inches. 

Rule I. Making no allowance for bark. 

^g^ =: cubic feet, cUstomiEury ; and j^^ = cubic feet, true 

•content. 

Rule II. Allowm^ | for bakk. 

TTT^rrr = cubic feet, castDraary ; sssk = cubic feet, true 
0\J\)V ZoiJu 

content. 
Rule III. Allowing ^ for bark. 

•>845 ^ ^ ^^ cuetomfary ; ^^ == cubic feet, true 

content. 
Rule IV. Allowing -3^ for bark. 

nlj^ =^ ^1"^^ ^®®*> cutDomary ; 7mr. =s cubic feet, true 

content 

What is the solid content of a tree, whose circumference, 
or girt, is 60 inches, and length 40 feet ? 

By Rule I. 

40 X 60' «oi u- r . 

— ^-|-r — = (xs| cubic feet, customary. 

40 X 60* _^ ^ ^ 

— rgg= — = 7(fJ cobftc feet, true content. 

By Rule II. 

40 X 60* _o^ ^. ^ 

' ' *IQOft — °^ 47*o3 cubic feet, customary. 

40 X 60* 

— o^QQ * *1 <^Wc feet, true content. 
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By Rulb III. 
— "CV — = 50-61 cubic feet, customary. 

40 X 60* 

— :r:r--r — =: 64*54 cubic feet, true content. 
2231 

By Rule IV. 

' — 9749 — ^^ 52*47 cubic feet, customary. 

40 X 60* 

— oT^n — = 66*97 cubic feet, true content. 

When the two ends are very unequal, calculate its content 
by the rule given for finding die solidity of the frustrum of a 
cone, and deduct the usual allowance from the result. 

When it is required to find the accurate content of an 
irregular body, not reducible to any figure of which we 
have already treated, provide a cylindrical or prismatic 
vessel, capable of containing the solid to be computed ; put 
the solid into the vessel, and pour in water to cover it, mark- 
ing the height to which the water reaches. Then take out 
the solid, and observe how much the water has descended 
in consequence of its removal ; calculate the capacity of the 
part of the vessel thus left dry, and it will be evidently equal 
to the solidity of the body, whose content is required. 



ARTIFICERS' WORK. 



Artificers compute their works by several different mea- 
sures : 

Glazing and masonry by the foot. 

Plastering, painting, paving, &c. by the yard of 9 square 
feet. 

Partitioning, roofing, tiling, flooring, &c. by the square of 
1 00 square feet. 

Brick work is computed, either by the yard of 9 squai-e 
feet, or by the perch, or square rood, containing 272 J square 
feet, or 30} square :yards ; 272} and 30} being the squares 
oflOi feet and 5 J yards respectively. 



JOINEBS* WORK. 229 

CARPENTERS* AND JOINERS' WORK. 

1. Op Flooring. 

To measure joists, multiply the breadth^ deptb^ and length 
together, for the content.* 

If a floor be 50 feet 4 inches long, and 22 feet 6 inches 
broad ; how many squares of flooring in that room ? 

50-3 50 : 4 

22 5 22 : 6 



2515 




1107 :4 


1006 




25:2 


1008 






XUKJXJ 




100)11,32:6 




10)1131-75 




11.32: 


11-3175 


squares. 



u4ns, 11 squares 32 feet 

2. If a floor be 51 feet 6 inches long, and 40 feet 9 inches 
broad ; how many squares contained in that floor ? 

Ans, 20-986 squares. 

3. If a floor be 36 feet 3 inches long, and 16 feet 6 inches 
broad ; how many squares are contained in that floor ? 

Ans, 5 squares 98^ feet. 

4. If a floor be 86 feet 11 inches long, and 21 feet 2 
inches broad ; how many squares are contained in it ? 

Ans. 18-3972. 

5. In a naket floor the girder is 1 foot 2 inches deep, 1 
foot broad, and 22 feet long ; there are 9 bridgings, whose 
scantling (viz. breadths and depths,) are 3 inches, by 6 
inches, and 22 feet long ; 9 binding joists, whose lengths 



* Joi^ receive various names from their position ; such as girders, 
binding-joists, trimming-Joists, common-loists, ceiling-joists, <fec. 
When girders and joists of flooring are designed to bear considerable 
weight, ihej shoiUd be let into the wall at each end about -J of the 
thicknew of the walL 
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are 10 feet^ and scantlings 8 inches by 4 inches ; the ceiling 
joists Af6 25 in nUtnW, ^ch 7 feet long^ and thdu* scant- 
lings 4 inches by 3 inches; what is the solidity of the 
whole ? -^n*. 85 feet 

6» What would the flooring of a house three stories high 
come to, at £5 per square ; the house measures 30 feet 
longy {Old 20 broad; there are seven fire places, two of 
which measure, each ^ fe^t by 4 feet, ht^o olhei^. each 6 
feet by 5 feel 6 Inchon ; two, each of 6 feet 6 inches by 4 
feet ; and the seventh 5 feet by 4 ; the well-hole for the 
stairs is 10 feet by 8 ? Am, £39 8#. 

Of Partitioning. 

Partitions are measured by squares of lOO feet, as floor- 
ing ; their dimensions are taken by measuring from wall to 
wall, and fi-om floor to floor ; then multiply the length and 
height for the content in feet, which bring to squares by 
dividing lOO, as in flooring. When doors €uad windows are 
not induded by agreement, deductions must be made for 
their amount* 

1. A partitioa measures 173 feet 10 inches in length, and 
10 feet 7 iHchee in height ; requiced the number of squares 
in it ? Ans, 18*3972 squares. 

2. A partition between two rooms measures 80 feet in 
length, and 50 feet 6 inches in height ; how many squares 
in it ? Ans, 40y squares. 

3. If a partition measure lO feet 6 inches in length, and 
iO feet 9 inches in height ; how many squares in it r 

^ns, 1 square 12 1 feet 

4. What is the number of squares in a partitioh, whose 
length 18 50 feet 6 inches, and height 12 feet 9 inches ? 

^H«. 6 squares 43 feet 10| Inches. 

In roofing, the fength of the rafters is equal to the length 
of a string stretched from the ridge down the fafl»r tiQ it 
meefts the top of t&e wall. 



* tke best and a tr o n ge rt ptnt^tiatu ate thom luade wHk framed- 
work, Xbeldmg-pogta are measoxed «i roofing|4lhtf mit tui floodof. 
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To find the Content, multiply this lengyi by ibe breadth 
and d«|>tii' of tbd raftein> and the result will be the content 
of one rafedr ; and ikeat multiplied by the number of them 
will give the content of all the rafters** 

1. Ka house within the Widk be 42 feet 6 inches J}ongp 
sad 20 feet 3 isfcheH broad $ how many squares of roofing 
in that house 9 

42-5 42 : 6 

ttotd 20 : d 

•U " T-f • ■ , I > 4 

2125 840 

850 6J 10 : 1 

8500 S} lOiT 



860-625 flat. 860 t 8 flat. 

43031 25 430 : 4 

■ ■ ' ■ ' ( - — u_i. ' - ■ ■" •• ■<■■ ■ 



100) 11290^9373 100)1291 



Jmi 



12-91 squall. 12 : 91 squares. 

2. What cost the fobfing of a hottse At II9. ber square ; 
the length within the walls being 50 feet 9 inches^ and the 
breadth 30 feet ; the roof being of a true pitch ? 

Ans. £12 11*. 2|i. 

3. What number of squares are contained in a house^ 
whose length within the walls is 40 feet, and breadth 18 
feet ; the roof being common pitch ? 

Am, 10 squares and 80 feet. 



f ■ I > I *i 



* Vfdrktteli g#n0riUiy take the flitt tod half thd flat of f^ hxmb^ 
tAken iinthik the #101/1^ I0 be the xUcfitgnte ctf HbA roai of iktd sMne 
hoose. This, however, is only when the roof is of a true pitch. The 
nsnsl pitches are th e comm on, or tnte pitches^ in whidi tiie ralters 
are } of the breadth of the hailing ; the Gothic pitch, is When the 
leng^ of the prinicipal ira^rs U eqaal to the hr^aoth of the hoilding ; 
the pediment pitdhy is when the petpeaiiicnlAt h^ght is f of fS6 
breeiath. 41 

When the covering ot the tmildlDg is to he plahi tOes, or slates, the 
roof is generally ojf a trtie Or donimon pitch ; the Gothic pitch ia tised, 
when the corenng is elF pantiles ; the pedimeat pHdi is ased| when 
the roof is to be ooVca^ With tead. 
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4. How many squares in the roof of a building, the length 
of the house being 60 feet, and the length of £e rafter 14 
feet 6 inches ? ^ns. 17 squares and 40 feet. 

5. How many squares in a building, whose length is 50 
feet, and the length of the rafter 15 feet ? ^m, 15 squares. 

6. How many squares in the roof of a building, whose 
length is 37 feet, the length of the rafter being 13 feet ? 

^ns. 9 squares and 62 feet. 

7. How many squares in the roof of a building, whose 
length is 70 feet 6 inches, the length of the rafter being 14 
feet 6 inches ? Ans. 20 squares and 44 1 feet. 

8. How many squares in the roof of a building, whose 
length is 50 feet, and the length of a string reaching across 
the ridge from eave to eave being 30 feet ? Ans, 15 squares. 

Note. All the timbers employed in roofing are measured like 
those nsed in flooring, except where there is a necessity of cutting 
ont parallel pieces equal to, or exceeding 2^ inches broi^ and 2 feet 
long. In this case the amount of the pieces so cut out must be de* 
ducted from the content of the whole piece found from its greatest 
scantlings. When the pieces cut out ao not amount to the above di- 
mensions, they are considered as useless, and therefore no deduction 
ij to be made for them.* 




10. Let the tie-beam T D be 36 feet long, 9 inches 
broad, and 1 foot 2 inches thick ; the king post K 1 1 feet 
6 inches high, 1 foot broad at the bottom, and 5 inches 



* In the above figure, K is called the kin^-post, and in measuring 
the pieces cut out of it, the shortest length is to be taken. T, B, ii 
called the tie-beam, which prevents the rafters R, It, from pressing 
out the walL The braces B, B, serve to strengthen the rafters ; the 
struts S, S, serve for a similar purpose. Besides strengthening the 
rafters, the braces and struts serve to bind the roof together /whon 
jbead room ht required, the rafters are braced simply by R, R. 
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thick ; out of thia post are sawn two equal pieces from the 
sidesi each 7 feet long and 3 inches broad. The braces 
By By are 7 feet 6 inches long, and 5 inches by 5 inches 
square ; the rafters R, R are 19 feet long, 5 inches broad, 
and 10 inches deep ; the struts S, S, are 3 feet 6 inches 
long, 4 inches broad, and 5 inches deep ; what is the mea- 
surement for workmanship, and also for materials ? 



31 
4 
2 

13 



m. 

6 

9 

7 

2 

11 



53 
1 




5 



51 



solidity of the tie-beam T D. 
6 solidity of the king-post K. 

3 solidity of the braces B, B. 

4 solidity of the rafters R, R, 
8 solidity of the struts S, S, 



9 solidity for workmanship. 

6 solidity cut from the king-post. 



3 solidity for materials. 
Of Waixscottikg. 



Wainscotting is measured by the yard square, which is 
9 square feet. 

In taking the dimensions, the string is made to ply close 
over the cornice, swelling pannels, moulding, &c. The 
height of the room from 3ie floor to the ceiling being thus 
taken, is one dimension, and ihe compass of the room taken 
all round the floor is the second dimension. 

Doors, windows, shutters, &c. where both their sides are 
planed, are considered as work and half; therefore in mea- 
suring the room, they need not be deducted ; but the super- 
ficial content of the whole room found as if there were no 
door, window, &c. ; then the contents of the doors and win- 
dows must be found, and half thereof added to the content 
of the whole room. 

When there are no shutters, the content of the windows 
must be deducted ; chimneys, windows-seats, cheek-boards, 
sopheta-boards, linings, &c. must be measured by them- 
selves. 

Windows are sometimes valued at so much per window, 
and sometimes by the superficial foot The dimensions of a 
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^^ttddir lire tek^xk m fe^t and indiei^, from the under itode of 
Uie sill to the upper tside of tibetop*i^; andfron) ^eouttiidv 
to outside of the jahibs. 

When th^ doord i^ fmheHed on both BxAe^, tate doaUe 
the ineastire for th^ workiftangfaip. 

Fo^ the Surroohdingp architrave, girt rotlnd it and inode 
the jambs, tdr one diiHemdon, and add the length of the 
jambs to the length of the cap-piece, (taking the breadth of 
the opening for lie length,) for the other dimension. 

Weather-boarding is measured bj the yard square, and 
sometimes by the square. 

Frame-doors are measured by the foot^ or sometimes by 
the yard square* 

Stair-cases are measured by the foot superficial* The 
dimensions are tekm witih a strmg passing qvteh* the riser and 
tread for one dlmedsioh, «nd the length <^ the stejp for the 
other. By the length of the step is meant tte length of the 
front and die returns at the tWO ehddi 

For the ballustrade, take the whole length of the upper 
part of the hand-rail, and girt it Over its end till it meet the 
top of the newd post^ fot ode dimension:; and twice the 
length of the baluster upon the landing, with the girt of tii« 
hand-rall> for (he other dimension. 

FMme-doors are measured by the foot, or sometimes by 
the yard square. 

Madillian cornices, eoves^ &fi. are generally measured by 
the foot superficial. 

Beads, stops, ajstn^als, copings, fillets, boxings to win- 
dows^ sldrtitig boards, and water-trunks, are paid for by 
lineal measure. 

Frontispieces lure measured by the foot sup^ficia], and the 
architrave, fiie^> Imd cornice are measured separately.* 



** Baluster b a bihall cdimm or pillsr, tued for balugtrades. 

balufttrildtf is a rbw of haltiiters. Joined hy a rail ; setviag for m 
rest (6 the lirfaus er.as an ipjcloflore to bslcoiiiei, etaircases, altan^ dtc* 

Comicd is the third and uppermost part of the entablatoe of a 
oolninn, or the uppermost ornament of any wainscotting, &c, 

Be&d h a round moulding carved like Beads in neeklaeee. There 
JM a2«o a kjbd of plain beac^ Ubaik set oia the edge of ea^ faaeia of 
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To fifid the ^oitletitg o^ the foregoing weffk^ itiMjAy tie 
two fiG¥refBpoikSaskg diinidMioiis tog^ef for the supei^cial 

1. A ]i6bi»> 0t waihsdel^ bMng girt doWiiw^tr^ oVer the 
moydiiigi^j ttfedeiir^s 12 ft. 6 in.^ and 130 ft. 9 iat iii conH 
pa68 ; hW ttiAtiy fatdB does that room eoiitaki; 

ft. iiiE 

130 : 9 mis 

12 : 6 i^-5 



i^Aai«*«aMbn*. 



1560 65375 

65 : 4 : 6 i^6i50 

J : 18075 

3 : : D 



9)1634 14:6 



181 : 5 jdns. 



^)l634-875 ft. 
181 yafdg, 5 ft. 



2. If the wainscot of a room be 15 ft. 6 in. high, and the 
compass of the room 142 ft. 6 in. ; how many yards are 
contained in it ? Ans. 245^^ yards. 

3. If the window shutters about a room be 60 ft. 6 in. 
broad, and 6 ft^ 4 in* high ; how many yards are contained 
therein, at work and a-half? Ans. 63f|- yards. 

4. A rectangular room measures 129 feet 6 inches round, 
and is to be wainscotted at 3s. 6d. per square yard ; after 



an architraye, on the upper edge of ikirting boards, on the lining 
bodrd of a doof-case, &c. 

AtchitrlEiTe, is that pArt of a <7oitilmi that heats Immediately on the 
ca;pital. It is sup{>osed to represent the principal beam in timber 
bmldings, in wMch it is sometiihes called the master-piece, or reason- 
piece. In cbdmneys it is called the mantel-piece. Archilxave doors, 
are those which hhve an architrave on the Jambd and over the d()ors. 
Architr&ve ^iHndo^ of tiniber are nsnally traised (>nt e( the tolkl 
timber, and sometimes ^e taonldin^ are stmck and likid on. 

AstragU is a sinall round moulding. enoompassiiLpf the top of the 
sha^t of a column, like a ring or bracelet. The shaft terminates at 
the top with aii astragtJ, &ad at bottom with a iUletf which in this 
place 18 caQed akiA^ 
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due allon^ance for girt of cornice, &c,, it is 16 feet 3 inches 
high; the door is 7 feet by 3 feet 9 inches; the window 
shutters, two pair, are 7 feet 3 inches by 4 feet 6 inches ; 
the cheek-boards round them come 1^ inches below the 
shutters, and are 14 inches in breadth ; the lining-boards 
round the doorway are 16 inches broad ; the door and win- 
dow shutters being worked on both sides, are reckoned as 
work and half, and paid for accordingly ; the chimney 3 feet 
9 inches by 3 feet, not being enclosed, is to be deducted 
from the superficial content of the room. The estimate of 
the charge is required. j4ns, £4.3 4s. 6|(f. 

The height oi a room, taking in the cornice and mould- 
ings, is 12 feet 6 mches, and the whole compass 83 feet 8 
inches ; the three window shutters are each 7 feet 8 inches 
by 3 feet 6 inches, and the door 7 feet by 3 feet inches ; 
the door and shutter, being worked on both sides, are 
reckoned work and a half. Required the estimate, at 6s. 
per square yard. Ans, £36 I2s. 2Je/. 



OF BRICKLAYERS' WORK. 
Op Tiling, or Slating. 

Tiling and slating are measured by the square of 100 
feet. Inhere is no material difference between the method 
employed for finding the estimate of roofing and tiling ; 
bricklayers sometimes require double measure for hips and 
valleys. 

When gutters are allowed double measure, the usual mode 
is to measure the length along the ridge-tile, and add it to 
the contents of the roof: this makes an allowance of one 
foot in breadth, along the hips or valleys. Double measure 
is usually allowed for the eaves, so much as the projector is 
over the plate, which is generally J 8 or 20 inches. 

WheD sky-lights and chimney-shafis are not large, no 
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allowance is to be made for them ; but wben tiiey are large, 
their amomit is to be deducted. 

1 . There is a roof covered with tiles, whose depth on both 
sides (with the usual allowance at the eaves) is 30 feet 6 
inches, and the length 42 feet ; how many squares of tiling 
are contained therein ? 

ft. in. 

30 : 6 30-5 

42 42 



1260 610 

21 1220 



100)12,81 100)12,810 

12 : 81 12* squares, 81 feet. 

2. There is a roof covered with tiles, whose depth on 
both sides (with the usual allowance at the eaves) is 40 feet 
9 inches, and the length 47 feet 6 inches ; required the num- 
ber of squares contained therein. j4ns, 19 squares 35-|- feet. 

3. What will the slating of a house cost at £\ 5s, 6d, 
per square; the length being 43 feet 10 inches, and the 
breadth 27 feet 5 inches, on the flat ; the eaves projecting 
16 inches on each side — true pitch. ^ns, £24 ds, 5ld. 

4. What is the contents of a slated roof, the length being 
45 feet 9 inches, and the whole giii; 34 feet 3 inches. 

Jns. 174104 yards. 

Of Wallixg. 

Brick-work is estimated at the rate of a brick and a half 
thick ; so that if a wall be more or less than this standard 
thickness, it must be reduced to it : thus, multiply the super- 
ficial contents of the wall by the number of half bricks in 
the thickness, and divide the product by 3. 

The superficial contents is found by multiplying the length 
by the height. Bricklayers estimate their work by the rod 
of 16 1 feet, or 272| square feet. Sometimes 18 feet are 
allowed to the rod; that is, 32.4 square feet; sometimes the 
work is measured by the rod of 21 feet long, and 3 feet 
high : that is, 63 square feet : in this case, sometimes no 
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regard is f^Lid to the thickneM of t^e wall ; b^t tl^ pri^e 
is regulated according to tlie thiclqiess. 

WheB a piece of briclf:-work is to be measiiiedji the first 
Ihing to be done» i? to ascertain which of the abpy^ j/^L^mn^^ 
is to bQ employed ; then, ha?iiig multiplied the length safd" 
breadth together (the dimensions being feet) die prod^ict is 
to be divided by the proper divisor, namely 272*25 ; 324 ; 
or 63 ; according to the measure of the rbd, and the quo- 
tient will be the qieasure in square rods of that measure. 

To measure any arched way, arched windpWj^ or door, 
&c., the height o^ tJl^e window, or door, from tiiie crown or 
middle of the arch, to the bottom or sill, is to be token ; and 
likewise from the bottom or sill to the spring of the arch ; 
that is, where the arch begins to turn. Then ta the lattei* 
height, add twice the former, and multiply the sum by the 
breadtii x)f the window, door, &c., and one-third of the pro- 
duct w4U be th9 ^rea sqfficiently near the truth for practice. 

1. If a w^l bej{2 feet i&iiidUs; long, and 18 feet 3 inches 
high, and 5 b^^ks tMMt a half thick ; how many codii of 
brick-work aire cpi^tfVRed therein, when reduced to the 
standard ? 

fi;. in, 
72 : 6 

19:3 

72 ■ 

18 : 1:6 

9 ; 6 : 



1395 : 7 : 6 

II 

3)15351 : to : 6 



272)5117(18 rods. 
"2897 



fl$)25l(3quvters. 
17 feet. 
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flo«. Tbat 68-08 if thp fyatfk pvf el 919-39, ftql 6S i> one 
fovrtli qf S72. 

In reducing feet into rods, it i:^ usual to divide 272, 
Dejecting the decimal '25. By this metliod, the aoevivr fbuqd 
tbovti ii about ii feet too much. 

^ How maay rods of standard brick-^rork u-e in a iva^l 
wlu)«e length le 51 leet 3 inchex, and hei{[bt 24 feet 6 
Vfuiim; the wall being- 2J bricks thick. j4n». 8*5e66.r6ds. 

3> The end wall of a house is 26 fe^t 10 inf^ee long', 
^d 55 feet S incbei high to the eavfs, 20 feet hig:h ia 2^ 
briclU' thick, the other 20 ioet high i^- 2 bricks tbick, aqdthe 
remaining 15 fe^ 3 incb«B ia 1 1 brick thick, abore which is 
a triangular gaUe one brick thick, which rises 42 courses of 
bicks, of which evary 4 courHea make a foot. . What ie the 
whole content in etandard measure ? j4nt, -^S-Bi yards. 

Of Chimnets. 

Wbw a chirpney itands by itself, without laiyL party-wall 
twijag adjoined, take the girt in the middJe for die length, 
and the bei^t of- dift story for the breadtit ; fhe thickness 
ts to be the jame as the depth of the jambs ; if the chimney 
be built upright from the mantel-piece to (ha ceiling, no 
deduction is to be made for the vacancy between the floor 
(or hearth) and mantfl-tree, on account of the gatherings of 
the breast at^d wings, to make room for tlie hearth in the 
next storey. 

Wben ue chimney-hack forms a party-wall, and is mea- 
sured by itself, then the depth of the two j^bs is to be 
measured, and the length of the breast, for a length, and the 
height of the storey for the breadth ; the thickness is the 
same as the depth of the jambs. That part of the chimney 
which appears above the roof, called the chimney-shaft, is 
measured by girding it round Ihe middle for the length, and 
the height is taken for the breadth. 

In consideration of plastering and ecaflbltliiig, the thicks 
ness is generally reckoned half a brick more dian it really 
iH ; and m some places double measure is ^owed, on ac- 
count of extra trouble. 

I. Let the dimensions of a chimney,, hating a double 
funnel towards tbiQ tfipj, i^ a Rouble shaft, be as follows : 
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viz., In tlie parlour, tlie breast and two jambs measure 18 
fiBet 9 inches, and the height of the room is 12 feet 6 
inches ; in the first floor, the breast and two jambs girt 14 
feet 6 inches, and the height 9 feet ; in the second floor, the 
breast and the jambs girt 10 feet 3 inches, and the height 
is 7 feet; above the roof, the compass of the shaft is 13ic-et 
9 inches, and its height 6 feet 6 inches ; lastly, the length 
of the middle partition, which parts the fiiunel, is 12 feef, 
and its thickness 1 foot 3 inches ; how many rods of brick« 
work, standard measure, are contained in the . chimney, 
double measure being allowed, and thickness 1 J brick ? 

ft. in. ft. in. p. 

1 18 : 9 1:3:0 

12 : 6 12 



2. 



225 : 

9:4:6 


15 : partition. 

234 : 4 : 6 parlour. 

130 : 6 : first floor. 
71:9:0 second floor 
89 : 4 : 6 shaft. , 


234 : 4 : 6 

A. l^ 


ft. m. 

14:6 

9 


541 : : sum. 
2 


130:6 


272)1082 : : double. 


ft. 
10:3 

7 


68)206(3 rods 3 quarters. 
62 feet. 


71 :9 




ft. in. 

13 : 9 
6:6 


^ 


82:6 

6 : 10 : 6 





89: 4:6 

Jns. 3 rod^, 3 quarters, and 62 feet. 
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MASONS* WORK. 

To masonry belong all sorts of stone-work. The work 
k sometimes measured by the foot solid, sometimes by the 
foot in length, and sometimes by the foot superficial. Masons, 
in taking dimensions, girt all their mouldings, similar to the 
practice of joiners. 

Walls, colunms, blocks of stone or marble, &c., are mea- 
sured by the solid foot, and pavements, slabs, chimney- 
pieces, &c., l^ the square foot. 

In estimating for the workmanship, square measure is 
generally used, but for the materials, solid measure.. 

In the solid measure, the length, breadth, and thickness 
are multiplied together. 

In the superficial measure, there must be taken the length 
and breadth of every part of the projection, which is seen 
without the general upright face of the building. 

1. If a wall be 82 feet 9 inches long, 20 fi?et 3 inches 
high, and 2 feet 3 inches thick ; how many solid f^et are 
contained in that wall ? 

ft. m. ft. 

82 : 9 82*75 

20 : 3 20-25 



1640 41375 

3 = i 20 : 8 : 3 16550 

6 = i 10 : : 165500 

3 = J 5:0:0 



1675-6875 



1675 : 8 : 3 2-25 

2 : 3 

83784375 



3351 : 4 : 6 33513750 

3=^ 418:11:01 33513750 



3770 : 3 : 6J 3770-296875 Ans. 

2. If a wall be 120 feet 4 inches long, and 30 feet 8 
inches high ; how many superficial feet are contained therein ? 

Ans. 3690f feet 
M 
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3. If a wall be 112 feet 3 inches long, and 16 feet 6 
inches high ; how many superficial rods of 63 square feet 
are contained therein ? j4ns, 29 rods 25 feet 

4. What is the value of a marble slab at 8^. per foot, the 
length being 5 feet 7 inches^ and breadth 1 foot 10 inches? 



PLASTERERS' WORK. 



Plasterers' work is of two kinds, viz. ceiling, which is 
plastering upon laths ; and rendering, which is plastering 
upon walls. These are measured separately. 

The content is sometimes estimated by the foot, sometimes 
by the yard, and sometimes by the square of 100 feet. En- 
riched mouldings are calculated by the running foot or yard. 

Deductions are made for chimneys, doors, windows, &c. 

In plastering timber partitions, where several of the large 
braces and other large timbers project from the plastering, a 
fifih is usually deducted. 

Whitening and colouring are measured in the same man- 
ner as plastering. In timbered partitions, one-fourth, or one- 
fifth of the whole area is usually added, to compensate for 
the trouble of colouring the sides of the quarters and braces. 

In arches, the girt round them is multiplied by the length 
for the superficial content. 

1. If a ceiling be 40 feet 3 inches long, and 16 feet 
inches broad ; how many square yards contained therein ? 
40 : 3 40-25 

16 : 9 16-75 



640 20125 

6=1-20:1:6 28175 

3 = J — 10 : : 9 24150 

3 = J — . 4 : : 4025 



9)674 : 2 : 3 9)674-1875 

^ns. 74 yards 8 feet. Ans. 74*9097 yards. 
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2. The length of a room is 14 feet 5 inches, breadth 13 
feet 2 inches, and height 9 feet 2 inches to the under side of 
the cornice, which projects 5 inches from the wall, on the 
upper part next the ceiling; required the quEintity of render- 
ing and plastering, there being no deduction but for one 
door, which ia 7 feet by 4 ? 

^m. 53yards5feetofrende[ing, 18 yards 5feet of ceiling. 

3. The circular vaulted roof of a church measures 105 
feet 6 inches in the arch, and 275 feet 5 inches in length ; 
what will the plastering come to at 1«. per yard ? 

Ans. f 161 S>. fijd. 

4. The length of a room ia 18 feet 6 inches ; what do the 
ceiling and rendering come to, ike former at 8rf, and the 
latter at 3d. per yard ; allowing for the door, which is 7 feet 
by 3 feet 8 inches, and a fire-place of 5 feet square ? 

^m. £1 13«. 3rf. 



PLUMBERS' WORK. 

Plumbers' work is rated by the pound or hundred weight 
of I12lbs. sheet lead, used in nxdng, guttering, &c., weight 
fivm 6 to 12 pounds per square foot, according to the thick- 
nese ; and leaden pipes vary in weight per yard, according 
to the diameter of its bore in inches. 

The following table Bhows the weight of a equare foot of 
sheet lead, according to its thickness ; and the common 
weight of a yard of leaden pipe according to the diameter of 
its bore. 



rblclcDesj 


PooodB to a. 


Bore of 


PODQds 


of lead. 


square fool. 


leaden pipes 


per yard. 










TT 


5-899 


OJ 


10 




6-564 


1 


12 




7-373 


U 


16 




8-427 


U 


18 




9-831 


u 


21 




11-797 


3 


24 




M 


a 
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. 1. A piece of sheet lead measures 20 feet 6 inches in 
lengthy and 7 feet 9 inches in breadth ; what is its weight at 
SJIb to the sc^uare foot ? 

ft, in. fk. 



20 :6 

7:9 


20-5 
7-75 


143 : 6 

15 : 4 : e 


1025 
1435 
1435 


158*10 * 


4 v'vj , J.V , \M 


158-875 
8} 




1271000 

89-719 ct. qr. lb. 
112)1310-719(11 : 2 : 22i nearly. 
112 




190 
122 




28)78(2 
56 



22 

2. What weight of lead -^ of an inch thick will cover a 
flaty 15 feet 6 inches long, and 10 feet 3 inches broedy die 
lead weighing 61b. to the square foot ? 

j^ns. 8cwt 2qr8. IJlb. 

3. What vnW be the expense of covenng and guttering a 
roof with lead, at 18*. per cwt. weight ; the length of the 
roof being 43 feet, and the girt over it 32 feet ; the guttering 
being 57 feet in length and 2 feet in breadtii, allowing a 
square foot of lead to weigh 8( lb ? 

^ns. £104 15*. 3id. 

4. What will be the expense of 130 yiirds of jleaden pipe 
of an inch and half bore, at 4d. per lb, admitting each yard 
to weigh 181b ? Jns. £99. 
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PAINTERS* WORK. 

Pj^ntere' work is computed in square yards. Every part 
is measured where the colour lies> and the measunug line is 
forced into ftU the mouldings and comers. Double measure 
is allowed fortsarved mouldings> &t. 

Windows are done at so much a-piece. Sash-frames at 
a certain price per dozen ; sky-lights, window-bars, case- 
ments, &c. are charged at a certain price per piece. 

To measiu-e ballustrades, take the length of the hand-rail 
for one dimension, and twice the height of the balluster upon 
the landing, added to the girt of the hand-rail, for the other 
dimension. 

No general nllfe can be given for measuring trellis-work ; 
but, however, double the area of one side is often taken for the 
measure of both sides. 

1 . If a room be painted, whose height (being girt over 
the moulding,) is 16 feet 4 inches, and the compass of the 
room 120 feet 9 inches ; how many yards of painting in it? 

ft. 

120-75 

16-3 







ft. 


in. 






120 


:9 






16 


:4 




1920 




4: 


= i 


-40 


:3 


6 


= J 


8 


:0 


3 


= 1 


4 


:o 



9)1972 : 3 



36225 
72450 
12075 

9)1968-225 

^ns. 218^691 yards. 



^ns. 219 yards 1 foot. 

2. A gentleman had a room to be painted, its length 
being 24 feet 6 inches, breadth 16 feet 3 inches, and height 
12 feet 9 inches ; also the size of the door 7 feet by 3 feet 
6 inches, and the size of the window-shutters to each of the 
windows, there being two, is 7 feet 9 inches by 3 feet 6 
nches ; but the breaks of the windows themselves are 8 feet 
6 inches high, and 1 foot 3 inches deep ; what will be the 
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expense of giving it three coats, at 2d, per yard eacb ; Hie 
size of the fire-place to be deducted, being 5 feet by 5 feet 
6 inches ? Ans. £3 Ss. lOJcf. 

3. The length of a room is 20 feet, its breadth 14 feet 6 
inches, and height ] feet 4 inches ; how many yards of 
painting in it, deducting a fire-place of 4 feet by 4 feet 4 
inches, and two window shutters each 6 feet by 3 feet 2 
inches? Ans. 73^ yards. 



GLAZIERS' WORK. 



Glaziers take their dimensions either in feet, inches, and 
parts ; or feet, tenths, and hundredths. They compute their 
work in square feet. 

Windows are sometimes measured by taking the dimen- 
sions of one pane, and multiplying its superficies by the 
number of panes. But generally they take the length and 
breadth of the whole fitime for the glazing. Circular win- 
dows are measured as if they were square, taking for their 
dimensions, their greatest length and breadth. 

1 . If a pane of glass be 3 feet 6 inches and 9 parts long, 
and 1 foot 3 inches and 3 parts broad ; how many feet of 
glass in that pane ? 

3:6:9 3.56 

1:3:3 1-277 



: 6 : 9 2492 

10 : 8 : 3 2492 

10:8:3 712 

356 



Jns, 4 : 6:3:11 :3 



Ans, 4-54612 feet 



2. If there be 10 panes of glass, each 4 feet 8 inches 9 
parts long, and 1 foot 4 inches and 3 parts broad ; how many 
feet of glass are contained in the 10 panes ? Ans. 60-403. 

3. There are 20 panes of glass, each 3 feet 6 inches 9 
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parts long, and 1 foot 3 incbes and 3 parts broad ; how 
many feet of glass are in the 20 panes ? ^ns. 90*9224 ft. 

4. K a window be 7 feet 6 inches high, and 3 feet 4 
inches broad; how many square feet of glass contained 
thOTem? ^ns. 25. 

5. How many feet in an elliptical &n4ight of 14 feet 6 
inches in length, and 4 feet 9 inches in breadth ? 

^ns. 68 feet 10 inches. 

6. What will the glazing of a triangular sky-light come 
to at 20c?. ; the base bemg 12 feet 6 inches, and the perpen- 
dicular height 6 feet 9 inches ? j^ns, £3 lOs. 3|. 



PAVERS* WORK. 



Pavers* work is computed by the square yard ; and the 
content is found by multiplying the length by the breadth. 

1. What will be paid for paving a foot-path, at 4«. the 
yard, the length being 40 feet 6 inches, and the breadth 7 
feet 3 inches ? 

ft. in. ft 

40 : 6 40-5 

7 : 3 7-25 



283 : 6 2025 

10 : 1 : 6 810 

2835 



y^ns. 293 : 7 : 6 



y^ns, 293-625 feet. 



2. What will be the expense of paving a rectangular court- 
yard, whose length is 62 feet 7 inches, and breadth 44 feet 
5 inches ; and in which there is a foot-path, whose whole 
length is 62 feet 7 inches, and breadth 5 feet 6 inches, this 
at 3s. per yard, and the rest at 2*. 6d. per yard ? 

Ans. £39 11*. 3id. 

3. What is the expense fo paving a court, at 3s. 2d, per 
yard ; the length being 27 feet 10 inches, and the breadth 
14 feet 9 inches ? Jm. £7 4«. 5id 



248 VAULTED ASD 

4. What will the paving of a walk round a circulaf bowl' 
ing-green come to, at 2s, Ad, per yard, the diameter of the 
bowling-green being 40 feet^ and the breadth of the walk 
5 feet ? Ans. £9 ^. 3^. 

5. How many yards of paving in an elliptical walk 4 feet 
broad^ the longer diameter being 60 feet^ and shorter 50 ? ^ 

Am. 82-3797 yard». 



VAULTED AND ARCHED ROOfS. 

Arched roofs are either domes^ vaults, saloons, or groins. 

Domes are formed of arches springing from a circular, 
or polygonal base, and meeting in a point directly over the 
centre of that base. 

Saloons are made by arches connecting the side walls of 
a building to a flat roof, or ceiling. 

Groins are made by the intersection of vaulted roofe widi 
each other. 

Vaulted roofs are sometimes circuleir, sometimes elliptical, 
and sometimes Gothic. 

Circular roofs are those of which the arch is a part of the 
circumference of a circle. 

Elliptical roofs are those of which the arch is a part of the 
circumference of an ellipsis. 

Gothic roofe are made by the meeting of two equal cir- 
cular arches, axactly above the span of the arch. 

Groins are generally measured like a parallelopipedon, 
and the content is found by multiplying the length and 
breadth of the base by the height. 

Sometimes one-tenth is deducted from the solidity thus 
found, and the remainder is reckoned as the solidity of the 
vacuity. 
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Tq Jind Ae aolidUy of a circular, ellipHcal, or Goikie 
vaulted roof. 

Rule. Find the area of one end, by one of tLe foregoing 
rules, and multiply the area of the end by the length of the 
roo^ or vault, and the product will be the content. 

Ikte. When the arch Is a Megnient of a circle, the area ia fuvnil by 
Prob, XXVIII. Sec, 11. When the arch is a gegment of an eUipaia ; 
noltiplj the span bj the height, and that product hf '7B54 for the 
area of Uie end. When it is a Gothic arch, find the area of an isos- 
eelea triangle, whose base la eqiiHl to the epaii of the arch, and its 
■idei equal to the two chorda of the circular iegmeat of the arch ; 

.■L. — .1 ... c.i_ — J gegmenti to the area of the triangle, 

laoFlher--' 




1. What is the content of a concavity of a serai- circular 
vaulted roof, the span bring 30 feet, and the length of the 
vault 150 feet? 

30 X 30 = 800 ; then 900 X -7854 = 706-80, hence 
706-86 -i- 2 = 333-43 the area of the end ; 
then 353-43 x 150 =5301-45 the content. 

2. What is the solid content of the vacuity A O E B of a 
Gothic vault, whose span A B is 60 feet, the chord B O, or 
A O, of each arch 60 feet; the distance of each arch from 
the middle of t^ chords as D E = 12 IVet, and the length 
of the vault 40 feet ? 

In this example, the triangle A B O is equi-lateral, and its 
area is i A B» V3 = 900 V3 = 1557. Again, S (B O X 
M 3 
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of segment O E B, and 494|^ X 2 = 988-J the areas of the 
two segments O E B and O H A ; then (1557 + 988|) X 
40 = 101832 the solidity required. 

Let MNKL represent a perpendicular section of a 
vaulted roof, (Gothic). The span A B is 60 feet, the thick- 
ness of the wall M A, or B L, at the spring of the arch ^ 4 
feet, the thickness O P at the cro\vTi of the arch = 3, and 
the length of the roof = 40 feet, the chord A O or O B = 
60 feet, and the versed sine D E = 12 feet; required the 
solidity of the materials of the arch ? 

First, y (A O* — A C^) = V (60^ - 30*) = 51-96 = 
S O the height of the vacuity of the arch, and S O -|- O P := 
51-96+3 = 54-96 =SP; again, A B + M A-f BL = 
60 + 4 + 4 = 68 = M L, and M L X S P = the area 
of the rectangle MNKL; hence, MLXSPX40 — 
101832, (the solidity of the vacuity A O B by the last Pro- 
blem,) gives the solidity of the materials ; that is, 
68 X 54-96 X 40 — 101832 = 47659-2 feet, the solidity 
required. 

Note. When the arch A O B is an elliptical segment, ita area 
mnltiplied by the length of the roof gives the solidity of the vacnity, 
and M L multiplied by S P, and the product by the length of the arch, 
gives the solidity of the cubic figure whose end is M N K L ; and the 
difference of the two solidities is the solidity of the mixed solid whose 
section is AMNK LBEOHA. The materials of a bridge may 
he calculated after the same manner, by adding the solidities of 
T, T, and of tbe battlements, to the solidity as found in this Problem. 

3. Required the capacity of the vacuity of an elliptical 
vault, whose span is 30 feet, and height 15 feet, the length 
of tiie vault being 90 feet ? Jns, 31808*7 feet. 



PROBLEM II. 

To find the concave^ or convex surface, of a circular y ellip- 

ticdly or Gothic vaulted roofs. 

Rule. Multiply the length of the arc by the length of 
the vaults and the product will be the superficies. 
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Note, To find the length of the arch, make a line ply close to it, 
quite across from side to side. 

1. What is the surface of a vaulted roof, the length of tin 
arch being 45 feet, and the length of the vault 140 feet ? 

140 X 45 = 6300 square feet. 

2. Required the surface of a vaulted roof, the length of the 
arch being 40 feet 6 inches, and the length of the vault 100 
feet ? Arts. 40050 feet. 

3. What is the surface of a vaulted roof, the length of the 
arch being 40*5 feet, and the length of the vault 60 feet ? 

Ans, 2430 feet. 

PROBLEM m. 

To find the solidity of a domey liaving the height and the 

dimensions of its hose given. 

Rule. Multiply the area of the base by the height, and 
f of the product will give the solid content.* 

1. What is the solid content of a dome, in the form of a 
hemisphere, the diameter of the circular base being 40 feet ? 

40' X 7854 = 1256-64 = the area of base, 
f (1256-64 X 20) = f (25132-8) = 16755-2. Ans. 

2. What is the solid content of an octagonal dome, each 
side of its base being 20 feet, and the height 21 feet? 

^ns. 27039-1912 cubic feet. 



* This rule is correct only in one case, namely, when the dome is 
half a sphere, and in this case the height is equal to the radius of 
the circular base. It is a well>known properly uiat the solidity of a 
sphere is -f of that of a cylinder having the same base and height. 
But the solidity of a cylinder is found by multiplving the area of its 
base by the height. Hence the reason of the rule, when applied to 
this particular case. No general rule can be given to answer everv 
cf»e, as some domes are circular, some elliptical, some polygonal, 
(fee. ; they are of various heights, and their sides of different curva- 
ture. When the height of the dome is equal to the radius of its base, 
(the curved sides bemgx;ircular, or elliptical quadrants,) or to half a 
mean proportional between the two axes of its elliptical base, the 
above rule will answer pretty well ; but with any other dimensionf 
it ought not to be used* 
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3. Required the solidity of the stone-work of an elliptical 
dome, the two diameters of its base being 40 and 30 feet, 
the height 17*32 feet, and the stone-work in every part 4 
feet thick ? ^ns. 9479086848 cubic feet. 



PROBLEM IV. 

To find the superficial content of a dome, the height and 
dimensions of its base being given. 

Rule. When the base is circular, multiply the square 
of the diameter of the base by 1*5708, and the product will 
be the superficial content. 

For an elliptical dome, multiply the two diameters of its 
base together, and the product resulting by 1*5708 for the 
superficial content, sufficiently correct for practical pur- 
poses."* 

1. The diameter of the base of a circular dome is 20 feet, 
and its height 10 feet ; required its concave superficies ? 

20^ X 1.5708 = 628*32 feet, the ^ns, 

2. The two diameters of an elliptical dome are 40 and 30 
feet, and its height 17*32 feet ; required the concave surface? 

^ns, 1884*96 square feet, 

3. What is the superficies of a hexagonal spherical dome, 
each side of the base being 10 feet ? ^ns. 519*6152. 



* The same objection applies to this as to the last role, being cor- 
rect only when the dome is circular, and its height equal to ^e 
radius of the base, Because the surface of a sphere is equal to the 
curved surface of its circumscribing cylinder ; but the curved surface 

of a cylinder whose diameter is D, and height ^ has been shown to 



be 3-1416 D X n- = 1*^708 D^. Hence the reason of the rule. 



.V 
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PROBLEM V. 
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To find the solid content of a saloon, 

RuL£. Multiply the area of a transverse section by the 
compass or circumference of the solid part of the saloon, 
taken round the middle part. Subtract this product from the 
whole vacuity of the room, supposing the walls to go upright 
from the spring of the arch to the flat ceiling, and the differ- 
ence will be the answer, 

1 . What is the solid content of a saloon with a circular 
quadrantal arch of 2 feet radius, sprmging over a rectan- 
gular room of 20 feet long and 16 feet long. 



y TS 




2* X -7854 = 31416 = area of the quadrant C D A E. 
2 X2-r-2=2 = area of the triangle CDE; then31416 



• C D« X '7854 = 3*1416 the area of the quadrant C D A E ; and 
i (C D X C E) = 2 the area of the triangle C D £ ; therefore 3*1416 
~ 2 = ] '1416 is the area of the segment DAE. Now C D X C E 
= 4 the area of the rectangle C D F E ; therefore 4 — 3*1416 = 
•8584 the area of the section D F E A D. Again, V{C D« + C E«) 
r=DE = 2*8284271. The compass of the room will he equal to 
twice the length added to twice the hreadth ; that is, 20 X 2 -f- 16 X 
2, 72 feet, which evidently exceeds the circumference of tiie middle of 
the solid projection of the saloon. Because } (C F -- C A) := | 
(2-8284271 - 2) = -4142136 = F S, and C F : PS : : F?E : Fy == 
•2928932 ; hence 72 — (-2928932 X 8) = 69-6568544 = the solidity 
of the middle of the solid part of the saloon. The rest is evident from 
the text. 
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— 2 = 1*1416 =: area of the segment DAE. Now, 
2X2 =4 = area of the rectangle C D FE ; then 4 — 
3-1416 = -8584 = area of the section D F E A D. 
V(2^ + 2') = V8= 2-8284271. 2X1^ + 2x20 = 
72z= the compass within the walls. | (2-8284271 —2) 
= 4142136 = F S and 2-8284271 : -4142136 : : 2 : 
•2928932 =: F y : hence 72 — (-2928932 X 8) = 
69*6568544 = the circmnference of the middle of the solid 
part of the saloon ; therefore 69-6568544 X '8584 = 
59*79344381696 = the content of the solid part of the 
saloon. 

20 X 16 = 320 the area of the room floor, and 320 X 2 
= 640 z= the solidity of the upper part of the room ; then 
640 — 59-79344 = 580-20656 feet, the solidity of the 
saloon. 

2. If the height D F of the saloon be 3*2 feet, the chord 
D E == 4*5, and A V = 9 inches ; what is the solid con- 
tent of the solid part, the mean compass being 50 feet ? 

^ns, 137-9. 



PROBLEM VI. 

To find the superficies of a saloon. 

Rule. Find its breadth by applying a string close to it 
across the surface; And also its length by measuring along 
the middle of it, quite round the room ; then multiply these 
two dimensions together for the superficial content 

1. The girt across the face of the saloon is 5 feet, and its 
mean compass ] 00 feet ; what is its superficial content ? 

100 X 5 = 500, the answer. 

2. The girt across the face of the saloon is 12 fiaet^ and 
its mean compass 98 ; required its surface ? 

^ns, 1176 feet. 
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SECTION IX. 



1. The specific gravity of a body is the relation which 
the weight of a given magnitude of that body has to the 
weight of an equal magnitude of a body of another kind. 

In this sense a body is said to be specifically heavier than 
another^ when imder the same bulk it weighs more than that 
other. 

On the contrary, a body is said to be specifically lighter 
than another, when under the same bulk it weighs kss than 
that other. Thus, if there be two equal spheres, each one 
foot or one inch in diameter, the one of lead and the other 
of wood, then since the leaden sphere is found to be heavier 
than the wooden one, it is said to be specifically, or in specie, 
heavier, and the wooden sphere specfi&cally lighter. 

2. If two bodies be equal in bulk, their specific gravities 
are to each other as their weights, or as their densities. 

3. If two bodies be of the same specific gravity or density, 
their absolute weights will be as their magnitudes or bulks. 

4. If two bodies be of the same weight, the specific 
gravities will be reciprocally as their bulks. 

5. The specific gravities of all bodies are in a ratio com- 
pounded of the direct ratio of their i^eights, and the reci- 
procal ratio of their magnitude. Hence again the specific 
gravities are as the densities. 

6. The absolute weights or gravities of bodies are in the 
compound ratio of their specific gravities and magnitudes or 
bulks. 
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7. The magnitudes of bodies are directly as their weights, 
and reciprocally as their specific gravities. 

8. A body specifically heavier than a fluid, loses as much 
of its weight, when immersed in it, as is equal to the weiglit 
of a quantity of the fluid of the same bulk or magnitude ; if 
the body be of equal density with the fluid, it loses all its 
weight, and requires no force but the fluid to sustain it. If 
it be heavier, its weight in the fluid will be only the dijSerence 
between its own weight and the weight of the same bulk of 
the fluid ; and therefore it will require a force equal to this 
difference to sustain it. But if the body immersed be lighter 
than the fluid, it will require a force equal to the difference 
between its own weight and that of the same bulk of the 
fluid, to keep it firom rising in the fluid. 

9. In comparing the weights of bodies, it is necessary to 
consider a certain quantity of some one as the unit standard 
with which all other bodies may be compared. Rain water 
is generally taken as the standard, it being found to be nearly 
alike in all places. 

A cubic foot of rain-water is found, by repeated experi- 
ments, to weigh 621 pounds avoirdupoise, or 1000 ounces, 
and a cubic foot containing 1728 cubic inches, it follows that 
a cubic inch weighs '03616898148 pound. Therefore if Ae 
specific gravity of any body be multiplied by '03616898148, 
the product will be the weight of a cubic inch of that body 
in pounds avoirdupois ; and if this weight be multiplied by 
175, and the product be divided by 144, the quotient will 
be the weight of a cubic inch in pounds troy, 144 pounds 
avoirdupois being exactly equal to 175 pounds troy. 

10. Since the specific gravities of bodies are as their absO'* 
lute gravities under the same bulk ; the specific gravity of a 
fluid will be to the specific gravity of any body immei'sed in 
it, as the part of the weight lost by the solid, is to the whole 
weight. Hence the specific gravities of different fluids are 
as ^e weights lost by the same solid immersed in them. 
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PROBLEM L 

To find th^ specific gravity of a body, 

Casb I. When the body is heavier than waitr. 

Weigh the body first, in water, and afterwards in the open 
air, the difference will give the weight lost in water ; then 
say, as the weight lost in water is to the absolute weight of 
the body, so is the specific gravity of water to the specific 
gravity of the body. 

Case II. When the body is lighter than water. 

Fix another body to it, so heavy as that both may sink in 
water together, as a compound mass. Wei^h the compound 
mass and the heavier body separately, both m the water and 
open air, and find how much each loses in water, by taking 
its weight in water fi-om its weight in the open air. Then 
say, as the difference of these remainders, is to the weight 
of the lighter body in air ; so is the specific gravity of water, 
to the specific gravity of the lighter body. 

Case III. For a fluid of any kind. 

Weigh a body of known specific gravity both in the fluid 
and open air, and find the loss of weight, by subtracting the 
weight in water firom the weight out of it. Then say, as 
the whole, ^or absolute weight, is to the loss of weight ; so 
is the specific gravity of the solid, to the specific gravity of 
the fluid. 

The usual way of finding the specific gravities of bodies 
is the following, viz. 

On one arm of a balance suspend a globe of lead by a 
fine thread, and to the other arm of the balance fasten an 
equal weight sufficient to balance it in the open air ; im- 
merse the globe into the fluid, and observe what weight ba- 
lances it then, by which the lost weight is ascertained, which 
is proportional to the specific gravity. 

Immerse the globe successively in all the fluids whose 
proportional specific gravity you require, observing the 
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weight lost in each ; then these weights lost in each will he 
the proportions of the fluids sought 

1. A piece of platina weighed 83-1886 pounds out of 
water^ and in water only 79*5717 pounds ; what is its spe- 
cific gravity ; that of water being 1000 ? 

83-1886 — 79-5717 = 3-6169 pounds, which is the 
weight lost in water. 

Then 3-6169 : 83-1886 : : 1000 : 23000, the specific 
gravity, or the weight of a cubic foot of metal in ounces. 

2. A piece of stone weighed 101b in the open air, but in 
water only 6 Jib ; what is its specific gravity ? 

jfns. 3077. 

Examples to Case II. 

3. If a piece of elm weigh 151b in the open air ; and that 
a piece of copper, which weighs 181b in air, and 161b in 
water, is affixed to it, and that the compound weighs 81b in 
water ; required the specific gravity of the elm ? 

Copper. Compound. 

18 in air. 33 

16 in water. 6 

2 loss. 27 

2 

As 25 : 15:: 1000:600th; 
specific gravity of the elm. 

4. A piece of cork weighs 20 lb in air, and a piece of 
granite being fixed to it, which weighs 120 lb in air, and 
only 801b in water, the compound mass weighs 16flbin 
water ; required the specific gravity of the cork ? Ans. 240, 

Examples to Case III. 

5. A piece of cast-iron weighed 259*1 ounces in a fluid, and 
298'] ounces out of it; required the specific gravity of the 
fluid, allowing the specific gravity of the cast-iron to be 7645 ? 

298*1 —259-1= 39 loss of weight in the iron; then 
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298-1 : 39 : : 7645 : 1000, the specific gravity of the fluid; 
showing the fluid to be water.* 

6. A piece of lignum vitse weighed 42} ounces in a fluid, 
and 166-|- ounces out of it ; what is the specific gravity of 
the fluid ; that of the lignum vitae being 1333 ? 

Arts. 991 is the specific gravity of the fluid, which shows 
it to be liquid turpentine. 



TABLE OF SPECIFIC GRAVITIES. 

Spec. grav. wt. cnb. in. 

oz. 

Platina 19500 11-285 

Do. hammered 20336 11*777 

Castzinc 7190 4*161 

Castiron 7207 4*165 

Casttm r 7291 4*219 

Bariron 7788 4*507 

Hardsteel 78)6 4*523 

Casthrass 8395 4*858 

Castcopper 8788 5*085 

Pure cast silver 10474 ••..,... 6*061 

Castlead 11352 6*569 

Mercury 13568 7*872 

Pure cast gold 19258 11*145 

Amber .1078 wtcub.ft. 

Brick 2000 125*00 

Sulphur 2033 127*06 

Castnickel .^ 7807 • 4513 

Castcobalt 7811 ........ 4520 

Paving stoues 2416 ........ 151*00 

Commonstone 2520 157*50 

FUntandspar 2594 162*12 

Green glass •• 2642 

White glas 2892 

Pebble 2664 166*50 

Slate 2672 167*00 

Pearl 2684 

Alabaster 2730 

Marble 2742 171*38 

Chalk 2784 174*00 

Limestone 3179 193*68 

Wax 897 

Tallow 945 

* In this manner may the species of a fluid or solid be ascertained, 
by means of its speciflc gravi^, and the Table at the end of this 
diapter, exhibiting the i^Mcinc gravities of various bodies. Tliis 
Talne has been taken from Gregory's work for ProAtiA^L ^«ci« 
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spec. graV. wt* ctib* ft 

Ibf. 

Camphor k . • . 989 

Bees^ wax 96^ 

Honey *. 1456 

Bone of an ox • 1659 

Ivory 1823 

Air at the earth's sarface . • . • 14 

Oil of turpentine 870 

OHveoil 915 

Burffondy 991 

Disced water 1*000 

Sea water 1*028 

Milk 1*030 

Beer 1*034 

Cork. .• 240 ........ 15-00 

Poplar 383 23-94 

Larch 544 34*00 

Elm, and West India Fir 556 34*75 

Mahogany 560 •......• 35*00 

Cedar 596 ........ 37*25 

Pitchpine 660 41*25 

Peartree..... • 661 41*31 

Walnut 671 41*94 

Eldertree 695 43*44 

Beech 696 43*50 

Cherrytree 715 44*68 

Maple and Riga fir ....>.... 750 46*87 

Ash and Dantzic oak -760 47*50 

Appletree..... 793 ...>.... 49*56 

Alder 800 50*00 

Oak, Canadian 872 54*50 

Box, French.... 912 .*..,... 57*00 

Logwood 913 57*06 

Oak, English •• 970 51*87 

Oak, 60 years old ■,. 1170 73*12 

Ebony 1331 83*18 

Lignum vitse 1333 83 31 

PROBLEM n. 

Ihe specific gravity of a hody^ and Us weighty being given^ 

• to find its solidity. 

Rule. Say, as the tabular specific gravity of the bodyi 
is to its weighty in ounces ckvoirdupois, so is 1 cubic foot, 
1728 inches, to the content in feet, or inches. 

1. What is the solidity of a block of marble, that weighs 
JD xotxb; its specific gravity being 2742 ? 
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First, 10 tons = 200 hundreds = 800 quarters = 89600 
pounds = 1433600 ounces ; then 

2742 : 1433600 : : 1 cubic foot 

1 



2742)1433600(5221 
13710 



6260 
5484 

7760 
5484 

2276 

= J nearly. 

2742 

2. How many cubic inches in an irregular block of marble 
which weighs 1 12 pounds, allowing its specific gravity to 
be 2520? Ans. 12284||^ cubic mches. 

3, How many cubic inches of gun-powder are there in I 
pound weight, its specific gravity being 1745 ? 

j4ns. 38 J feet nearly. 

3. How many cubic feet are there in a ton weight of dry 
oak, its specific gravity being 925 ? j^ns, 38-J43'. 

PROBLEM ni. 

The linear dimensionsy or magnUvde of a hody^ being given, 
cmd aUo its specific gravity y to find its weight. 

Rule. One cubic foot, or 1728 cubic inches, is to the 
solidity of the body, in inches ; as the tabular specific gra- 
vity of the body, is to the weight in avoirdupois ounces. 

1. What is the weight of a piece of dry oak, in the form 
of a parallelopipedon, whose length is 58 inches, breadth 
18 inches, and depth 12 ? 
65 X 18 X 12 = 1^096 cubic inches, the solid content. 

Then 1728 : 12096 : : 932 : 6524 ounces = 407 J pounds, 

the weight required. 
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2. What is the weight of a block of dry oak^ which mea- 
sures 10 feet long, 3 feet broad^ and 2| feet deep ? 

Ans. 4335}f . 

3. What is the weight of a block of marble, whose length 
is 63 feet, and its breadth and thickness, each 12 feet ? 

Ans. 683^. 

PROBLEM IV. 

To find ike qu^tntities of two ingredients in a given compound. 

Rule. Take the difference of every pair of the three 
specific gravities, vix. of the compound and each ingredient ; 
and multiply the difference of every two by the third. 

Then as the greater product is to the whole weight of the 
compound, so is each of the other products to the weights 
of the two ingredients. 

1. A composition of 1 12 lb being made of tin and copper, 
whose specific gravity is found to be 8784 ; what is the 
quantity of each ingredient, the specific gravity of tin bebg 
7^0, and of copper 9000 ? 

9000 9000 8784 ' 
7320 8784 7320 



1680 216 1464 diff. 
8784 7320 9000 



14757120 1581120 13176000. Then 

14757120 • 112 • • 5 13176000 : 1001b copper. 
14757120 . Hi .. ^ 1581120 : 121b tin. 

2. Hiero, king of Sicily, fiunished a goldsmith with a 
quantity of gold, to make a crown. When it came h(»ne, 
he suspected that the goldsmith had used a greater quantity 
of silver than was necessary in the composition ; and applied 
to the &mouB mathematician, Archimedes, a S3rracu8ian, to 
discover the fitiud, without defacing the crown. 

To ascertain the quantity of gold and silver in the crown, 
he procured a mass of gold and another of silver, each ex- 
9i^y of the same weight with the crown ; justly considering 
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that if the crown were of pure gold, it would be of equal 
bulky and therefore displace an equal quantity of water 
with the golden mass ; and if of silver^ it would be of equal 
bulky and displace an equal quantity of water with the silver 
mass ; but if of a mixture of the two^ it would displace an 
intermediate quantity of water. 

Now suppose that each of the three weighed 100 ounces ; 
and that on immersing them severally in water, there were 
displaced 5 ounces of water by the golden mass, 9 ounces 
by the silver mass, and 6 ounces by the crown ; what quan- 
tity of gold and silver did the crown contain ? 



^ C 75 ounces of gold. 
1 25 ounces of silver. 



Note. For the reason of the rale ffiven above, and for the solntion 
of this qnestion, see Question 21, Alligation total, in Arithmetic for 
the nse of the Irish Education Schools ; or Gregory's Philosophy of 
Arithmetic. 

Questions relating to specific gravities may be wrought by the rales 
of Alligation, as well as by any Algebraic process that might be em* 
ployed. 



PROBLEM V. 

To find how many inches a floating body wUl sink in a fluid. 

Rule. Find, by Problem 11., the weight of the floating 
body from its solidity and specific gravity, and that will be 
the weight of the fluid which it will displace. 

Then say, as the specific gravity of the fluid is to 1728 
cubic inches ; eo is the weight of the body, in ounces, to the 
cubic inches immersed. The depth will be found from the 
given dimensions. 

1. Suppose a piece of dry oak, in the form of a parallelo- 
pipedon, whoi^ length is 5^ inches, breadth 18, and depth 
12, is to be floated upon common smooth water, on its 
broadest side ; how many inches will it sink, its specific gra- 
vity being 932 ? 

By Problem IT. the weight of the piece of oak is 6524 
ounces, which by the preliminary part of this chapter, is the 
weight of water displaced. 
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Then 1000 : 1728 :: 6524 : 11273-472 cubic inches of 

oak immersed. 

Therefore 11273-472 -h 56 X 18 = 11184 inches the 

depth it will sink. 

To find how far it will sink, allowing it to float on its 
narrower side 11273-472 ^ 56 X 12 = 16-776 inches. 

2. How many inches will a cubic foot of dry oak sink in 
common water^ allowing the specific gravity of the oak to he 
970? Ans. 9-95904. 



PROBLEM VI. 

To find what weight may he attached to a floaiing hody^ so 
that it may be just covered with fluid. 

Rule. Multiply the cubic feet in the body by the difler- 
ence between its specific gravity and that of the fluid, and 
the {product will be the weight in ounces avoirdupois, just 
sufficient to immerse it in the fluid. 

1. What weight must be attached to a piece of dry oak, 
56 inches long, 18 inches broad, and 12 inches deep, will 
keep it firom rising above the surface of a fi:«sh water lake ; 
the specific gravity of th^ water being 1000, and that of the 
oak 932 ? 

Here 56 X IB X 12 = 12096 cubic inches. 

Then 12096 ^ 1728 = 7 feet. 

Then (1000 — 932) X 7= 68 X 7 = 476 ounces = 29 

pounds 12 ounces. 

2. What weight, fixed to a piece of dry oak, 9 inches 
long, 6 inches broad, and 3 inches deep, will keep it from 
rising above the surface of common water, the specific gra- 
vity of water being 1000, and that of the oak 970 ? 

Ans* 2'fl- ounces. 

3. A sailor had half an anker of brandy, the specific gra- 
vity of the liquor was 927, the cask was oak, and contained 
216 cubic inches, and its specific gravity was 932 ; to secure 
his prize ^fi'om the custom-house officers, he fixed just as 
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mucli lead to the casU as would keep it under water, and 
then threw it into the sea ; what weight of lead was neces- 
sary for his purpose ? 

Ans, The cask of brandy contained 1371 cubic inches, 
the weight of sea- water of an equal bulk was 817*20486 
ounces, the cask weighed 116*5 ounces, the brandy 
619*609375, both together weighed 73619375 ounces. 
The difference between the specific gravity of lead and 
sea-water is to this remainder, as the specific gravity of lead 
to its weight in ounces, which will be fond to be 89*0949o 
ounces, or 5 pounds 9 ounces. 



PROBLEM VII. 

To find the solidity of a hody^ lighter than a fluid, which 
will he sufficient to prevent a body much heavier than the 
fluidy from siiiking. 

Rule. Find the solidity of the body to be floated ; fi-om 
its weight and specific gravity, by Problem Find 

also the weight of cm equal bulk of the fluid by Problem II. 
Then say, as the difference between the specific gravity of 
the fluid, and that of the body lighter than the fluid, is to the 
difference between the weight of the body to be floated and 
the weight of an equal bulk of the fluid, so is 1728 to the 
solidity of the lighter body, in cubic inches. 

1 . How many solid feet of yellow fir, whose specific gra- 
vity is 657, will be sufficient to keep a brass cannon, weigh- 
ing 5Q cwt., a-float at sea, the specific gravity of brass being 
8396, and of sea-water 1030 ? 

First, 56 cwt. = 100352 ounces, weight of the body to 

be floated. 

Then, 8396 : 100352 : : 1728 : 20653*675 cubic inches 

in the cannon. 

And, 1728 : 20653 675 ;: 1030 : 12310*9289, the weight 
of sea-water equal in bulk to that of the cannon. 

Hence, 1030 — 657 : 100352 — 12310*9289 : : 1728 : 
407868-5545 cubic inches = 236*036 feet, the j^ns. 

2. The specific gravity of lead is 11325, of cork 240, and 

N 
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of sea- water 1030 ; now it is required to know bow many 
cubic inches of cork will be sufficient to keep 49| pounds of 
lead a-float at sea? Ans. 1570*84 cuIhc inches. 



TO FIND THE TONNAGE OF SHIPS. 

1st. — VESSELS A-GROUND. 

By the Parliamentary rule. 



PROBLEM VIII. 

The length of the ship is to be measured on a straight line 
along the lower edge of the rabbet of the keel, from a per- 
pendicular, or square^ from the back of the main pos^ at 
the height of the wing transom, to a perpendicular at the 
height of the upper deck, (but the middle deck of three- 
decked ships,) from the fore-part of the stem ; then from the 
length between these perpendiculars subtract -| of the ex- 
treme breadth for the rake of the stem, and 2| inches for 
every foot of the height of the ^ving transom above the lower 
part of the rabbet of the keel, for the rake abaft ; and the 
remainder will be the length of the keel for tonnage. 

The main breadth is to be taken from the outside of the 
outside plank, in the broadest part of the ship, either above 
or below the wales, deducting therefrom all that it exceeds 
the thickness of the plank of the bottom, which shall he 
accounted the main breadth ; so that the moulding breadth, 
or the breadth of the frame, will then be less than the main 
breadth, so found, by double the thickness of the plank of 
the bottom. 

Then multiply the length of the keel for tonnage^ by the 
main breadth, so taken, and the product by half the breadth, 
then divide the whole by 94, and the quotient will give the 
tonnage. 

In cutters and brigs, where the rake of the stem-post ex- 
ceeds 2| inches to every foot in height, the actual rake is 
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generally subtracted instead of the 2| inches to every foot^ 
as before mentioned. 

1. Let us suppose the length from the fore-part of the 
stem, at the height of the upper deck, to the after.part of the 
stem-post^ at the height of the wing transom, to be 155 
feet 8 inches, the breadth from out to outside 40 feet 6 
inches, and the height of the wing transom 21 feet 10 inches; 
what is the tonnage ? 

40*6 breadth 
deduct 3 



40-3 
3 



5)120-9 



2411 = 2415 

21*10 height of wing transom. 
2 1 multiply. 



12)54^ 

4-55 +24-15 = 28-70 
} 55-66 — 28-70 = 126-96 = length. 

126-96 X 40-25 + 20125 ^ ^^^^ ^^ ^^ 

94 

2. Suppose the length of the keel to be 50*5 feet,hreadth 
of the midship-beam 20 feet ; required the tonnage ? 

Am. 107*4. 

3. If the length of the keel be 100 feet, and the breadth 
of the beam 30 feet ; what is the tonnage ? Ans. 478. 

2nd. — VESSELS A-PLOAT. 

Drop a plumb-line over the stem of the ship, and mea- 
sure the distance between such line and the after-part of the 
stem -poet, at the low- water mark : in a parallel direction 
with 1^e water, to a perpendicular point immediately over 
the low-water mark, at the fore-part of the main-stem, sub- 
tracting from such measurement the above distance, the 
remainder will be the ships extreme length ; from which is 

n2 
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to be deducted three inches for every foot of the load draught 
of water for the rake abaft, and also three-fifths of the ship's 
breadth for the rake forward, the remainder shall be esteemed 
the juet length of the keel to find the tonnage ; and the 
breadth shall be taken firom outside to outside of the plank 
in the broadest part of the ship, either above or below the 
main-wales, exclusive of all manner of sheathing or doubling 
that may be wrought upon the sides of the ship ; then mul- 
tiply the length of the keel, taken as before directed, by the 
breadth, as before taught, and that product by half the said 
breadth, and dividing the product by 94, the quotient is the 
tonnage. 

3rd. — STEAM VESSELS. 

The length shall be taken on a straight line, along the 
rabbet of the keel of the ship, fi-om the back of the main- 
stem-post to a perpendicular line from the fore-part of the 
main-stem under the bow-sprit ; from which deducting the 
length of the engine-room, and subtracting three-fifths of the 
breadth, the remainder shall be esteemed the just length of 
the keel to find the tonnage ; and the breadth shall be taken 
from the outside of the outside plank in the broadest place of 
the ship or vessel, be it either above or below the main- 
wales, exclusively of all manner of doubling planks that 
may be wrought upon the sides of the ship or vessel ; then 
jnultiply the length and breadth so found together, and that 
])roduct by half the same breadth, and dividing by 94, the 
([uotient will be the tonnage, according to which all such 
vessels shall be measured. 

Note, Under certain penalties nothing but the fuel can be stowed 
in the engine-room. 

Some divide the last product by 100, to find the tonnage 
of king's ships, and by 95, to find that of merchants' ships. 

Floating Bodies. 

1 . The buoyancy of casks, or the load which they will 
rnrry without sinking, may be estimated, by reckoning 101b 
avoirdupois to the ale gallon, or 8-J-lb to the ^vine gallon. 

2. The buoyancy of pan toons may be estimated at about 
half a hundred weight, or 561b for each cubid foot. There- 
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fore a pantoon which contained 96 cubic feet/ would sustaiu 
48 hundred weight before it would sink. 

N. B. — This is an approximation, in which the diflference between 
-j^ and I, viz. -^ of the whole weight is allowed for that of the pan- 
toon itself. 

3. The principles of buoyancy are very ingeniously 
applied in the self-acting flood-gate, which, in the case of 
common sluices to a mill-dam, prevents inundation when a 
sudden flood occurs. By means of the same principle, it is, 
that a hollow ball attached to a metallic lever of about a foot 
long, is made to rise with the liquid in a water- cask, and 
thus to close the cock and stop the supply from the pipe, 
just before the time when the water woiild otherwise run 
over the top of the vessel. 

The property of buoyancy has also been successively em- 
ployed in raising ships which had sunk under water, and in 
pulling up old piles in a river when the tide ebbs and flows. 
A large barge is brought over a pile as the water begins to 
rise ; a strong chain which has been previously fixed to the 
pile by a ring, &c. is made to gird the barge, and is then 
firmly fastened ; then, as the tide rises the barge rises also, 
and by means of its buoyant force draws up the pile with it. 

In a case which actually occurred, a barge of 50 feet long, 
12 feet wide, 6 deep, and drawing two feet water, was em- 
ployed. Then 50 X 12 X (6 - 2) X ^ = ^ ^ ^ ^ ^^ 

= 192 X 7| = 1344 + 274 = ISTl^cwt. :=66^ tons, 
nearly, which is the measure of the force with which the 
barge acted in pulling up the pile. 
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WEIGHT AND DIMENSIONS OF 
BALLS AND SHELLS. 



SECTION X. 



The foregoing Problems furnish rules for finding the 
weight and dimensions of balls and shells. But they may 
be found much easier by means of the experimental weight 
of a ball of a given size, and from the well-known geome- 
trical property, that similar solids are as the cubes of their 
diameters. 

PROBLEM I. 

To find the weight of an iron haUyfrom its diameter. 

Rule. Nine times the cube of the diameter being divided 
by 64, will express the required weight in pounds.* 

1. The diameter of an iron shot is 5 inches ; required its 
weight. 

5 X 5 X 5 = 125 = cube of the ball's diameter. 

Then, 125 X 9 -f- 64 = ITf^lbs, the Ans, 

2. The diameter of an iron shot being 3 inches ; required 
its weight? Am. 3*8 lb. 

3. The diameter of an iron shot is 5*54 inches ; what is 
its weight ? Ans. 24 lb. 

* It is known by experiment that an iron ball of 4 inches in diameter 
weighs 91b ; and the weights of bodies composed of the same ma- 
terials being as their quantities of matter ; that is, as the cubes of their 
diameters. It will be, as 4 ^ (64) : the cube of any otlier ball : : 91b : 
the weight required, which affords the rule. 
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PROBLEM II. 

To find the weight of a leaden hall, by having its diameter 

given. 

Rule. Multiply the cube of its diameter by 2, and di- 
vide the product by 9, €uid the quotient will give the weight 
in pounds.* 

1. What is the weight of a leaden ball of 5 inches dia- 
meter? 

5X5X*'> = 125 = cube of ball's diameter. 
Then, 125 X 2 -4- 9 = 250 ^ 9 = 27-J^lb, j^ns. 

2. What is the weight of a leaden ball whose diameter is 
Q'Q inches ? Ans. 63-888 lb. 

3. What is the weight of a leaden ball whose diameter is 
3-5 inches ? Jns. 9-53 lb. 

4. What is the weight of a leaden ball whose diameter is 
6 inches ? -^n«. 481b. 



PROBLEM III. 

Having the weight of an iron hall, to determine its diameter , 

Rule. Multiply the weight by 7-J, then take the cube 
root of the product for the diameter.f 

1. What is the diameter of an iron ball, whose weight is 
421b? 

42 X 7i = 298f . 

Then, V298 =z6-685 inches, the j^ns. 

2. Required the diameter of an iron ball, whose weight 
is 24 lb ? Ans, 5*54 inches. 



* It u fonnd by experiment that a leaden ball of 4^ inches diameter 
weighs 1 71b. Bnt the cube of 4{ is to 17 nearly as 9 to 2. Hence 
and from the proportion, that similar solids are as the cubes of their 
diameters, the rule is obvious. 

t Thifl rule is obvious from Prob. I., being the converse thereof. 
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3. What is the diameter of an iron baU, whose weight is 
3-8 lb? Am, 3 inches. 



PROBLEM IV. 

Having tlie weight of a leaden hall, to determine its diameter. 

Rule. Multiply the weight by 9, and divide the product 
by 2 i and the cube root of the quotient will express the 
diameter.* 

1. What is the diameter of a leaden ball, whose weight is 
641b? 

64 X 9 = 576. 
Then, 576 ^ 2 = 288. 

3 

Hence, V288 = Q-Q inches, the Ans. 

2. Reqidred the diameter of a leaden ball, whose weight 
is 27-J^lb ? Ans. 5 inches. 

3. What is the diameter of a leaden ball, whose weight 
is 63-888 lb. Ans. 6-6 inches. 

PROBLEM V. 

Having given the external and internal diameters of an iron 

shell, to find its weight. 

Rule. Find the difference between the cubes of the two 
diameters, and multiply it by 9 ; divide the product by 64, 
and the quotient will express the weight in pounds.f 

L What is the weight of an 18 inch iron bomb-shell, 
whose mean thickness is 1 1 inches ? 



* This mle is manifest from Problem II., being only the oonverse 
thereof. 

• The reason of this rule may be easily derived from Problem I. 
For, by deducting the weight sufficient to fill the cavity, from the ca- 
pacity of the external surface, the remainder will express the weisht 
of the shell. Let d and D express the internal and external dia- 
meters ; then their weights will he d^ X -^ and D' X -^ .'. their 
difference^ viz. (D' — rf*) X -^ will give tiie weight of the shell. 
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18 — . 2| = 15| = internal diametar. 

Then, 18 ' = 5832 the cube of external diameter. 

(15-5)3 «- 3723-875 the cube of internal diameter. 

And, 5832 — 3723-875 = 2108-125 = difference of cubes. 

Hence, 2108-125 X 9-f-64 = 296-451b, the Arts. 

2, What is the weight of a 9 inch iron bomb-ehell, whose 
mean thickness is 1} inch ? Ans, 72* 14 lb. 

3. What is the weight of an iron bomb-shell, whose ex- 
ternal diameter i» 9-8 inches, and internal diameter 7 inches ? 

Ans. 84ilb. 

PROBLEM VI. 

To find how much powder will fill a shell of given dimensions. . 

Rule. Divide the cube of the internal diameter in inches, 
by 57-3, and the quotient will express the answer.* 

1. What quantity of powder will fill a shell, whose inter- 
nal diameter is 10 inches ? 

Tirst, 10 X 10 X 10 = 1000 = cube of diameter. 
57-3) 1000(17-45 lb, Ans 
573 



4270 
4011 

2590 
2292 

2980 
2865 



115, &c. 



• By experiment it is found that 1 lb avoirdnpois weight, of gnn- 

Sowder contains 31*06 cnbic inches. And pntting d for the internal 
iameter, the capacity of the shell is d^ X -5236. Hence 31*06 : d^ x 
•5236 : : 1 lb : is the weight reqnired in pounds ; that is, d^ X '5236 

-t- 31-06 =: -gsTs^* which is the mle, according to the note. 

The rale in the text may be explained in a similar manner. 

N 3 
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Note, In some recent works, the eabe of the diameter is divided 
by 59*32 for Uie weight of powder in pounds. 

2. How many pounds of gunpowder are required to fill 
a hollow shelly whose intemid diameter is 13 inches ? 

Ans* 371by according to the note. 

3. Required the number of pounds of powder that will 
fill a shell, whose internal diameter is 7 inches ? 

j^ns, Bib, by the rule in (he text. 



PROBLEM VII. 

To find how much powder will fill a rectangular box ofaf^ven 

dimensions. \ 

\ 

Rule. Multiply the length, breadth, and depth togeto; 
in inches, and the last result by '0322, and the last pro<act 
will give the weight in pounds.* 

1. How many pounds of powder will fill a rectargular 
box, whose length is 16 inches, breadth 12 inches, and 
depth 6 inches ? 

16 X 12 X 6 = 1152 = content of the box. 

Then, 1152 X 0322 = 370944 lb, the Ans. 

2. How many pounds of powder will fill a rectangular 
box, whose length is 10 inches', breadth 5 inches, and depth 
2 inches? Ans, ^-22 lb. 

3. How many pounds of powder will fill a rectangular 
box, whose length is 5 inches, breadth 2 inches, and depth 
10 inches? ^w*. 3-22 lb. 



* Let h &, and dy represent the length, breadth, and depth, respec- 
tively ; then the content will he lbd\ then, as in the last, it will be, 

as 31*06 :lhd\:\ lb : the weight required ; that is, —^ z=, Ihd 

X '0332, which is the rule. 






OF BALLS AND SHELLS. 275 



PROBLEM VITI. 

Having the length and diameter of a cylindery to determine 
how many pounds of gunpowder will fill it. 

Rule. Multiply the square of the diameter by the length, 
and divide the product by 40, for the weight in pounds.* . 

1. The diameter of a hollow cylinder is 10 inches, and 
the length 14 inches ; how many pounds will it hold ? 

10X1^=1 00 = square of diameter. 

Then, 100 X 14 = 1400. 
Hence, 1400 -2- 40 = 351b, the ^ns. 

^ The diameter of a hollow cylinder is 5 inches, and its 
lengch 40 inches ; how much powder will it hold ? 

Ans. 251b. 

3. The diameter of a hollow cylinder is 5 inches, and the 
length 12 inches ; how many pounds will it hold ? 

Ans. 7*5 lb. 

PROBLEM IX. 

To find what portion of a cylinder will be occupied by a 
given guantUy of powder y the diameter of the cylinder 
being given. 

Rule. Multiply the given weight of powder by 40, and 
divide the product by the square of the diameter of the cylin- 
der, and the quotient will be the pounds required.f 



* Put d eqnal the diameter of the cylinder, and / for the length ; 
then its content is cP / X '7854 ; then, as in the two last 31*06 : d« / X 
•7854:: lib : the weight; that is, <^/X '7854-^.31 -06 =rfa/-t-40 
nearly ; which is the rule. 

t Retainizig the same notation, as in the last, and putting w = 

the weight, we have w ^ -j-r ; then 40 w ^ rf* / ; divide both sides 

40 w 
of the equation by cP, and we get / = "3a~» which is the rule. 

Note, The foregoing rules only approximate the truth. 
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1. The diameter of a hollow cylinder is 10 inches; how 
much of it ^vill hold 501b of powder ? 

50 X 40 = 2000. 
Then 2000 4- 100 =z 20 inches, the ^ns. 

2. How much of a cylinder of 14 inches diameter, will 
hold 101b of powder ? ^ns. 2*05 inches. 

3. How much of a cylinder, 12 inches in diameter, will 
hold 1441b of powder? Ans. 40 inches. 



PILING OF BALLS AND SHELLS. 

Iron-shot and shells are usually piled in horizontal couf^, 
either in a pyramidical or in a wedge-like form ; the fiaee 
being either an equi-lateral triangle, a square, or a rectangle. 

Those piles whose bases are triangles, or squares, ter- 
minate in one ball at the top ; but piles whose bases are rec- 
tangles terminate in a single row of btdls. 

In triangular and square piles, the number of horizontal 
rows, or courses, is always equal to the number of balls in 
one side of the bottom row. 

And in rectangular piles, the number of rows is ecyial to 
the number of balls in tiie breadth of the bottom. 

Also the number in the top row, or edge, is one more 
than the dijQTerence between the length and breadth of the 
bottom row. 

PROBLEM I. 

To find the number of balls in a rectangtdar pile. 

Rule. Multiply together, the number in one side of the 
bottom row, that number increased by 1 ; and the same 
number increased by 2 ; then the one-sixth of the last pro- 
duct will give the number of balls required.* 



* The reason of this rule is derived from the method for finding the 
sum of a triangular progression. Thus, in a triangular pile it is 
obvious that each course of balls is in the shape of a triangle. The 
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1. Required the number of shot in a complete triangular 
pile^ one of whose sides contains 22 balls ? 

22 = the number in one side of base. 

23 =1 the number -{- 1. 

'^ 
44 

506 

24 = the number + 2. 



2024 
1012 

6)12144 

2024 = the number of shot in the pile. 

2. Required the number of shot in a complete triangular 
pile, one side of whose base contains 15 balls ? 

^ns. 680 balls. 

3. Required the number of balls in a triangular pile, each 
side of the base containing 30 balls ? ^ns, 4960. 

PROBLEM XL 

To find the number of halls in a square pile. 
Rule. Multiply continually together, the number in one 



pile has only one ball on the top, this ball rests npon 3 balls, which 
form Uie second row ; and these 3 balls rest upon o halls, which form 
the third row ; and these 6 halls rest npon 10 halls, and so on. Thea 
the snm of all these balls is equal tol-f^ + ^'h^^'i' ^* to n 
terms, n being the nnmher of courses. J3nt this series is =: 1 -|- 
(l-j-2) + (l-f 2 + 3)+(lH-2 + 3H-4)4-&c tonterms. 

M ^n -4- I^ 

The nth terms of this series is =: • — , and the last term but 

oae is =: -^-^ — , d;c., and the snm of all this expression is s 

n(n + l)-(n + 2) ^^^ j^ ^ ^^^ 
o 
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side of the bottom course, that number iacreased by 1, and 
double the same number increased by 1 ; then one-sixth of 
the last product will be the answer,* 

1. How many balls are in a square pile of 30 rows ? 

30 = number in one side. 

31 = number in one side + 1. 

930 
61 = twice the number in one side -{- 1 . 



6)56730 > 

9455 j^ns, 

2. Required the number of shot in a complete square pile, 
one side of whose base contains 19? u^^ns. 2470. 

3. How many shot in a finished square pile, when a side 
of the base contains 21 shot? ^ns, 3311. 



PROBLEM III. 

To find the number of shot in a finished rectangular pile- 

Rule. Add one to three times the munber of shot con- 
tained in the length of the base, subtract the number of shot 
in the breadth of the base, multiply the remainder by the 
said number increased by one, and this result again by the 
number in the breadth ; then one sixth of the last result will 
give the number of shot in the rectangular pile.f 



* The top of the pile i« one ball which rests upon 4 balls ; and these 
4 rest upon 9 balls ; and these rest upon 16, ana so on ; aU the courses 
then form a progression, such as 1* -(- 2^ -|- 3* + 4* + 5* -^ &c. . . . n*. 
This progression is formed of the squares of the natural numbers 

1, 2, 3, 4, fi, Ac .,. n terms, the sum of which is == ^l^ii^-^iiilL? 

o 

as shown in most books of Algebra, which affords the rule. 

t The uppermost row consists of one row of balls ; this row is 
supported by a double row, the length of which is one ball more than 
are contained in the uppermost row, and the breadth I ball more 
than the breadth of the uppermost row. The third rectangular course 
18 2 balls in length and 2 in breadth, more than the highest row con- 
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1. Required the number of shot in a finished rectangular 
pile^ the length of the base containing 59, and its breadth 
containing 20 balls ? 

59 =;: the number of shot in the length. 
3 



177 ; then 177 + 1 = 178, and 1 78 - 20 = 158. 
158 X 21 = 3318, and 3318 X 20 = 66360. Hence 
66360 -f- 6 = 11060, the Jns. 

2. How many balls are in a rectangular complete pile, the 
length of the bottom course being 46, and its breadth 15 ? 

Ans. 4960. 

PROBLEM IV. 

To determine the number of halls contained in a pile which 
is not finished, the highest course being complehy and tJie 
number of balls in each side thereof being given. 

Rule. Find the number of shot which would be con- 
tained in the pile if it were complete. Find also the number 



tains, and so on ; therefore if r = the number of balls in the highest 
row ; 2 (r-(- 1) = the number of halls in the second course ; 3 (r -(-2) 
= the number in the third row, <fec. Hence the number of balls in 
the wholepileisr-t-2(r-|-l)+3(r 4-2)-4-<fec.4 nir + n— I), 
where n =: the number of balls in the breadth of the bottom course. 
But the expression 

r + 2(r+l) + 3(r-f2) + «fec n(r + n-l)z= 

r + 2r-f-3r-f- <fec nr 

+ 2 + 6 + 12 + Ac. » (» - 1) = JlliJLLl) . , + !i±Lli)i2±L), 

^ 3 

Now, put m =: the number of balls in the length of the base ; then 
m — nrzf — 1, orr=:Mi — «-f 1; therefore substituting m — n -|-1 

n' (n -\- I) 
for r, we get the number of balls =: ^ " '(»* — « + 1) + 

n ' (n + 1) ' (w - l)_^.. , 1 5 >»-n+ 1 , n-l l 
3 -'* ^" + ^? 2 +"3~f = 

g • — , which w the algebraic expression for 

the rule. 
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in that complete pile^ each side of whose base contains one 
shot fewer than the corresponding side of the uppermost 
course of the unfinished pile^ and the difference between these 
results will give the number of balls in the unfinished pile.* 

1. How many shot are there in an imfinished triangular 
pile^ a side of whose base contains 23, and a side of the 
uppermost course 7 shot ? 

23 = number of balls in the base. 

24 =1 number of balls in the base -f- 1 . 

552 
25 



6)13800 



2300 = number of the pile when complete. 

6 

7 



42 
8 



6)336 



56 number of balls in the imaginary pile. 
Therefore, 2300 ^56 = 2244 the ^ni. 

2. How many balls in an incomplete square pile, the side 
of the base being 24, and of the top 8 ? Ans. 4760. 

3. How many balls are there in the incomplete rectan- 
gular pile of 12 courses, the length and bread^ of the base 
being 40 and 20 ? Ans. 6146. 



DETERMINING DISTANCES BY SOUND. 

The velocity of sound, or the space through which it is 
propagated in a given lime, has been very differently 



* This is too obvious to reqnire a demonstration. 
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estimated by philosophers who have written on this subject. 
We shall, however, take it to be 1142 feet in a second. 

From repeated experiments it has been ascertained that 
somid moves miiformly, or to speak more philosophically, 
that the pulses of air which excite it move uniformly. The 
velocity of sound is the same with that of the aerial waves, 
and does not vary much, whether it go with the wind or 
against it. By the wind, no doubt, a certain quantity of air is 
carried from one place to another, and the sound is some- 
what accelerated while its waves move through that part of 
the air, if their direction be the same as that of the wind. 
But as the velocity of sound is vastly swifter than the wind, 
the acceleration it will thereby receive is but inconsiderable, 
being at most but -^ of the whole velocity. 

The chief effect perceptible from the wind is, that it in- 
creases and diminishes the space through which sound is 
propagated. The utmost distance at which sound has been 
heard is about 200 miles. It is said that the unassisted 
human voice has been heard from Old to New Gibraltar, a 
distance of about 12 miles. Dr. Derham, placing cannon at 
different distances, and causing them to be fired off, observed 
the intervals between the flash and report, by means of which 
he found the velocity of sound to be as above stated. 

1. Having observed the flash of a cannon, I noticed by 
my watch, that 5 seconds elapsed previous to my hearing the 
report ; determine my distance from the gun ? 

1142 
5 



5710 feet. Arts. 

2. Being at sea, I saw the flash of a cannon, and coimted 
8 seconds between the flash and report ; required the dis - 
tance ? Ans, 1-j^ mile 
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GAUGING. 



SECTION XI. 



The business of gauging is generally performed by means 
of two instruments, namely, the gauging or sliding nile, and 
the guaging or diagonal rod. 

1. Of the Gauging Rule.— Leadbbttkr's. 

By this instrument is computed the contents of casks, &c. 
after the dimensions have been taken. It is a square rule, hav- 
ing various logarithmic lines on its four fiEices, and three 
sliding pieces, capable of being moved through grooves in 
which they fit, in three of these fieices. 

On the first face are delineated three lines, namely, two 
marked A, B, on which multiplication and division are per- 
formed ; and the third marked M D, signifies malt depth, 
and serves to gauge malt. The middle one B is on the 
slider, and is a kind of double line, being marked at both 
edges of the slider, for applying it to both the lines A and 
M D. These three lines are all of the same radius, or dis- 
tance fi'om 1 to 10, each containing twice the length of the 
radius. A and B are numbered and placed exactly alike, 
each commencing at 1, which may be either 1, or 10, 100, 
&c. or •!, or '01, or '001, &c. Whatever the 1 at the be- 
ginning is estimated at, the middle division 10 will be 10 
times as much, and the last division 100 times as much. 
But 1 on the line M D is opposite 2220, or more exactly 
2218*2 on the other lines, which number 2218*2 denotes 
the cubic inch in an imperial malt bushel ; and its divisions 
numbered retrograde to those of A and B. On these two 
lines are also several other marks and letters : thus on the 
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line A are M 69 or sometines only B for malt bushel> at the 
number 2218*2, and A for ale, at 282, the cubic inched in 
an old ale gallon ; and on the line B, is W, for wine, at 231, 
the cubic inches in an M wine gallon. 

These marks are now usually omitted upon the rule, since 
the late new act of parliament for weights and measures, sad 
G for gallon is put at 277*274 the inches in an imperial 
gallon, whether of ale, wine, or spirits. 

On many sliding rules are alo found s i, for square in* 
scribed at "707 the side of a square inscribed in a circle, 
whose diameter is I; se, for square equal at '886, the'side 
of a square which is equal to the same circle ; and c, for cir- 
cumference, at 3-1416, the circumference of the same circle* 

On the second face, or that opposite the first, are a slider 
and four lines, marked D, C, D, E, at one en^^ and root 
square, root cube at the other end ; the lines C and D con- 
taining respectively the squares and cubes of the opposite 
numbers on the lines D, D ; the radius of D being double to 
that of A, B, C, and triple to that of E ; therefore whatever 
the first 1 on D daiotes, the first on C is its square, and the 
first on E its cube ; that is, if D begin with 1, C and E will 
begin with 1 ; but if D begin with 10, C will beg^n with 100, 
and E with 1000 ; and so on. 

On the line C are marked c at '0796, for the area of 
the circle whose circiunference- is 1 ; and d, at '7854, for 
the area of the circle whose diameter is 1. 

On the line D, are marked G S, for gallon square at 
16-65, and G R for gallon round at 18-789 ; also M S for 
malt square at 47-097, and M R for malt round at 53*144. 

These are the respective gauge-points for gallons and 
bushels. The first 16*65 is the side of a square, which at an 
inch depth, holds a gallon ; the second 18-789, the diameter of 
a circle, which at an inch depth, holds a gallon ; the third 
47*097 the side of a square, which at an inch depth holds a 
bushel; the fourth, 53*144, the diameter of a circle, which 
at an inch depth, holds a bushel. 

On the third face are three lines, one on a slider marked 
N ; and two on the stock, marked S S and S L, for seg- 
ment standing and segment lying, which serve ullaging, 
standing and lying casks, 



284 GAUGING. 

And on the fourth side, or opposite face, are a scale of 
inches, and three other scales, marked spheroid, or Ist va- 
riety, 2d variety, 3d variety ; the scale for the fourdi or 
conic variety, being on the inside of the slider in the third 
fiEU^. The use of these lines is to find the mean diameter of 
casks. On the insides of the two first sliders, besides all 
those already described, are two other lines, being continued 
from one slider to the other. 

The one of these is a scale of inches, from 2 1 to 36, and 
the other is a scale of ale gallons, between the corresponding 
number 435 and 3*61 ; which form a table, to show, in ale 
gallons, the contents of all cylinders whose diameters are 
from 12 1 to 36 inches, their common altitude being 1 inch. 

Veree*s Sliding Rule. 

This rule is in the form of a parallelopipedon, and is ge- 
n^^y made of box. 

1. The line marked A, on the face of this rule, is called 
Gunter's line, and is numbered 1, 2, 3, 4, 5, 6, 7, 8, 9, 10. 
At 2150*42 is fixed a brass pin, marked M B, signifying 
cubic inches in a bushel of malt ; at 282 is fixed another 
brass pin, marked A', denoting the number of cubic inches 
in an ale gallon. 

2. The line marked B is on the other slide, and is divided 
exactly like that marked A. There is another slide B, which 
is used along with this ; the two brass ends are then placed 
together, and so make a double radius, numbered firom the 
left-hand towards the right. At 231, on the second radius, 
is a fixed brass pin, marked W, denoting the cubic inches 
in a gallon of wine ; at 314 is fixed another brass pin, 
marked C, signifying the circumference of a circle whose 
diameter is 1. These lines are used and read exactly as the 
lines A and B, on the Carpenters* Rule, which have been 
already described. 

3. The back of the first slide, or radius, marked B, has 
the dimensions for ale, wine, wash-tun gallons, malt, green 
starch, dry starch, hard soap hot, hard soap cold, green soft 
soap, white- soft soap, fiint glass, &c. &c. as in the following 
table. Problem I. 
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The back of the second slide, or radius, marked B, con- 
tains the gauge-points corresponding to these divisors, where 
S denotes squares, and C circles, 

4. The line M D on the rule, denoting malt depth, is a 
line of numbers commencing at 2150-42, and is numbered 
from the left to the right-hand 2, 10, 9, 8, 7, 6, 5, 4, 3. 
This rule is used in malt gauging. 

5. The two slides B, just described, are always used 
together, either with the line A, M D, or the line D, which 
is on the opposite fece of the rule to that already described. 
The line D is numbered from the left-hand towards the 
right, 1, 2, 3, 31, 32, which is at the right-hand end ; it is 
then continued from the left-hand end of the other edge of 
the rule 32, 4, 5, 6, 7, 8, 9, 10. At 17-15 is fixed a brass 
pin, marked W G, denoting the circular gauge-point for 
wine gallons. At 18-95 is a brass pin marked A' G for ale 
gallons. At 46-37, M' S signifies the square gauge-point 
for malt bushels. At 52*32, M' B denotes the round or 
circular gauge-point for malt bushels. The line D on this 
rule is of the same nature as the line marked D on the Car- 
penters' Rule, which has been already described. The line 
A and the two slides B, . are used together, which perform 
multiplication, division, simple proportion, &c. ; and the line 
D, and the same slides B, are used together for extracting 
the square and cube roots. 

6. The other two slides belonging to this rule are marked 
C, and are divided in the same manner, and used together, 
like the slides B. 

The back of the first slide, or radius, marked C, is divided, 
next the edge, into inches, and numbered from the left-hand 
towards the right 1, 2, 3, 4, 5, &c., and these inches are 
again sub-divided into ten equal parts. The second line is 
marked spheroid, and is numbered from the left-hand to- 
wards the right 1, 2, 3, 4, 5, 6, 7. The third line is 
marked second variety, and is numbered 1, 2, 3, 4, 5, 6. 
These lines are used, with the scale of inches, for finding a 
mean diameter. 

The back of the second slide, or radius, marked C, has 
several factors for reducing goods of one denomination to 
others of equivalent values. Thus | X. to VI. 6. | signifies 
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that to reduce strong beer at 8^. per barrel, to small beer at 
It. 4k/.y you are to multiply by 6. | VI. to X. 17. | signifies 
that to reduce small beer at Is, 4d. per barrel to strong beer 
at 8*. per barrel, you are to multiply by -17. | C4*to A.27.| 
signifies that 27 is the multiplier for reducing cider at 4s. 
per barrel to another at Ss,, &c. 

7. The two slides C, just described, are elwaja used to- 
getlier, with the lines on the rule maorked Seg. St or S S, 
e^[ments standing ; and Seg. L^ or S L, segments lying; 
fi>r uUaging casks. The fi)rmer of these lines is numbered 
ly 2, 3, 4, 5y 6y 7, 8, which stands at the right-hand end ; 
it tiien goes on firom the left-hand on the other edge 8, 9, 
10, &c. to 100, the latter is numbered in the same manner 
1, 2, 3, 4, which stands at the right-hand end ; it then goes 
on from the lefirhand on the other edge, 4, 5, 6, 7, &c. to 
100. 

PROBLEM I. 

To find the several multipliers, divisors, and gauge-points, 
belonging to the several measures now v&ed. 

As 282 solid inches are contained in one gallon of ale or 
beer ; 231 solid inches in one gallon of wine ; 268*8 solid 
inches in a gallon of malt, or 2150*42 solid inches in a bushel 
of malt, of com measure ; then it is obvious that if 1 be 
divided by 282, 231, 268-8, and 2150-42, respectively, tije 
quotients will be the multipliers for ale, wine, and malt gal- 
l(His, and the last for malt bushels respectively. 

Hence the method of finding the following multipliers ib 
obvious : — 

282)l-00000(-003546 multiplier for ale gaUons. 
231)l-00000(004329 multiplier for winegaUons. 
268-8)l-00000(0037202 multiplier for malt gallons. 
2 150-42) l-00000(-00046502 multiplier for malt buBhels. 
227)1-00000(-00405 multiplier for mash-tun gallons. 

Now it is manifest that if the solid inches contained in any 
vessel be multiplied by these multipliers, the product will be 
the gallons in the respective measures ; or dividing by the 
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divisors 282, 231, 268-8, the quotient will be flie gallons 
likewise. 

It has been shown in Mensuration, that when the diameter 
of a circle is 1, the area of that circle is '785398, &c., 
which being nearly equal to *7854, is seldom employed, and 
'7854 substituted for convenience ; then by dividinc^ the solid 
capacity of any figure by *7854, the quotients will be the 
proper divisors to the square diameters of circular figures. 
Then to reduce the area at one inch deep into gallons, divide 
•7854, or -785398, &c. by 282, 231, 268-8, and the quo- 
ti^its will give the multipliers for ale, wine, &c., gallons 
respectively; and -7854 divided into 282, 231, 2150-42, 
will give the divisors for the ale and wine gallons, and for 
the com bushel. 

The square root of the divisor is the guage-point. 

282)-785398(-002785 multiplier for ale gallons. 
231)-785398(-00339 multiplier for wine gallons. 
•785398)282(359-05 divisor for ale gallons. 
•785398)231(294-12 divisor for wme gallons. 
•785398)2150-42(2738 divisor for com bushels. 

^, . . « C Ale measure, is 16-79 

The gauge.point for \ ^.^^ ^^^^^^^ .^ ^ ^ ^ 1^. j^ 

squares m J ^^^ ^^^j^^j^ j^ 4^.3^ 

™, . ,^ C Ale measure, is 18-95 

The gauge-pomt for \ ^,^^ ^^^^'^ is ... 17-15 
circular figures m ^ ^^^ ^^^^^^^^ j^ ^2-32 

Any divisor for a circidar figure being multiplied by 1-5, 
gives the divisor for spheres. 

In this manner the numbers in the following Table were 
calculated. 
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MXe. IlvaryotUnhappi-niimaiepracliceof gnnging. that when 
the one jiTCn nnmber is set to tlie gauge jmiHt ™i llif sliding rule, the 
other Eiveii number will fall off ths mle; hem^eiu mHny riuiog it win 
be neceaiarj lo find a iwcond, or new gauge-point. The seoond 
gaugo-pdiuta ari) the square rr-'' '' """ "■" - — ' ■ 



f, -, la of 10 limea the aivisors in the above 

Ttiii" fur Gqnarea, the new gaoge-point for ale ii fi3-10, for 
wine 48-06, for malt bnsheU I4'66 ; and for circles, the new Moae 
point for ale is 59-92, for wine M-33, and for malt bnshuU I6-M. 
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PROBLEM 11. 
To find the area, in ak gallons^ of any rectilineal plane figure. 

Rule. By the rules given in Mensuration of Superficies, 
find the area of the figure in inches, which being divided by 
the proper divisor, or multiplied by the proper multiplier, 
will give the area in gallons.^ • 

1. Suppose a back or cooler in (iie form of a pafallelo- 
gram, to be 100 inches in length, and 40 in breadth; re- 
quired the area in wine gallons or ale gallons ? 

100 X .40 = 4000 the area inches, which divided by 282, 
and the quotient 14-184, will give the ale gallons ; or if we 
multiply 4000 by -003546, the product 14-184 is the num- 
ber of ale gallons as before. And if 4000 be divided by 
231, the quotient 17*316 is the gallons in wine measure, or 
if we multiply 4000 by -004329, the product 17-316 will 
give the gallons in wine measure as before. 

BY THE SLIDING RULE. 

On A On B On A 
As 282 : 40 : : lOO : 14-2 nearly. 
As 231 : 40 :: lOO : 17-3 nearly. 

2. If the side of a square be 40 inches, what is the area 
in wine gallons ? Ans, 5*67 gallons. 

3. If the side of a rhombus be 40 inches, and its perpen- 
dicular breadth 37 inches ; required its area in wine gallons ? 

Ans, 5-25: 

4. What is the area of a square cooler, in gallons, ale 
measure, the side being 144 inches ? Ans, 73'5392. 

5. Allowing the side of a hexagon to be 64 inches, and 
the perpendicular fi*om the centre to the middle of one of the 



* The areas of plane figares, in ganging, are expressed in gallons, 
For there will be as many solid inches in any vessel of one inch deep. 
as there are superficial inches in its base. What is called in gauging 
a surface or area, is in reality a solid of one inch deen, which mul- 
tiplied by the height, will give the whole content in gallons. 

O 
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sides 55*42 inches ; requizied its area in ale and wine gallons, 
and malt busbeb ? 

C 37*73 ale gallons. 
Jns. -^46-06 wine galfeas. 

^ 4*94 nEialt bushels. 

PROBLEM m. 

7%6 diameter of a circular vessel being given m IneAef, to 
fold its area in ale, or wine galions, ^^ 

Rule. Multiply the square of the diamefer by *(M2785 
for ale, or by *003399 for wine ; or divide the square of tb? 
diameter by 359*05 for ale, or by 294*12 for wine^ tba pro- 
ducts or quotients, will give the ale cm: wine galloiuB vei^- 
tively. 

When it is required to End the area in any c^ber deno- 
mination than ale or wine gallons, use the proper multiplier 
or divisor ior the required denomination, as found in the 
table. 

1. The diameter of a circular vessd is 32-6 incbe»; re- 
quired the area in ale gallons ? 

(32-6)= rr 1062-76. Then 

1062*76 X 002785 = 2-9598 ale ge^loas ; and 

1062*76 X 0034 = 3*6133 wine gaUons. 

BT THE SLIDING RULE. 

As 18*95 and 17*15 are the circular gauge^pointa for ale 
and wine gallons, say, 

OnD OnB OnD OnB 

As 18*95 : 1 : : 32 6 : 2-96 
As 1715 : 1 : : 32 6 : 3*6i 

2. If Che diameter of a circular vessel be 10 inches, what 
is the area in ale and wine gallons ? 

Ans, *2785 ale gallon, and *34 wine gallon. 

3. Suppose the diameter of a circular vessel is 30 inches, 
what is its area in ale and wine gallons ? 

j^ns, 1*114 ale gallon, and 1*36 wine gidlon* 

4. What is the area in ale gallons in a round vessel whose 
diameter is 24 iGkchea ? An»>. 1*00^16. 
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PROBLEM IV. 

Criven tlie trcmsverse and conjugate diameter of an elliptical 
vessel, to find its area in ale or wine measure* 

Rule. Multiply the product of the two diameters by 
•002785 for ale, and by '0034 for wine ; or divide the product 
of the two diameters by 36905 for ale, or by 294-12 for 
wine ; the products, or quotients, will give the lre^>ective ale 
and wine gallons required. 

When any other denomination is required, the proper 
multiplier, or divisor, in the table, is to be employed. 

1. Suppose the longer diameter of an elliptical vessel is 
10, and the shorter diameter 6, required the area in ale and 
wine gallons ? 

Hefre lOX^ — ^. 
Then 00 X -002785 =1071 ale g^on. 
And 60 X '0034 =-205 winegalloik. 

2. The transverse, or longer diameter of an elliptical 
vessel is 20; and the conjugate, or shorter diameter 10 
inches ; what is the area in ale and wine measure ? 

y^ns, '557 ale gallon, and '68 wine gaHon. 

OnA OnB OnB 
As 359 : 20 :: 10 : -557 ale gallon. 
As 294 : 20 : : 10 : •eS wine gallon. 

3. Suppose the transverse diameter of an elliptical vessel 
is 70 inches, conjugate 50 inches ; required its area in ale 
and wine gallons, and malt bushels ? 

C 9-74 ale gallons. 
Ans. -7 11*9 wine gallons. 
^ 1-27 malt bushel. 

Note. As vesiels are seldom or never made truly elliptacal, 
being generally ovals, the area fonnd by the above mle is not correct, 
except the vessel be a truly mathematical ellipsis ; when the vessel is 
of an 0^ form, Ihe area is best found by the method of equi-distant 
ordinates. 

Let AB C D be the oval vessel whose area is required, 
and let A B and C D be the transverse and conjugate dia- 
metor^i at right anglee to each other^ the former being 102*8 

02 




inches. Divide thii trangverae (]028) by some even num- 
ber which uill leave a limall remainder, and the quotieot will 
be the distance each ordinate is to be taken from the con- 
jugate diameter ; then with chalk and a'parallel ruler, draw 
the ordinates through the pomts i,%3, 4, &c. Then the 
area may be found by Problem XXI., Mensuration, winch 
being multiplied or divided by the proper tabular numben, 
will give the area in gallons, &c. Or, 

1st. Add together (he first and last ordinate. 

2d. Add together the even ordinal«s, that ia, the 2, 4, 
6, 8, 10, &c., and multiply the sum by 4. 

3d. Add together the odd ordinates, except the first and 
last ; that ia, the 3, 5, 7, 9, &c., and multiply the sum by 2. 

4th. Multiply the sum of the extreme ordin&tes by their 
distance from the curve. 

5th. Add the three first found sums together ; and multijdy 
the sum by the common distance of the ordinates, and to thie 
product add the fourth found sum, and divide the total by 3, 
and (he quotient resultdag by 282231, or 2150-42 for the 
area in ale and wine gallons, and malt bushels, reBpectively. 

Firet, 1028 -!- 10 = 10 the distance of lie ordinate 
asunder, and the remainder 2'8 ia double the distance of the 
extreme ordinates frcnn the cm^e, that is, 1-4 ^ A 1, or 
B 11. 

Now, let us suppose the lengths of the ordinates to be. 
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1 2 3 4 5 6 7 8 9 10 11 

20, 40-2, 57, 66-6, 73, 75, 73, 66-6, 57, 40-2, 20. Then, 



1st 



{.!: 



= 20 
20 



40 inches, sum of the first and last. 
1-4 

56 

2 = 40-2 

4 = 66-6 

2d ^ 6 = 750 

8 = 66-6 

10 = 40-2 



288-6 X 4= 1154-4 




260 X 2 z= 520 



Then 1154-4 + 520 = 1674-4 sum of first three sums. 

10 



16744 
56 

3)16800 

5600; then 

3600 4- 282 = 19-85 ale gaUons. 
5600 -f- 231 = 24-24 wine gaUons. 
5600 ^ 2150-42 = 2-604 malt bushels. 

When the vessel is not circular, or elliptical, it is best to 
measure the equi-distant ordinate, which though ever so 
unequal, will, by proceeding as above, serve to find the area 
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of the base. Whenever the Vessel is an Irregiilar cmrd 
teffe^ the area should foe invariably feimd by tk« nm^kod 
of equi-distant ordinates^ as the true result eanno^ be found 
by any other method. 

4. What is the area^ in ale and wine measi»«, of an 
ellipse^ whose transverse axis is 24 and e<mjugafe 18 ? 

J 5 1-20312 ale gallon. 
^''*- I 1-4688 win^gaUon. 

PROBLEM V. 
To find the content of a prism in ale pr ujine ^Hrfb^. - 

Rule. Find the area of the base, by Problem tl., in 
Gauging, which being multiplied by the depth witliin^ wiU 
give the content in gallons. 

Or, find the solid content by Mensuration, and divide 
that content by 282 for ale, or by 231 f(»> wine gaUoqo. 

1. A vessel, whose base is a right-angled pM-aQelpginBi, 
is 49*3 inches in length, the breadth 36*5 ineliesj qfid the 
depth 42*6 inches; reqiiired its content in ale and wine 
gallons? 

Here 49 3 X 36-5 X 420 =« 76650*57. 

Then 7665657 ^ 282 = 271*83 ale gaUon's. 

And 76656*57 4- 231 zz 83r84 Wine gaHons. 

Lastly 76656-57 -r- 2150*42 = 35*65 malt bushels. 

BY THE SLIPINQ BULE. 
OnB OnD ObB 

49*3 : 49*3 : : 3&5 : 42*42. 

16*79 > (271*83 ale gallons. 

1519 5- : 42*6 :: 42*42 : -? 881*84 wine gallons. 
46*373 C 35*65 malt bushels. 

2. Each sitje of the sijufo-e base of a vessel is 20 inches, 
and its depth 10 ipches^ i^h^t is the cpntent in ale gallons. 

Am, 14*28 gallons. 

8, The side of a yessel in the ferm <^ a rbombus is 20 
inches, bregdth 15 inches, and depth 10 inehes ; repaired 
t^ content in ale gafioas. Ana. 10698 gailMMu 



4J Wbat 19 tte eontent of a veseel in tbe ferm df « i^i^mb- 
bead, whose longest side » 20 inches, breadlAi from side to 
side 8 inches^ and depth 10 inches ? 

Ans^ 6'S8 wine gallozifi, and 5*67 ide gaUoiw 



PROBLEM FI. 

7b ^^ndf ^ tomtent €f any vessel^ uAose ends are ^^utrett 
or rectangles f of any dimensions, 

RtJiiB. Mahiply the fiam of the kngtlw of the trw) enda 
by tiie flom of their breadtht, to which add t^e areas of the 
two ends ; tfiis cum muhij^ed hy ^ of the depfth^ will gl^e 
the solidity in cubic inches ; &en divide by 282^2319 or 
2150*42 ixt ibe content in ale and wine gallons, and malt 
bushela. 

1. Suppose the top and bottom of a vessel are parallelo- 
grams, the length of tiff top is 40 inches, and its breadth 
30 inches ; the length pf the bottom is 30 inches^ and its 
breadlli 20 ; and the depth 60 inches ; required the contents 
in ale and wine gallons ? 

40 + 30 = 70 smn of the leng(3is. 
30 4- 20 ;;=; 50 sum of thfi breadths. 

3500 product. 

40 X 30 s= 1200 area of the groater base. 
^X20=: eOOaroaofOkeki^baee.! 

5300 

16 one-sbdh of tbe depth* 



53000 solidity in cubic inches. 
Then 53000 *4- 282 :=: 187*9432. 
And 53000 -f- 231 = 229-4372. 

BY THi: SLIPING RUUQ* 

Find a mean proportional V(40 X 30) =: 34*64), bSf 
tween tiie length mid breadth ait the top, and a mean propor- 
tional V(30 X ^) s= 24-49), between the tength and 
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breadth at the bottom ; the sum of these m 59* 13, twice a 
mean proportional between the length and breadth in die 
middle. Then^ 

OnD OnB OnD OnB 

34-64 

16-79 : V : : -? 2449 



5913 



187*94 ale gallons. 



By using the wine gauge-pointy the content in wine gal- 
lons may be found. 

2. Suppose the top and bottom of a vessel are parallelo- 
gramS| the length of the top is 100 inchei^ and its breadth 
70 inches ; the length of the bottom 80, and its breadth 56, 
and the depth 42 inches ; what is its content in ale and wine 
gallons ? 

^^ 5 847-94 ale gaUons. 
1 1035*15 wine gallons* 



*- 



THE GAUGING, OR DIAGONAL ROD. 

The diagonal rod is a square rule, having four faces, and 
is generally 4 feet long. It folds together by joints. This 
instrument is employed both for gauging and measuring 
casks, and computing their contents ; and that from one 
dimension only, namely, the diagonal of the cask, or the 
length from the middle of the bung-hole to tlie meeting of 
the cask with the stave opposite the bung ; being the longest 
line that can be drawn from the middle of the bung-hole to 
any part within the cask. 

On one face of the rule is a scale of inches for measuring 
this diagonal; to which are placed the areas, in ale gallons, 
of circles to the corresponding diameters, in like manner as 
the lines on t^e under sides of the 1iii*ee slides in the sliding 
rule. 

On the opposite face, there are two scales of ale and wine 
gallons, expressing- the contents of casks having the corres- 
ponding diagonals. 

.All die other lines on this instrument are similar to those 
on the sliding rule, and are used in the same, manner. 
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Example. The diagonal or distance between tbe middle 
of the bung-hole to the most distant part of the cask, as 
found by the diagonal rod^ is 34*4 inches ; what is the con« 
tent in gallons ? 

To 34*4 inches correspond, on the rod, 90| ale gallons, 
or 111 wine gallons, 92 i imperial gallons, the content 
required. 

Nbie, The contents shown by the rod answer to the most commo]^ 
form of casks, and fall in between the 2nd and drd varieties following. 

Op Casks as divided into varieties. 

Cfusks are usually divided into four varieties, which are 
easily distinguished by the curvature of their sides. 

1. The middle frustrum of a spheroid belongs to the 
first variety. 

2. Thd middle firustrum of a parabolic spindle belongs to 
the second variety. 

3. The two equal frustrums of a paraboloid belong to the 
third variety. 

4. And the two equal finstrums of a cone belong to the 
fourth variety. 

If the content of any of these be found in inches by their 
proper rules, and this divided by 277*271, or 2218*2, the 
quotient will be the content in imperial gallons, or bushels, 
respectively. 

PROBLEM Vn. 

To find the content of a vessel in the form of thefrustrum 

of a cone. 

Rule. To three times the product of the two diameters, 
add the square of their difference ; multiply the sum by ^ of 
the depth, and divide the product by 359"*05 for ale, and by 
294*12 for wme, and by 2738 for malt biishlels. 

1. What is the content of a cone's frustrum, whose greater 
diameter is 20 inches, least diameter 15 inches, and depth' 
21 inches ? 

03 



80X1^X8 mmo 

"925X7 = 6475. TbOT 

359*05)6475(16^ ale giJloiis. 
d94tl3)6475(tl2-6l wine gallons. 

2. The greater diameter of a conical frustrum is 38 inches, 
^ksis diameter 20^2, and depth 21 inches; ^at w die 
content in ale gallons ? Ans. 51-07 gallons. 

PROBLEM VIII. 

Tb^Tlcf Jitf ooTiiaiU o/* thefnutrvm ef u square pyramid. 

Rule. To three times the product of the top and bottow 
sides^ add the square of their difference^ m^ltiplT tibe^* §um 
by I of the depifli^ and divide the product by ^^ and 231, 
for ale and wine sallons^ respectively. 

1. Suppose the greater batse is 20 inches^ the les^ ba^ \^ 
inches^ and depth 21 inches; re(|uired the content in wine 
awaaure? 

20 X 15 X 3 = 900 
30*^15m5 
Tb«B5X^S3 25 



925 X 7 -^ 231 = 27-8 gmEmw. 

NUe, Hie contents of the frustnun of a pjramid^is found just 
like that of a cone, with tho^ eif^i^ptipB pf ttiQ tabular divisor, or mul- 
tiplier, the cone requiring the circular factor, and the pyramid the 
square (01^. . . . ., 

• 

?RDBLE>I IX. 

"To f,nd ihe eontent of a globe. ' 

Rule. Mtdlsply ^ diameter of I2ie globe by ibi df elite 
ff3is^ofi%y 9^ tbe reiiukiiig product by \ qH the c|ifi|ne^r ; 
ti^ fbe last pro^^* ift^tiplied 9r divided by the wcm)w^ 
Bicftor, will give the contents in gallons. 



t\ 
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1. Let the diameter be 34 inches, what is its contents ? 

34 X 34 X 34 X 5236 = 20579-5744. 

Then 20579-5744 ^ 282 1= 72-9772 ale galfons. 

And 20579*5744 -4- 231 =: 8908 wine gaUona, 

ROLB II. Or cube tiie diameter of the globe, which mul- 
tiply by -001856 (f of -002785) for the co^tent6 in ale 
gaUons, ajid by -002266 for wine gallons. 

343 :^ 39304 ; tten ^9304 X *001856 = 72-948 ale galL 
343 :;:^ 39304: then 39304 X 002266 = 89062 mm 

gallons. 

2. What are the conti^ts of a globe m ale and wine mea- 
sure, the diameter being 20 inches ? 

. 5 14-848 ale gallons, 
^iw. 1 18.128 wiae gaUons. 

3* Required the contents <^ a globular vessel, whose 
diameter is 100 inches ? 

^ C 1856 ale gallons. 
^^- "^2266 wine gaUons- 

PROBLEM X. 

Tb^find the contents of the segment of a spketef ^ the rUmg 

crown of a copper stilly ^. 

Rule. Measure the diameter, or chord of the segment^ 
and the altitude just in tiiie middleu Multiply the square of 
half the diameter by 3 ; to &e product add the square of the 
at Aude ; multiply this sum by the altitude, and the product 
again by -00856, or '002266, for ale and wine measure, 
rei^pectively. 

Here 27-6 -a- 2 = 13-8. 
Thea 13-8 X 13-8 X 3 = 571-82 

9-ax^2s= 84-64 

' ■■ ■ « ■ ■■ » 

653^^ sum. 
d^ deptlh 



6034-832 X 001866 s= 
1.1*3006 al« g«Ikm% and 6034832 X *0Q2266 ss 13-675 
wme gallons* 
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PROBLEM XI. 

To gauge a copper y having either a con<xwe or convew bottom; 
or what is called a falling bottom, or rising crown. 

Rule. If the side of the vessel be straight with a fjedling 
bottom^ find the content of the segment C y D, hy Proh. X. ; 
find also the content of the upper part A B D C, by Prob. 
Vll. ; the sum of both will give the contents of the chopper. 





When the copper has a rising crown^ find the contents of 
A B C D, by Prob. VII., fi*om which deduct the contents of 
the segment C or D, and the remainder will be the contents 
of flie vessel A B D ;ir C 



PROBLEM Xn. 

To guage a vessel whose side is curved from top io ^dolfom. 

Take the diameters at equal distances of 2, 3» 4^ or 5 
inches, according as the case may require ; thaik is, if the 
side of the vessel be considerably curved, the greater the 
number of diameters that will be required ; the less the 
curvature of the side, the le$s the number of diameters that 
will be required ; in thi« case, the diameters being taken at 
the distance of 6 inches, the result will be sufficiently accu- 
rate for all practical purposes. . 

:To gauge the^ vessel, 6r copper, A B D C, fisusten a piece 
of pack-thread at A ^d B^ as AFB; then with some con- 
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venient instrument find the distance a C of the deepest part 
of the copper^ which let us suppose to be 47 inches. 

By means of the same instrument measure the distance 
o F from the top of the crown to F the middle of A B ; which 
let us suppose to be 42 inches^ this deducted from a Q, 47^ 
will leave 5- (^ o G) the height of the crown. 

To find the diameter CD, of the bottom of the crown* 

Measure the top diameter A B, which suppose to be 99 
inches ; then hold a thread, so that a plummet attached to 
the end thereof, may hang just over C, and measure A a = 
B E, each of which, let us admit to be 17*5 inches; add 
these together, and deduct their sum (35) from 99, and the 
remainder (64) will evidently be equal to C D, the diameter 
at the bottom of the crown. Measure the diameter m d n, 
which touches the top of the crown, which suppose is 66 
inches. 

Now as this copper is not considerably curved, the dia- 
meters may be taken in the middle of evety 6 inches of the 
depth, which suppose to be as in the second column of the 
following table ; to each diameter find the area in gallons, 
i^ Prob. III., which write in the third column ; find also the 
content of every 6 inches, corresponding to these diameters, 
which write in the fourth column of the table ; lastly, find 
the conte^ of the crown by Prob. X., and subtract it fi*om 
the contents of A B I) G C, the remainder will give the 
capacity of the copper. < '. 

Or find the contents of A B n m, and C D being 64 inches, 
the area answering to which is 11*408, this multiplied by 
half the altitude of the crown, viz. by 2-5, gives 28*52 gal- 
lons^ the content of the crown. The contents of the jMart 
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fft n D C is 57*935 galkms^ from which the contents of the 
crown being deducted, the remainder (29*415 gallons) is the 
quantity of liquor which covers the crown. 

TABLE IX. 



Parts of 
the depth 



6 
6 

6 
6 
6 
6 
6 



Diameters. 



95-3 
901 
850 
800 
75-2 
70-5 
660 



Areas. 



Content of | 
every 6 inches 



25-2945 
22-6095 
20-1223 
17-8246 
15-7499 
138426 
12-1310 



The sum 

To cover crown 



151-767 

135-657 

120-734 

106-947 

94-49D 

83056 

72-791 

765-451 
29-415 



The whole content 



• • • • 



794*866 



PROBLEM Xm. 

7b find the content of any dUm code, 

Whalerer be the form of the cask, the fbllowingf dunensioos 
■Mist be taken ; that is^ 

The bung diameter, ^ 

The head diameter, - >• within. 

The length of the cask, 3 

On account of the difficulty in ascertunin^ fte ISgare of 
Iii9 cask, it is not, in many cases, easy to find th^ exact 
contents of casks. 

b taking the dimensions of a casl^ it is esSen&il tiiat llie 
bung-bole be in the middle of tiie cask, and also^ ttat Hie 
bqng-stave, and the stave opposite to i^ are boA regttJtut 
and ecven within. 

It is. Iikewi3e essential that the heads of caskjs are equal 
dBcA truly circular ; and if so, the distance between tiie inside 
of the (&mb to the outside of its opposite stave, wiR be tbe 
bead diameter within the cask, neariy. 

Ffxna (he variety in the forms of casks, no general nde 



aoM be gtrcn ib ansivvr eiwiy fems ; twa dad(s mi^y have 
eqiml head diameterp, equal bung diam^t^fs^ 9XiA ecpiat 
lengths^ and yet their contents may be very unequfkl* 

PROBLEM XIV. 

* To find the content of a cask of the first /brm. 

Rule. Tp the square of the h^ad diameteri add double 
the square of the bung diameter ; apd multiply the sum by 
the length of the cask. Then multiply the last product by 
•0009^, or divide by 1059- 1, the product or quotient will be 
the content in imperial gallons. 

L What is the content of a sphe- 
rokdai oask> whos^ length is 40 inches, 
b\mg diameter 32 inches, and head 
diamet^ ^4 in^hef ? 

24 X ^ = 576 
82 X 32 = 1024 

2 

204d 
576. 
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2624 X 40 = 104960 



-OOO^^f 



944640 
34987 
11662 



99-1289 imp^al g^on^. 

Set 40 on C, to the G R 18*79 on U, against 
24 on D, stands 64*99 on C, 

32 on D, stands 116-2 on C, 

+ 116^2 

3)297'3& 
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2. What is the cont^t of a spheroidal cask, whose lengtli 
is 20 inches, b«ng diameter 16 inches, and head diameter 
12 inches? 



^^ 512-36 alegaDons. 
\ 14*869 wine gallons. 



To find the content of a cask by tlie mean diameter* 

Rule. Multiply the difference of the head and bung 
diameters by '68 for the first variety ; by '62 for the second 
variety; by '55 for the third ; and by '5 for the fourth, whai 
the difference between the head and bung diameters is less 
than 6 inches ; but when the difference between these exceeds 
6 inches, multiply that difference by •? for the first variety ; 
by '64 for the second ; by '57 for the third ; and by -52 for 
the fourth. Add this product to the head diameter, and 6ke 
sum will be a mean diameter. Square this mean diameter, 
and multiply the square by the length of the cask ; this pro- 
duct multiplied, or divided, by tiie proper multiplier, or 
divisor, will give the content. 

By resuming the second-last example, we have 

Bung diameter 32 29*6 mean diameter. 

Head diameter 24 29-6 



8 87616 square. 

•7 40 lengtii. 

5-6 359-5)35046-40 

24 



mean diameter 2d-6 



97*6 gallons. 



In the same manner the content for the second i^ariety 
will be 94-46 ale giallons ; for the third variety 90-87 ale 
gallons ; and for the fourth variety 83*34 gallons. 

PROBLEM XV. 

To find the content of a cask of the second form, 

. Rule. To the square of the head diameter, add doable 
^e square of the bung diameter, and fi-om the sum deduct 
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f of the square of the difference of the diameters ; mwltiply 
tiie remainder, by the. length, and the product again by 
'0009^ for the content in imperial gallons. 

1. What is the content of a cask, 
whose length is 40 inches, bung dia- 
meter 32 inches, and head diameter 
24 inches ? 

32 — 24 = 8; then 8« = 64, and | of 64 = 25-6 
24*= 576, and 32*= 1024, then 1024 X 2 =2048 
2048 + 576 = 2624, and 2624 — 25-6 = 2598-4 

40 




103936 X 00094 = 98-1617 gallons. 



103936, 



PROBLEM XVI. 

To find the contents of a cask of the third form. 

Rule. To the square of the bung diameter, add the 
square of the head diameter ; multiply the sum by tiie length, 
and the last product by -001416 for the answer in imperial 
gallons. 

Let us resume the last example : 

32* = 1024 
24* = 576 



1600 X 40 = 64000 
•001416 




90-624 imperial gallons. 



PROBLEM XVII. 

To find the content of a cask of the fourth form. 

Rule. Add the square of the difference of the diameters, 
to 3 times the square of their sum ; multiply the sum by the 
length, and the last product by •000236 fop the content in 
gallons. 
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JfjB&momg still iiat \mt fixample, 92 

^24ci56,aiid^X3=:3136X 
3 = 9408, and 8^ = 64, ihca 9408 
+ 64 = 9472; then 9472 X 40 = 
378880, and 378880 X "000236 == 
89*41668 imperial gallons. 



PROBLEM XVra. 

Tojhkd Ae cmknS of any catk by Doctor Huikm'^ gmeral 

rule* 

Rule. Add into one sum, 39 times the equare of the 
bong diameter, 25 times the square of the head diameter, 
and 26 times the product of the two diameters ; tben mnlt^ly 
the sum by the length, and the product again hj *O00dl| 
for the content in gallons. 

1. What is the content of a cask, whose length is 40 
inches, and the bung and head diameters 32 and 24 ? 

32* = 1024 24* :^ 576 32 X 24 = 768 

39 25 26 



39936 14400 19968 

14400 

19968 



74304 X 40 = 2972160 

•000314 



^F'trn'^^m^^^ 



93*4579 gallons. 



^•■w^n-"--^n^ 
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7h fdk^e a Iffkufcoik, 
This is the fiadmg what quantitjr of liquor is coQtfuqed i^ 
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To ullage a cask^ tlie wet and dry inches must be known, 
ae also the content of the padc and buQg diameter. 

Rule, Take the wet inches, and divide them by thf? 
bmig diameter ; find the quotient in l^e coluom of versed 
sines, in the Table at the end of the 
book, taking out its corre^K)]adiug 
9^g9)0nlt; ijwiltiply tbifi ^0gmmt by 
^ w)^ cm^nt fd ih^ cask, ^ 
^ pjro4»ct mamg by J4 fer the 

1. Find the ullage for 8 wet inches, the bung diameter 
being 32 inches, and the content 92 e^ gaUons f 

32)8(.25 whose tabular segment is ^153540. 

Then 153546 X »2 ;=! 1412^232* 

And 14- 126232 X U = 17-65779 .g»llmi^. 



PB?OBLEM XX. 

To ullage a standi^ C(i^k» 

Rule. Add together the squaie of the diameter at the 
surface of the liquor, the square of the diameter of tlie ne«*est 
end, and the square of double ^e dilimeter baleen io €he^ 
middle between the other two; multiply the sum by the 
liengtji between tbe 0tir£»ed a^d oe^neat eod, m& the product 
aiimng by '000472 for the gi^oQs i^ibe lees part of tW^eadt 
wtother epipty <^ filled. 

1. What is tlie ullage for 10 wet inches^ l2ie thpM diii" 
meters bdng 24, 27, and 29 kiches ? 

24*= 576 43330 

29*= 841 -000472 

(2 X 27V = 2916 

. 86660 

4333 9033 JO 

10 J73320 



43330 20-45176 gallons. 
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PROBLEM XXI. 

To find the content of an ungulay or hooff of the frustrwm 

of a cone. 

Rule. For the less hoof^ multiply the product of the less 
diameter and height^ by the product of the greater diamet^ 
multiplied by a mean proportional between both diameters, 
leBB the square of the less diameter, and this last divided by 
diree times the circular factor multiplied by the di£ferenoe of 
the diamaters, gives the content of the less hoof. 

1. CD=:30, ABs=40, C d:sz 
20f required the content of the less A, 
hoof? 
40 X 30 = 1200, and V 1200 

:=34*6 mean. 
30 X 20 = 600, 1st product. 
40 X 34-6 = 1384, 2nd product 
80X30 = 900 




484 remains. 

484 X 600 = 290400 

40 - 30 = 10, tiien 359 X 3 X 10 = 10770, and 

290400 4- 10770 = 26-96 gallons, for the greater hoof 

ABC. 

Rule. Multiply the product of the greater diameter and 
the height of the £rustrum, by the square of the greater dia- 
meter made less by the product of the less diameter multiplied 
by a mean proportional between those diameters ; this re- 
mainder, divided by three times the circular divisor multiplied 
by the difference of the diameters, give the content of the 
greater hoof. 

Resuming the last example, we have 

40 X 40 = 1600 

20 X 40 = 800 Ist product. 

40 X 30 = 1200, and V1200 = 34-6 

34-6 X 30 = 1038 2nd product. 

40 - 50 = 10. 
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Then 1600 — 1038 = 562 

800 



359 X 3 X 10 =: 10770)449600 last product. 

41-74 gallons of ale. 

PROBLEM XXII. 

To gauge a SHU, 

. Fill the still with water, and draw it off into another 
vessel of some regular form, whose content is easily com- 
puted. This is by &r the most accurate method that cfm be 
employed. 

Or gauge the shoulder by itself, and gauge the body by 
taking a great number of diameters at near and equal dis- 
tances throughout, first covering the bottom, if there be any 
cavity, with water, the quantity of viiiich is kno\»Ti. 



OF THE AREAS OF THE SEGMENTS OF A ClBJCl£, 
/fUMt diameter a 1, and tapptetd It iedievkdinio 1000 «ptaifaHe. 



H«,bm 


A». i^i-. 


l«Kl,i 


AttiA<,%- 


fldsh. 


Ar.-. B^g, 


Hc.^t.1 


a™^^. 


■001 


■000042 


■03S 


■00BI03 


-073 


-026701 


■IIS 


-04S»2 


■OM 


■OOOIIH 


-030 


-910148 


•07« 


■027880 


■113 


■04SSH 


■003 


■000-J19 


-040 


-0(0537 


•077 


-087821 1 


■114 


'0«kS28 


■001 


■00033J 


■041 




-078 


■OiS3.« i 


■115 


■05ei«i 


■005 


■000470 


-042 


-011330 




■028894 


-IIS 


■DSO804 


•006 


■000 18 


-043 




-OBO 


■O2943.0 


■117 


■fi3!«48 




■OUOTTB 


■044 




■081 


■DS0979 


■MS 


■05fW* 


■009 


-000951 


■045 


■012534 


-0H2 


■03n526 


■llff 


■05273d 


■DOS 


■001 13S 


■846 


'01^071 


-01^3 


■011070 


■ISO 


■053383 


■DID 




-047 


■013303 


-084 


■031029 


121 


-054036 


■OH 


-001533 


-049 


■013818 


-085 


■032180 


122 


-054089 


■Ola 


■0OIT48 


040 


■014247 


-osd 


■03S743 


■123 


-055343 


■013 


-001068 


■050 


■014SSI 


-087 


■033307 


■124 


•058003 


■ou 


■noiioo 


■051 


■015110 


-088 


■033872 


•125 


■056663 


■015 


■002438 


■052 


-015561 


-080 


■034441 


126 


■057S28 


■01 s 


-oosuas 


-053 


H)lfi007 


-000 


■033011 


■127 


■057991 


-OlT 


■0021)40 


-054 


■010457 


-001 


■033535 


■128 


■0A8838 


■OIR 


■ooa^oi 


-0.i.i 


■OlBflll 


■OBi 


■0301 02 


-120 


■0^9327 


-019 


■ooa4Ti 


-050 


■0(7369 


■093 


-030741 


■130 


-039996 


■OBO 


■003748 


-057 


■017831 


■094 


■037323 


■131 


■060672 


■Oil 


■004O3I 


-053 




■005 


'037909 


■132 


•061348 


■02S 


•004332 




■018768 


■OflO 


■038496 


■133 


'0e2ine 


■0i3 


•0D4UI8 


-ooo 


■010239 


•007 


■03B087 


■134 


■082707 


■0S4 


•00492 1 


-oei 


■010716 


■008 


'039080 


■135 


■063380 


■OSfi 


■005230 


-002 


■0201 B6 


■090 


'040B7B 


■1.36 


■064074 


■oae 


■005540 


-003 


■020631 


■100 


'040875 


■137 


■064760 


■OST 


■0058H1 


-004 


■021108 


■101 


■041410 


■138 


■065440 


•0!8 


■009104 




■021B58 i 


■102 


■042OS0 


■130 


■O66I40 


•mo 


-000327 


<006 


■022154 1 


-103 


■042B8J 


■140 


-06S8U 


■oao 


■Doesed 




■022052 ■ 


-104 


■04329U 


-141 


■OaifiiS 


■031 


■00720(t 


-008 


■023154 


-105 


■043808 


-14B 


■oas^sj 


■032 


■007558 




■023650 


-100 


■044322 


-143 


-0B8934 


■033 


■007013 


■070 


■024108 


-107 


■043130 


■!44 


■069625 


■034 


■00SS73 


-071 


■0B4HS0 


-108 


■045759 


-145 


■0703S8 


■03a 


■008038 


■072 


■023105 


-100 


■048381 


•146 


■071033 


■036 


-000008 


■073 


■025714 


-no 


■047U05 


■147 


•071741 


1 -037 


■000383 ' 


-074 


■0-26230 




-047032 


■148 


■OT2450 
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height 

•149 
•150 
•151 
•152 
•153 
•154 
•155 
•156 
•157 
•158 
•159 
•160 
•161 
•162 
•168 
•164 
•165 
•166 
•16T 
•168 
•169 
•170 
•171 
•172 
•178 
•174 
•175 
•176 
•177 
•178 
•179 
•180 
•181 
•182 
•188 
•184 
•185 
•186 
•187 
•188 
•189 
•100 
•191 
•192 
•193 
•194 
•195 
•196 
•197 
I 



Area Seg. 



078161 
073874 
074589 
075306 
076026 
076747 
077469 
078194 
078921 
079649 
080380 
081112 
081846 
082582 
083320 
084059 
084801 
085544 
086289 
067036 
087785 
088535 
080287 
090041 
090797 
091554 
002313 
008074 
003836 
094601 
095366 
096134 
096903 
007674 
008447 
009221 
009997 
100774 
101553 
102334 
103116 
103900 
104685 
105472 
106261 
107051 
107842 
108636 
109430 



Hi^St 



•108 

•190 

•200 

•201 

•202 

•203 

•204 

•205 

•206 

•207 

•208 

•200 

•210 

•211 

•212 

•213 

•214 

•215 

•216 

•217 

•218 

•219 

•220 

•221 

•222 

•223 

•224 

•225 

•326 

•227 

•228 

•229 

•230 

•231 

•232 

•233 

•234 

•235 

•236 

•237 

•238 

•239 

•240 

•241 

•242 

•243 

'244 

•245 

•246 



Area fkg. 



110826 
111094 
111823 
112624 
113426 
114230 
115035 
115842 
116650 
117460 
118271 
110083 
110897 
120712 
121520 
122347 
123167 
123988 
124810 
125634 
126459 
127285 
128113 
128942 
129773 
130605 
131438 
132272 
133108 
133945 
134784 
135624 
136465 
13730T 
138150 
138995 
13«S4l 
140688 
141537 
142387 
143238 
144001 
144944 
145799 
146655 
147512 
148371 
149230 
150001 



Height Area Seg. 



•247 
•248 
•240 
•250 
•251 
•252 
•253 
•254 
-266 
•256 
•267 
•258 
•259 
•260 
•261 
•262 
•263 
•264 
•265 
'266 
•267 
•268 
•269 
•270 
•271 
•272 
•273 
•274 
•275 
•276 
•277 
•278 
•279 
-280 
•281 
•282 
•283 
•284 
•285 
•286 
•287 
•288 
•289 
•290 
•291 
•292 
•293 
•294 
•295 



150953 
151816 
152680 
153546 
154412 
155280 
156149 
157019 
157890 
158762 
159686 
1605 1« 
161386 
162263 
168140 
164019 
164899 
165780 
166663 
167.^^ 
168430 
169315 
170202 
171080 
171978 
172867 
173758 
174649 
175542 
176435 
177330 
178225 
179122 
180019 
180918 
181817 
182718 
183619 
184521 
185425 
186329 
187234 
188140 
189047 
189955 
190864 
191775 
192684 
193596 



Height 



•296 
•297 
-208 

JBVv 

•800 
-301 
•302 
-303 
•304 
•305 
•306 
•307 
•308 
-300 
•310 
•311 
•312 
-313 
•314 
•315 
•316 
•317 
818 
•319 
•320 
•321 
•322 
•323 
•324 
•325 
•326 
•827 
•328 
•329 
•330 
•331 
•882 
•388 
•334 
•335 
•336 
•337 
•338 
•339 
•340 
•341 
•342 
•343 
•344 



Li 



Area 8^/' 



194509 
195422 
196387 
197252 
198168 
190085 
200003 
200922 
201841 
202761 
208683 
204605 
205527 
206451 
207876 
208301 
209227 
210154 
211082 
212011 
212940 
218871 
214802 
215733 
216666 
217509 
218583 
219468 
220404 
221340 
222277 
223215 
224154 
225003 
226088 
226974 
227015 
228858 
220801 
230745 
231680 
•232634 
233580 
234526 
235473 
236421 
237360 
238318 
230268 



\ 
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Height 



345 
346 
347 
348 
349 
350 
351 
352 
353 
354 
355 
356 
357 
358 
350 
'360 
36] 
•362 
•363 
•364 
-365 
'366 
'367 
'368 
'369 
'370 
•371 
'372 
•373 
'374 
'375 
'376 
'377 
'378 
870 

1*380 
'881 

^•382 
•383 



Axea Seg. 



•240218 
•241169 
•242121 
•243074 
•244026 
•244980 
•245934 
•246889 
•247845 
•248801 
•249757 
•250715 
•251673 
•252631 
•253590 
•254550 
•255510 
•256471 
•257433 
•258395 
•259357 
•260320 
•201284 
•262248 
•263213 
•264178 
•265144 
•266111 
•267078 
•268045 
•269013 
•269982 
•270951 
•271920 
•272890 
•273861 
•274832 
•275803 
•276775 



Height 



•384 
•385 
•386 
•387 
•388 
•389 
•390 
•391 
•392 
•393 
•394 
•395 
•396 
•397 
•398 
•399 
•400 
•401 
•402 
•403 
•404 
•405 
•406 
•407 
•408 
•409 
•410 
•411 
•412 
•413 
•414 
•415 
•416 
•417 
•418 
•419 
•420 
•421 
•422 



Area Beg. 



•277748 
•278721 
•279694 
•280668 
•281642 
•282617 
•283502 
•284568 
•285544 
•286521 
•287498 
•288476 
•289453 
•290432 
•291411 
•292390 
•293369 
•294349 
•295330 
•296311 
•297292 
•298273 
•299255 
•300238 
•301220 
•302203 
'303187 
•304171 
•305155 
•306140 
•307125 
•308110 
•309095 
•310081 
•311068 
•312054 
•313041 
•314029 
•315016 



Height 



•423 
•424 
•425 
•426 
•427 
•428 
•429 
•430 
•431 
•432 
•433 
•434 
•435 
•436 
•437 
•438 
•439 
•440 
•441 
•442 
•443 
•444 
•445 
•446 
•447 
•448 
•449 
•450 
•451 
•452 
•453 
•454 
•455 
•456 
•457 
•458 
•459 
•460 
•461 



Area Seg. 



•316004 
•316992 
•317981 
•318970 
•319959 
•320948 
•321938 
•322928 
•323918 
•324909 
•325900 
•326892 
•327882 
•328874 
•329866 
•330856 
•331850 
•332843 
•333836 
•334829 
•335822 
•336816 
•337810 
•338804 
•339798 
•340793 
•341787 
•342782 
•343777 
•344772 
•345768 
•346764 
•347759 
•348755 
•349752 
•350748 
•351745 
•352742 
•353739 



Heigk 



462 
463 
464 
465 
466 
467 
468 
469 
470 
471 
472 
473 
474 
475 
•476 
477 
478 
479 
480 
481 
482 
483 
484 
485 
486 
487 
488 
489 
490 
491 
492 
493 
494 
495 
400 
497 
498 
490 
500 



Area Seg. 



•354736 

•355732 

•356730 

•357727 

•358725 

•359723 

•360721 

•361719 

•362717 

•363715 

•364713 

•365712 

•366710 

•367709 

•368708 

•369707 

•370706 

•371705 

•372704 

•373703 

•374702 

•375702 

•376702 

•377701 

•378701 

•370700 

•380700 

•381699 

•382699 

•383699 

•384699 

•385699 

•386699 

•387699 

•388699 

•389690 

'300600 

•301600 

•392600 
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SECTION XII. 



Land-surveying is that art which enables us to give a true 
plan or representation of any field or parcel of land, and to 
determine the superficial contents thereof. 

In measuring land, the area or superficial content is always 
expressed in acres, or in acres, roods and perches ; each 
acre containing 4 roods, and each rood 40 perches. 

Land is measured with a chain, caUed Gunter's chain, of 
4 poles or 22 yards in length, which consists of 100 equal 
links, each link being -^ of a yard long, or -^ of a foot, 
or 7*92 inches. 10 square chains, or 10 chams in length 
and 1 in breadth, make an acre ; or 4840 square yards, IM 
square poles, or 100,000 square links make an acre. The 
length of lines measured with a chain, are generally set down 
in Unks as integers ; every chain being 100 links in length. 
Therefore, after the content is found, it will be in square 
links, and as 1 00,000 square links make an acre, it wHl be 
necessary to cut off five of the figures on the right-hand for 
decimals, and the rest will be acres. The decimals are 
reduced to roods by multiplying by 4, and cutting off five 
figures as before for decimals, which decimal part is reduced 
to perches by multiplying by 40, and cutting off five figures 
firom the product. As an example : 

Suppose the length of a rectangular piece of ground to 
be 792 links, and its breadth 385 ; required the number of 
acres, roods, and perches it contains ? 
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792 
385 
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fING. 

304920 
* 4 


3960 
6336 
2376 


•19680 
40 


7-87200 


304920 




A. R. P. 

3:0:7 



The statute perch is 5| yards, but the Irish plantation 
perch is 7 yards ; hence the length of a plantation chain is 
1008 inches. 

PROBLEM I. 

To^meoAure a Hney or distance on the ground, two persons 
are employed, the foremost, for the sake of distinction, is 
called the leader, and the hindermost, the follower. 

Ten small arrows, or rods, to stick in the ground at the 
end of each chain, are provided ; also some Btation-staves, 
or long poles with coloured flags, to set up in the direction 
of the line to be measured, if there do not appear some marl^ 
naturally in that direction. 

The leader takes the 10 arrows in one hand, and one end 
of the chain, by the ring, in the other ; the follower stands 
at the beginning of the line, holding the ring at the end of 
the chain in his hand, while the leader drs^ forward the 
chain by the other end of it, till it is stretched straight, and 
the leader directed, by the follower, by moving his hand, to 
the right or left, till the follower see him exactly in a line 
with the mark or direction to be measured to ; then both of 
them holding the chain level and stretched, the leader 
sticks an arrow upright in the ground, as a mark for the 
follower to come to, and advances another chain forward, 
being directed in his position by the follower standing at the 
arrow, as before, as also by himself, now and at every 
succeeding chain's length, by moving himself from side to 
aide, till the follower and back mark be in a direct line. 
Having then stretched the chain, and stuck down an arrow. 
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as before^ the follower takes up his ^arrow^ and thus they 
proceed till tne ] arrows are employed^ or in the hands of 
the follower, and the leader, without ai^ «arrow, is arrived at 
the end of the eleventh chain-length. The follower then 
sends or brings the 10 arrows to the leader, who puts cme of 
tiiem down at the end of his chain, and advances with his 
chain^ as before. And thus the arrows are changed from 
one to the other at every 10 chains length, till the whole line 
is finished, if it exceed 10 chains ; and the number of 
changes shows how many times ten chains the line contains, 
to which the follower adds the arrows he holds in his hand, 
and the number of links of another chain over to the mark 
or end of the line. Thus, if the whole line measure 36 
chains 45 links, or 3645 links, the arrows have been changed 
three times, the follower will have 5 arrows in his hand, the 
leader 4, and it will be 45 links from the last arrow, to be 
taken up by the follower, to the end of the line. 

In works on Surveying, it is usual to describe the various 
instruments used in the art. The pupil, however, will best 
learn the use of these instruments when actually engaged in 
the practice. The chief instruments employed are the chain, 
the plain table, the theodolite, the cross, the circumferentor, 
the off-set staff, the perambulator, used in measuring roads, 
and other great distajices. 

Levels, with telescopic or other sights, are used to find 
the level between two or more places, or how much one 
place is higher or lower than another. 

Besides all these, various scales are used in protracting 
and measuiing on paper ; such as plane scales, line of 
chords, protractor, compasses, reducing scales, parallel and 
perpendicular rulers, &c. 

The Field Book. 

In surveying with the plain table, a field-book is not 
required, as every thing is drawn on the table immediately 
when it is measured. But when the theodolite, or any other 
instrument is used, some sort of a field-book is used in order 
to register all that is done relative to the survey in hand. 
This book every one contrives and rules as he thinks fit. It 
is, however, usually divided into three columns. The middle 

p2 
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column contains the different distances on the cbaio-line, 
angles^ bearings^ &c., and the columns on the right and left 
are for the off-sets on the right and left^ which are set against 
their corresponding distances in the middle column ; as also 
for such remarks as may occur^ and may be proper to note 
in drawing the plan ; such as houses^ ponds^ castles^ churches, 
rivers, trees, &c, &c. 

But in smaller surveys, an excellent way of setting down 
the work, is to draw by the eye, on a piece of paper, a 
figure resembling that which is to be measured ; and then 
write the dimensions, as they are found, against the corres- 
ponding parts of the figure. This method may be practised, 
even in larger surveys, and is far superior to any other at 
present practised. A specimen of this plan will be seen 
fiirther on. 
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FORM OF THE FIELD BOOK. 





Stations^ 




Offsets and remarks 


Bearings^ 


Offsets and remarks 


on the left. 


and 


on the right. 




Distances. 






n 1 

104° 2o 
00 




Cross a hedge 24 


67 


Brown's bam. 


a brook 30 


120 
734 






954 


Tree. 




736 


67 stile. 




82 






62° 25' 






00 




House comer 61 


40 
67 


- 


Foot-path 15 


84 
95 


44 




467 


14 Spring. 




976 






D3 
54° 17' 






62 


20 Pond. 




124 




Clayton's hedge 24 


630 
767 
767 






30 Stile. 




305 




1 


760 





318 



LAND^^SURVBTINa. 



In this form of a field-book □ 1 is the first station, where 
the angle or bearing is 104^ 25'. On the left at 67 links in 
the distance or principal line, is an offset of 24 ; and at 120 
an o£&et of 30 to a brook on the right ; at 67 Brown's bam 
is situated ; at 954 is an offset of 20 to a tree, and at 736 
an offset to a stile. 

And so on for the other stations. 

A line is drawn under the work, at the end of fevery sta- 
tion, to prevent confiiedon. 




IPROBLEM II. 

To take angles and heariitgs. 

Let it be required to take the bear- 
ings of the two objects B, C, fit)m the 
station A. 

In this Problem it is required to 
measiu^ the wigle at A, formed by 
two lines, passing from the station A, through two objectB 
BandC. 

J . By measurement with the chamj ^c* 

Measure, with the chain, any distance along the two lines 
A B, A C, as A 5, A c ; then measure the distance b c ; and 
this being done, transfer the three sides of the triangle Abe 
to paper, on which measure the angle c A &, as in Problem 
XV. Practical Geometry. 

2. J^ith the magnetic needle and compass, 

Tmn the instrument, or compass, so that the north end of 
the needle may 'point to the"fiower-de-luce. Then direct the 
sights to a mark at B, noting the degrees cut by the needle. 
Next direct the sights to another mark at C, noting the de- 
grees cut by the needle, as before. Then their sum or 
difference, as the case may be, will give the number of 
degrees in the tmgle CAB. 
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3. fFitk the iiheodolite, ^c. 

Direct the fixed sights along the line A B^ by turning the 
instrument about till you see the mark B throngh these sights, 
and then screw the instrument ^t. Then torn the move- 
able index about till, through its sights, you see the other 
mark C, Then the degrees cut by the index, on the gra- 
duated limb or ring of the instrument, sbow the number of 
degrees in the angle CAB. 

4. WiiA ike plain table. 

Having covered the table with paper, and fixed it on its 
stand, plant it at the station A, and fix a fine pin, or a point 
of the compass in a proper point of tiie paper, to represent 
tbe station A. Close by the side of this pin, lay the fiducial 
edge of tile index, and turn it about, still touching the piii, 
till one object B can be seen throtigh the sights ; then by the 
fiducial edge of the index draw a Ime. By a similar process 
draw another line in the direction of the object C. And it is 
done. 



PROBLEM m. 

To measure the offsets. 

Let A h cdefg be a crooked hedge, river, or brook, &c, 
and A G a base line. 

Begin at the point A, and measm^ towards G ; and when 
you come opposite any of the comers bxi d^ &c. which is 




ascertained by means of the cross-staff, measure the ofisefis 
B 5, C c, D (f, &c. with the chain, and register the dimension, 
as in the annexed field-book. 



920 



tAND-SURVETIKd. 



FIELD-BOOK. 



91 
57 

98 
70 
84 
62 


785 = A G. 
634 
510 
340 
220 
45 
Q A go North. 


















OflP-sets 
Left. 


Base line A G, or 
D, Station. 


Off-sets 
Right. 



To lay down the plan. 

Draw the line A G of an indefinite lengtli ; then by a 
diagonal scale, set oflf A B equal to 45 links ; at B erect tbe 
perpendicular B5 equal to 62 links taken froni the same 
jscale. Next set oflf A C equal to 220 links, or 2 chiEu&8-20 
links^ and ,at C erect the perpendicular C c, equal to 84 
links, in the same way set oflf A C equal to 340 linlra, 
or 3 chains 40 links, and at D erect the perpendicular 
D d equal to 70 links. Proceed in a similar manner with 
the remaining oflfsets, and a line joining Ab cde, &c. will 
complete the figure. 

To find the content. 

Some authors direct to add up all the perpendiculars B b, 
C c, &c. and divide their sum by the number of them, then 
multiply the quotient by the length A G. This method, 
however, should never be used, except when the offsets B^, 
C c, &c. are equally distant from each other. 

When the offsets are not equally distant fi-om each other, 
which indeed is generally the case, this method is errone- 
ous ; therefore the following method ought to be employed. 

Find the content of the space A B C as a triangle, by 
Problem V., Section 11. Find the contents of the figiires 
B C c ft, CDdc, &c. as trapezoids, by Problem XIII., Sec- 
tion II., the sum of all these separate results will be the 
content of the figure A Ggfe deb A, 

The actual calculation is as follows : 
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CALCULATION. 



AB = 45 

b6=62 

90 
270 

2790 


Ac = 220 
AB=r 45 

BC=175 

B&= 62 
cc= 84 

Snm 146 
Bc=175 


AD=340 
AC =220 

CD=120 

cc^ 84 
Dd= 70 

Sum 154 
CD = 120 


AE=510 

AD=340 

DE=170 

Jid=z 70 
Ee= 98 

Sum 168 

DE=170 


AF=634 

AE = 510 
EF=]24 

Be= 98 
F/= 57 

Slim 155 

EF = 124 


Ao=784 

AF=6d4 
0F = 151 

F/= 57 
^g=z 91 

Snm 148 

F0 = 151 

22348 


P 


pod. 25550 


18480 


28560 


19220 



These respective products are evidently double the true 
contents of the respective figures A B &, B C c i, C D cf c, &c. 
that is^ 

2790 = double area o£ABb. 
25550 = double area o£BC cb, 
18480 = double area of CD dc. 
28560 = double area of D E e cf. 
19220 i^ double area of B F/e. 

22348 z= double area of F Gy/ 

■ 11 

2)116948 =: double area of the whole in square links. 
58474 = area in square links. 

•58474 = area in acres =: Oa. 2r. 13-5584 p. 

2. Required the plan and content of part of a field; firom 
the following field-book : 



AC 45 


62 ch 


Arf220 


S4di 


A e 340 


70 ek 


A/ 510 


88// 


Ay 634 


51 gm 


AB 785 


91 Bn 




J^M. Oa. 2r. 12p. 



C cLC p g 



B 
p 3 



922 



i«Ainvsirftvimv0. 




PROBLEM IV. 

To measure afield of a triangular form. 
1. By the chain. 

Set op maiks at the tiiree Cor- 
ners Ay B^ C, and measure^ with 
the chaioy the distance A D^ D being 
the point at which a perpendicular 
demitted from C, would meet the 
line A B ; measure also the distance 
I>B ; h^ce you have the measure * 
of A B. Next measure the perpen- 1> 

dicular D C ; then from the two dimepsions A B and D C, 
the content may be found by Problem IV. Section II, 

Let AD = 794, AB = 1321, BC == 826 links. 

1321 X 826 -7- 2 = 545573 Imks. 

Then 545573 -f- 100000 -js. 545573 acr«ft. 

45573 X 4 = l-822ra rood. 

S3292 X "^0 = 32-91680 perches. 

"Hence the answer is 5 a. 1 r. 33 p. nearly. 

2. What is the area of a triangular field, whose base is 
12-25 cbaim^ agti h^ht i'5 chains ? ^ns. 5 a« Ob. 33 p. 

2. Sy taking one or more qfihe anglei* 

Measure two sides A B, A C, and the angle A, included 
between them ; then find the area by note at page 34. 

Or, measure the two angles A fmd B, and the adjacoit 
side A B, fix)m which the figure may be planned, and Sie 
perpendicular C D found, whichr perpendicular being mul- 
tiplied by half the base A B^ ^1 give the area. Or by 
measiuing the three sides of the triangle, its area may be 
finmd by Pj^oblem V. Section II. 
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PROBLEM V. 

] . By the chain. 

To survey a four*dded field. 

Measure the diagonal A O, and, as before directed^ mea* 
sure the perpendiculars D E and B F ; then the area of each 
«f the triangles A B C^ ADC may be found, as in the last 




Problem, and both areas being added together, will give the 
content of the four-sided figure A B C D. 

L Let AC = 592, D E =210, B F =306 links. 

592 X 210 = 124320 double area of A D C. 
592 X 306 = 181152 double area of A B C. 

2)305472 double area of A B C D, 

1-52736 = area of A B C D, 

4 



210944 
40 



4-37760 
Hence 1a. 2 r. 4 p. the answer^ 

2. By taking one or more of the angles. 

Measure the diagonal A C, also the sides A D and A B« 
Next measure the angles D A C and B A C ; then the area 
of each of the triangles ABC and ADC may be fouod by 
note at page 94« 
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2. Required the plan and content of a field by the follow- 
ing field-book : 

FIELD-BOOK. 



842 


1360 = A B. 
1190 
600 
□ D go East. 


625 


Off-sets 
Left. 


Station U, 
or Base line. 


Off-sets 
Right. 




u4n8. 6 a. 2r. 12 p. 

3. How many acres are there in a four-sided fields whose 
diagonal is 4*75 chains, and the two pei^ndiculars falling 
(m it, firom its opposite angles, 2*25 and 3*6 chains^ respec- 
tively ? Ans. 1 3 A. 3 R. 23 p. 

PROBLEM V. 

To survei/ afield of many sides hy the chain only. 

LetABCDEFGbethe field whose content is required. 
Set up marks at the comers of the field, if there be none 
there naturally. Consider how the field may be best divided 




into trapeziums and triangles ; measure them separat^y^ as 
in the two last Problems ; and the sum of all the separate 
results will give the area of the whole field. 
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In this way of measuring with the chain, the field should 
be divided into trapeziums and triangles, by drawing diago- 
nals from comer to comer, so as that all the perpendiculars 
may be. within the figures. 

The last figure is divided into two trspeziums A B C G, 
G D E F, and the triangle G C D. In the first trapezium 
measure the diagonal A C, and the two perpendiculas G m 
and B w. In the triangle G C D, measure the base G C, 
and the perpendicular D q. Finally, measure the diagonal 
F D, and the two perpendiculars G o and E jd. Having 
drawn a rough figure resembling the field, set all these mea- 
sures against the corresponding parts of the figure. Or set 
them down thus : 



Am 135 

AC 550^^^^ ^ ^ 



130 mG 



C q 

CG 



152 
440 



\ 



230 qD 



F o 206), on n 
FD 520S ^^ P ^' 



CALCULATION. 

130-f 180=310, 550^2=275, 
275 X 310 = 85250 = ABC G. 

440 X 230 -f- 2 = 50600 = 
CGD. 

120+80=200, 520-4-2=260, 
260 X 200 = 52000 = D E F G. 



1-87850 = ABC D 
4 EFG. 



3-51400 
40 



20-56000 
1a. 3 R. 20-56 p. An9. 

Other methods will naturally present themselves to an 
ingenious practitioner who has read the preceding part of this 
work, or who has been previously acquainted with the prin- 
ciples of Mathematics. Every surveyor ought to be well 
acquainted with Plane Geometry at least. This, with a 
knowledge of Trigonometry, would be sufficient for the pur- 
pose of most surveyors. 

The content of the last figure may be found by measuring 
the sides AB, B C, C D, D E, E F, F G, GA; and the 
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angoniJs AC, CG^ OD, DF, by which Oie Bgas^ is 
diioded mto triangles, the content of each of which mtty bd 
found by Problem V. Section II. 

2. Rehired the plan and content of afield of an imgubf 

form from the following 

FIELD-BOOK. 



268 


900 = E G 
550 
n F, go S.W. 




280 


1100 = HE 
790 
350 
D H, go East 


410 


140 


1180 = GH 
710 
350 
n C, go S.W. 


280 


200 


900=:AC 
430 
300 
Q A, go 8.E. 


450 


Off-sets 
Left. 


Stations, Q, or 
Base Lines. 


Off-sets 
Right. 




Ans, 10 a. 1r. 24*64 p. 



PROBLEM VIL 

To 9urv€yfiM with the TTieodolite, ^c. 

1. From one point or station. 

When fiU the angles can be teen frota on« poiiii; 
%uppo«eC.- 
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tistnng placed the instrument at C, turn 
it about till^ through the fixed sights, the 

mark B may be seen. Fixing the instru- / ^""^^J/^ 

ment in this position, turn the moveable ^ " ""' 
index about, till the mark A is seen through 
the sights, and note the degrees on the in- 
strument. In liie same manner, turn the index succeeeiveljr 
to the angles E and D, taking care to note the degrees cut 
off at each ; by which you have all tiie angles, viz. B C A, 
B C E, B C I>. Now, having obtained the angles, measure 
the lines C B, C A, C E, C D ; entering the respective mea- 
sures against the corresponding part of a rough figure, drawn 
to resemble the figure. 

2. B^ going round the field. 

Set up marks at B, C, D, &c. Place the instrument at * 
the point A, and turn it about till the fixed index be in the 
direction A B, and then screw it fast : turn the moveable 
index in the direction A F, and the degrees cut off will be 




the angle A ; next measure A B, and planting the instrument 
at B, measure, as before, the angle B ; measure the line 
B C, and the angle C ; and so proceed round the figure, 
always measuring the side as you go along, as also the 
ao^hes. 

The 32nd Proposition of the Ist Book of Euclid, affords an 
easy method of proving the work : thus, add all the internal 
angles. A, B, C, &c. of the figure toge^er, and their sum 
must be equal to twice as many right angles as the figure 
has sidee, wanting four right angles. But when the figure 
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has a re-enterant angle, as F, measure tbe external angle, 
which is less than two right-angles^ and deduct it fi*om four 
right-angles, or 360 degrees, the remainder will give the 
internal angle, (if such it may be called,) which is greater 
than 180 degrees. 

When the field is surveyed fi'om one station, as in the 
first case shown above, the content of the fig^e is found by 
the note at the foot of page 34 ; as we have two sides and 
the angle included between them in each triangle of the 
figure. 

PROBLEM VIII. 

To survey afield with crooked hedges. 

Measure the lengths and positions of imaginary lines, 
running as near the sides of the field as you can ; and in 
proceeding along these lines, measure the off-sets to the 
different comers, as before taught, and join the ends of the 
off-sets ; these connecting lines will represent the required 
figure. When the plane table is used, the plan will be 
truly represented on the paper which covers it. But when 
the survey is made with the theodolite, or other instrument, 
the different measures are to be noted in the field-book, fix)m 
which the sides and angles are laid down on a map after 
returning fi-om the field. 
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In surveying the piece A BCD EFGHIKLM, set 
up marks at « E F ^. Begin at the station 9, and measure 
the lines « E, E F, F ^, xs, as also their positions, or the 
angles E 5 jr, * E F, E F ^, and F ^ * ; and in going along 
the four-sided figure 5 E F ^, measure the off-sets at a, 5, d, 
fff ky ly rriy as before taught. By means of the figure 5 E F a:, 
and of the off-sets, the ground is easily planned. 

When the principal lines are taken within the figure, as 
in the above case, the contents of the exterior portions 
* C B A, C D E, &c. must be added to the area of the qua- 
dralateral * ^ F E. But when the principal lines are taken 
outside the figure, the portions included between them and 
the boundaries of the field, are to be deducted fi'om the con- 
tent of the quadralateral, and the remainder will give the 
true content of the field. 



cv ■» f^ 




When there are obstructions within the figure, such as 
wood, water, hills, &c., measure the lengths and positions of 
the four-sided figure abed, taking care to measure the 
off-sets fi'om the different comers as you go along. 



PROBLEM IX. 



To survey aaiy piece of land, ly two stations. 

Choose two stations, firom which all the comers of the 
ground can be seen, if possible ; measure the distance be- 
tween the stations ; at each station take the angles formed 
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by ererv object, from the station line or distance. Then, 
the station Une, and these different angles being laid down, 
from a regular scale* and the external points of interaectioD 
connected^ the connecting lines will give the boundary. 

The two stations may be taken within the boukidsy in one 
oi the sides, or without the bounds of the ground to be 
surveyed. 




Let m and n be two stations, frtim which all the marics 
A, B, C, &c. can be seen, plant the instrument at m, and by 
it, measure the angles Am n, Bmn, C m n, &c. Next mea- 
sure m n, and planting the instrument at n, measure the 
A nm, B n m, C n m, &c. These observations being planned, 
the lines joining die points of external intersection^ will give 
a true map of ^e ground. The method of finding the con- 
tent will be shown fiirther on. 

Hie principal objects on the ground may be delineated on 
the map, by measuring the angles, at each station, which 
every object makes with the station line m n. When aD the 
objects to be surveyed cannot be seen fix>m two stations, 
then three or four may be used, or as many as may be frrand 
necessary ; taking care to measure the distance fit>m one 
station to another ; placing the instrument at every station, 
and observing the angles formed by all the visibl^ objeds 
with the respective station line ; then the intersection of the 
lines iinining these respective angles, will give the positions 
pf aU the remarkable objects thus observed. 
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In this manner may Very extensive survey's be taken ; and 
tke positions of hills, rivers, coasts, &c., ascertained. 



PROBLEM X. 

To survey a large estate. 

The following method of surveying a large estate was first 
given by Emerson, in his Surveying, page 47. It has been 
followed by Hutton and Keith. 

When the estate is very large, and contains a great num- 
ber of fields, it cannot be accurately surveyed and planned 
by measuring each field separately, and then adding aiU the 
separate results together ; nor by taking all the angles, and 
measuring the boundaries that enclose it. For in these casee, 
the small errors will be so multiplied as to render it very 
much distorted. 

1. Walk over the estate two or three times, in order to 
get a perfect idea of its figure. And to help your memory, 
make a rough draft of it on paper, inserting the names of the 
difierent fields within it, and noting down the principal 
objects. 

2. Choose two or more elevated places in the estate, for 
your stations, fi-om \vhich you can see all the principal partd 
of it ; and let these stations be as far distant fi^om each other 
as possible, as the fewer stations you have to command the 
whole, the more exact the work will be. 

In selectmg the stations, care should be taken that .the 
lines which connect them may run along the boundaries of 
the estate, or some of the hedges to which off-sets may be 
taken when necessary. 

S. Take such angles, between the stations, as yon think 
necessary, and measure the distance from station to station, 
always in a right line ; these things must be done till yot 
get as many lines and angles as are sufficient for deteN 
mining all the station points. In measuring any of these 
station distances, mark accurately where these lines meet 
with any hedges, ditches, roads, lanes, paths, riverlets, &o^ 
and where any remaricable object is placed, by meaduring its 
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distance from the etation line ; and wbere a perpendicular 
from it cuts that line ; and always mind, in any of these ob- 
servations, that you be in a right line, which you may e^asily 
know by taking a back-sight and fore-sight^ along the station 
line. In going along any main station line, take off- sets to 
the ends of all hedges, and to any pond, house, mill, bridge, 
&c., omitting nothing that is remarkable. All these thio^ 
must be notied down ; for these are the data by which the 
places of such objects are to be determined on the plan. 

Be careful to set up marks at the intersections of all 
hedges with the station-line, that you may know where to 
measure from when you come to survey the particular fields 
that are crossed by this line. 

These fields must be measured as soon as you have com- 
pleted your station-line, whilst they are fresh in your me- 
mory. In this manner all the station lines must be measured, 
and the situations of all adjacent objects determined. . It wH 
be proper to lay down the work on paper every night, that 
you may see how you go on. 

4. With respect to the internal parts of the estate, they 
must be determined by new station lines ; for, after the 
main stations are determined, and every thing adjoining to 
them, then the estate must be sub-di>ided into two or t&ee 
parts by new station lines ; taking the inner stations at proper 
places, where you can have the best view. Measure these 
station lines as you did the first, and all their intersections 
with hedges, ditches, roads, <&:c., also take off-sets to the 
bends of hedges, and to such objects as appear near these 
lines. Then proceed to survey the adjoining fields, by taking 
the angles which the sides make with the station line at the 
intersections, and measuring the distances to each comer 
from these intersections ; for, every station line will be a 
basis to all future operations ; the situation of every object 
■being entirely dependent on tiiem, and therefore they should 
be taken of as great length as possible ; and it is best for 
them to run along some of the hedges or boundaries of one 
or more fields, or to pass through some of their angles. 
^ All things being determined for these stations, you must 
take more inner stations, and continue to divide and sub- 
divide, till at last you come to single fields j repeating, the 
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same work for the inner stations as for the outer ones, till 
the whole is finished. The oftener you close your work, 
and the fewer lines you makes use of, the less you will be 
liable to error. 

5. An estate may be so situated that the whole cannot be 
surveyed together, because one part of the estate may not 
be seen from another. In this case you may divide it into 
three or four parts, and survey these parts separately, as if 
they were lands belonging to different persons, and at last 
join them together. 

6. As it is necessary to protract or lay down the work as 
you proceed in it, you must have a scale of due length to do 
it by. To get such a scale, measure the whole length of 
the estate in chains ; then consider how many inches lo^g 
the map is to be ; and from these you will know how many 
chains you must have in an inch ; then, make your scale 
accordingly, or choose one already made. 

7. The trees in every hedge-row may be placed in their 
proper situation, which is soon done by the plane table ; but 
may be done by the eye without an instrument ; and being 
thus taken by guess in a rough draft, they will be exact 
enough, being only to look at ; except it be such as are at 
any remarkable places, as at the ends of hedges, at stiles, 
gates, &c., and these must be measured or taken with the 
plane table, or some other instrument. But all this need 
not" be done till the draft is finished. And observe, in all 
hedges, what side the gutter or ditch is on, and to whom the 
fence belongs. 

PROBLEM XI, 

To mr»)ey a town or dty. 

To survey a town or city, it will be proper to have an 
instrument for taking angles, such as a theodolite or plane 
table ; the latter is a vei*y convenient instrument, because the 
minute parts may be drawn upon it on the spot. A chain of 
'50 feet long, divided into 50 links, will be more convenient 
than the common surveying chain; and an off-set stajQf of 10 
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feet long will be very useful. Begin at the meeting of two 
or more of the principal streets, through which you can have 
the longest prospects, to get the longest station lines. There 
having fixed the instruments, draw lines of directioti along 
these streets, using two men as marks, or poles set in wooden 
pedestals, or perhaps some remarkable places in the houses 
at the £Bu1;her ends, as windows, doors, comers, &c. Mea- 
sure these lines with the chain, taking off- sets with the stafl^ 
at all comers of streets, bendings, or windings, and to all 
remarkable objects, as churches, markets, halls^ coU^iee, 
eminent buildings, &c. Then remove the instrument to 
another station, along one of these lines, and there repeat 
the same process as before. And so continue until the whole 
is finished. 




Thus, fix the instrament at A, and draw lines in the direc- 
tions of all the streets meeting there ; then measure A C, ' 
noting the street at x. At the second station C, draw the 
directions of all the streets meeting there ; measure fix)m C 
to D, noting the place of the street K, as you pass by it At 
the third station D, take the direction of all the streets meet- 
ing there, and measure D S, noting the cross street at T. 
Proceed in like manner through all the principal streets, after 
which proceed to the smaller and intermediate street^ ; and 
last of all to the lanes, alleys, courts, yards, and every other 
place which it may be thought proper to represent in th^ 
pian. 
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PROBLEM XII. 

To compute the contents of any survey, 

I. In small and separate pieces, the method generally 
employed is, to compute their contents from the measures of 
the lines taken in surveying them, without drawing any 
correct map of them : rules for this purpose have been given 
in the preceding part of the work. But in large pieces, and 
whole estates, consisting of a great number of fields, the 
usual method is, to make an unfinished but correct plan of 
the whole, and from this plan, the boundaries of which 
include the whole estate, compute the contents quite inde- 
pendent of the measures of the lines and angles that were 
taken in surveying. Divide the plan of the survey into 
triangles and trapeziums, by drawing new lines through it ; 
measure all the bases and perpendiculars of all these new 
figures, by means of the scale from which the plan was 
drawn, and from these dimensions compute the contents, 
whether triangles, or trapeziums, by the proper rules for 
finding the area of such figures. 

The chief difficulty in computing consists in finding the 
contents of land bounded by curved or very irregular lines, 
or in reducing such crooked sides or boundaries to straight 
lines, that shall enclose an equal area with those crooked 
sides, and so obtain the area of the curved figure by means 
of the right-lined one, which in general will be a trapezium. 
The reduction of crooked sides to straight ones, is easily 
performed, thus : 

Apply a horse-hair or silk thread across the crooked sides 
in such a manner, that the small parts cut off from the crooked 
figure by it, may be equal to those taken in. A little prac- 
tice will enable you to exclude exactly as much as you 
include ; then, with a pencil, draw a line along the thread, 
or horse-hair. Do the same by the other sides of the figure, 
and you will thus have the figure reduced to a straight-sided 
figiu'e equal to the curved one ; the content of which, being 
computed, as before directed, will be the content of the curved 
figure proposed* 
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The best way of using the thread or horse-hair is, to string 
a small slender bow with it, either of whalebone or wire, 
which will keep it stretched. 

If it were required to find the contents of ihe following 
crooked- sided figure ; draw the four dotted straight lines 
A B, B C, CD, and D A, excluding as much fi*om the 
survey as is taken in by the straight lines ; by which the 
crooked figure is reduced to a right-lined one, both equal in 
area. Then draw the diagonal B D, which being measured 
by a proper scale, and multiplied by half the sum of lihe per- 
pendiculars let fall from A and C upon B D, (measured on 
the same scale) will give the area required. 




Many other methods might have been given for computing 
the contents of a survey, but they are omitted, the above 
being, perhaps, themost expeditious. 
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1. The three sides of a triangle are 12, 20, and 28 ; 
what is the area ? Arts, 60 \JZ, 

2. Find the difference between the area of a triangle 
whose sides are 3, 4, and 5 feet ; and the area of an equi- 
lateral triangle having an equal perimeter ? 

Ans, '928 of a square foot. 

3. There is a segment of a sphere, the diameter of whose 
base is 24 inches, and its altitude 10 inches ; required its 
solidity ? Ans. 2785*552 inches. 

4. There is a bushel in the form of a cylinder, whose 
depth is 8 inches, and breadth 18 1 inches; required to 
determine the breadth of another cylindrical vessel of the 
(same capacity as the former, whose depth is only 1\ inches? 

Ans, 19*107 inches. 

5. Required the length of a cord, one end of which is 
fastened to a stake, the other to £m ass, which is allowed to 
feed on just an acre of grass ? Ans. 117 feet 9 inches. 

6. A ladder, 40 feet long, may be so planted, that it shall 
reach a window 33 feet from the ground on one side of the 
street ; and, by only turning it over, without moving the foot 
out of its place, it will do the same by a window 21 feet high 
on the otlier side ; what is the breadlli of the street ? 

Ans, b% feet 7J inches. 

7. In turning a one-horse chaise within a ring of a certain 
diameter, it was observed that the outer wheel made two 
turns while the inner made but one ; the wheels were both 

*Q 
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4 feet high ; and supposing them fixed at the statutable dis- 
tance of 5 feet asunder on the axle-tree, what was the 
circumference of the track described by the outer wheel ? 

j§n9, 63 feet^ neariy. 

8. A cable which is 3 feet long, and 9 inches in compinBi 
weighs 221b. what will a fitthom of that caUe weigh, whidi 
measures a foot about ? j4n», 78|Ib. 

9. How many small cubes, a side of which equals 4 
inches, may be cut out of a lai^ cube, whose side is 8 
inches ? jim. 8. 

10. Determine the areas of an equi -lateral triangle^ a 
square, a hexagon, a dodecagon, and a circle ; the perim^er 
of each being 40 feet? Ana, 76-980035, 100, 115'47. 

11. A person wants a cylindrical vessel 3 feet deep, fliat 
shall contain twice as much as another cylindrical yessd 
whose diameter is 3^ feet, and altitude 5 feet; find the 
diameter of the required vessel ? Ans. 6*39 feet 

12. Three persons having bought a conical sogar-Ioai^ 
wish to divide it into three equal parts by sections paralld 
to the base ; it is required to find the altitude of each person's 
share, the altitude of the loaf being 20 inches ? 

Ana. Altitude of the upper part = 13*867, of the m i4 Jl ff 
part = 3*604, of the lower part 2*528 inches. 

13. There is a finistum of a pyramid, whose bases are 
regular octagons ; each side of the greater base is 21 inches^ 
and each side of the less base 9 inches, and its perpendicular 
length 15 inches, how many solid feet are contained in it? 

Ana. 119*2 feet 

14. Requiring to find the height of a May*pole, I pio> 
cured a staff 5 feet in lengdi, and placing it in die sunshine, 
perpendicular to the horizon, I found its shadow to be 
4*1 feet. Next I measured the shadow of the May-pofe, 
which I found to be Q5 feet ; from this data the height of 
the pole is required ? Ana. 79-2o feet 

15. Given two sides of an obtuse angled triangle, which 
are 20 and 40 poles ; required the third side, that the tri- 
angle may contain just an acre of land ? 

Ana. 58*876 or 23-099. 
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16. A circular fish-pond is to be made in a garden, that 
shall take up just half an acre ; what must be Qie length of 
the chord that strikes the circle ? Ans, 27| yards. 

17. A gentleman has a garden 100 feet long, and 80 
feet broad ; now a gravel walk is to be made of an equal 
uddth all round it ; what must the breadth of the walk be, 
to take up just half the ground ? j4ns. 25*968 feet. 

18. A silver cup, in form of the £rustum of a cone, whose 
top diameter is 3 inches, its bottom diameter 4, and its alti- 
tude 6 inches, being filled with liquor, a person drank out of 
it till he could see the middle of the bottom ; it is required 
to find how much he drank ? Am, '152127 ale ^dlou. 

19. I have a right cone, which cost me £5 ISs. 7d. at 
lOs. a cubic foot, tiie diameter of its base being to its altitude 
as 5 to 8 ; and would have its convex surfiice divided- in the 
same ratio, by a plane parallel to the base ; the upper part 
to be the greater ; requinENl the slant height of each part ? 

. 5 3*9506486 the slant height of the upper part 
-^^* 1 1*0854612 the slant height of the under part. 

20. How many acres of the earth's surfece may be seen 
finom the top of a steeple whose height is 400 feet, the earth 
l^eing snppoeed a p^ect sphere, whose circumference ia 
95000 miles? Atu. 12120981*338267112 acres. 

21 . Two boys meeting at a ferm-house had a tankard of 
imlk set down to them ; &e one being very thirsty drank till 
te: could see the centre of the bottom of the tankard ; the 
odier dcank the rest. Now, if we suppose that the milk cost 
4ld.f and the tankard measure 4 inches diameter at the top 
and bottom, and 6 inches in depth ; it is required to know 
what each boy has to pay, proportionable to the quantity of 
milk he drank ? 

. 5 14*1802815 ferthings, for the first. 
^ns. ^ 3.gi97i85 ferthings, for the second. 

22. If the linear side of a certain cube be increased one 
inch, the surfece of the cube will be increased 246 square 
inches ; determine the side of the cube ? y4ns. 20 inches. 

23. If fix)m a piece of tin, in the form of a sector of a 
drcle, whose radius is 30 inches, and the length of its are 
86 inches^ be cut anotber sector whose radius is 20 mches ; 
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and if then the remaining frustum be rolled up so as to form 
the frustum of a cone ; it is required to find its content, 
supposing one-eighth of an inch to be allowed off its slant 
height for the bottom^ and the same allowance of tJie circum- 
ference, of both top and bottom, for what the sides fold over 
each otlier, in order to their being soldered together ? 

Arts. 685-3263 cubic mcbes. 

24. Three men bought a grinding-stone of 40 inches 
diameter, which cost 20^. of ^vhich sum the firet man paid 
9^., the second 6«., and the third 5s, ; how much of the stooA 
must each man grind down, proportionably to the money he 
paid? 

' Ans, The first man must grind down 5*167603 inches of 
the radius; the second 4-832397 inches, and the third 10 
inches. 

25. There is a frustum of a cone, whose solid c<mtent is 
20 feet, and its length 12 feet ; the greater diameter is to 
the less as 5 to 2 ; what are the diameters ? 



. 5 202012 feet 
^""^'t -80804 feet 



26. A fermer borrowed of his neighbour part of a hay- 
rick, ^hich measured 6 feet in length, breadth, aad thiokiieai; 
at the next hay-time he paid back two equal cubical pieces, 
each side of which was 4 feet. Has the debt been dis- 
chai^ed ? Ans. No ; 88 cubic feet are due. 

27. There is a bowl in form of the s^rment of an 
oblong spheroid, whose axes are to each other in Ihe pro- 
portion of 3 to 4, the depth of the bowl one-fourth of the 
whole transverse axis, and the diameter of its top 20 inches ; 
it is required to determine what number of glasses a company 
of 10 persons would have in the contents of it, when filled, 
using a conical glass, whose depth is 2 inches, and the dia- 
meter of its top an inch and a half? 

Jns. 114-0444976 glasses each. 

28. If a cubical foot of brass were to be drawn into wire, 
of :^ of an inch in diameter ; it is required to determine the 
length of the said wire, allowing no loss in the metal ? 

Ans, 55-| milesb 

29. How many shot are there in an unfinished oblong 
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pile, the length and breadth of whose base being 48 and 90, 
and the length and breadth of the highest course being 24 
and 6 ? ^ns. 17356. 

30. How many shot are there in an unfinished oblong 
pile of 12 courses ; length and breadth of the top contain 
40 and 10 shot respectively ? j^ns, 8606 shot. 

31. Of what diameter must the bore of a cannon be cast, 
for a ball of 24 pounds weight, so that the diameter of the 
bore may be -^ of an inch more than that of the ball ? 

j^ns. 5-757098 inches. 

32. What is the content of a tree, whose length is 171 
feet, and which girts in five different places as follows, viz. 
in the first place 9-43 feet, in the second 7*92, in the third 
6*15, in the fourth 4-74, in the fifth 3- 16 ? y^m. 42-5195. 

33. What three numbers will express the proportions 
subsisting between the solidity of a sphere, that of the cir- 
cumsoibing cylinder, and circumscribing equi -lateral cone ? 

j^ns. 4ij 6, 9. 

34. Given the side of an equi-lateral triangle 10, it is 
required to find the radii of its circumscrilnng circle ? 

^ns. 5*7736. 

35. Given the perpendicular of a plane triangle 300, the 
sum of the two sides 1150, and the difference of the seg- 
ments of the base 495 ; required the base and the sides ? 

Ans. 945, 875, and 780. 



THE END. 
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VII. The square .oi half the transverse axis is to the rectan- 
fjifi. of the gi^eajtest and least focal distance from the 
extremities of the transverse, as the rectangle of the 
^oissas to the square of the ordinate which divides 
them, . • . • .84 

From this it follows, that the square of half the trans- 
verse is to the square of half the conjugate, as the 
rectangle of the two abscissas is to the square of the 
ordinate which divides them, . . .85 

The transverse axis is to the latus rectum, or parameter, 
as the rectangle of any two abscissas is to the square 
of the ordinate wiiioh divides them, . .85 

The rectangle of every pair of abscissa are propor- 
tional to the squares of their corresponding ordinates, 86 

The square of the conjugate is to tne square of the 
transverse, as the rectangle of any two absbissas is 
to the square of the. corresponding ordinates, . 86 

The rectangle of the focal distances is to the square of 
half the transverse, as the rectangle of any two ab- 
scissas of the conjugate, to the square of the ordinates 
which divides them, . . . .86 

The conlugate is to its parameter as the rectangles of 
the abscissas, to the square of the ordinates which 
divides them, . . . . .86 

The rectangles of the abscissas of the conjugate, are 

Soportional to the squares of the ordinates which 
vide them, . . . . .86 

If upon either axis a circle be described, the corres- 
ponding circular and elliptical V>rdinates will be pro- 
portional, . . . . • 87 
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If through the extremities of two nneqnal elliptic ordi- 
nates a straight line be drawn, so as to cnt the axis 
produced, a straight line drawn from the point of 
contact win pass through the extremities of the cor- 
responding circular ordinates, . . • 87 
ym. In the ellipse, the square of any diameter is to the 
square oi its conjugate, as the rectangle of the ab- 
scissas to that diameter, to the square of the ordinate 
which divides them, . . . .88 

If through the extremities of two unequal ordinates a 
right line be drawn so as to cut the axis produced ; 
then, as the square of the distance of one of these 
ordinates from the point of intersection, is to the rec- 
tangle of the abscissaiP, which it divides, so is the 
sum of the distances of the ordinates from the point 
of intersection, to the sum, or difference of the dis- 
tances of the ordinates from the centre, according as 
they fall on the same or contrary sides of the centre, 89 

If tangents be drawn to each vertex of the curve, and 
if the conjugate be produced to meet any other tan- 
gent^ then as one of these tangents is to the ordinate 
drawn from the point of contact, so is the semi-con- 
jugate produced, to the other tangent, . . 90 

X. If from two conlugate diameters ordinates be drawn to 

the axis, the distance from one ordinate to the centre 
is a mean proportion between the segments of the 
other, . . . . .91 

The square of half the conjugate is equal to the sum of 
the squares of the ordinates drawn from the conju- 
gate to the axis, . . . .92 

The sum of the squares of any two conjugate diameters 
is equal to the sum of the squares of the transverse 
and conjugate diameters, . . .93 

The sum of 8ie squares of any two conjugate diameters 
is equal to the sum of the squares of any other two 
conjugates, . . . . .93 

XI. A paraUelogram described about any two conjugate 

oiameters, is equal to that described about the trans- 
verse and conjugate, . . . .93 

AU the parallelograms described about the conjugate 
diameters of an ellipsis are equal, . . 93 

As the distance of the focus from the point of contact, 
is to the perpendicular from the focus to the tangent, 
so is the conjugate diameter parallel to the tangent, 
to the conjugate nxis, . . .93 

The semi-conjugate diameter parallel to any tangent 
is a mean proportional between the distances of the 
foci from tne point of contact, • . 94 

XII. If upon either axis of the ellipse a circle be described, 
' the area of the circle will be to that of the ellipse, as 

the axis upon which the circle was described, to its 
conjugate, - • • • • .94 
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The ellipsis is a mean proportional between the cir- 
cnmscribed and inscribed circles, • • 94 

A circle whose diameter is a mean proportional be- 
tween the axes, is equal to the ellipsis, . • 94 

All ellipses are as their circumscribing paraUelograms, 94 

The area of an ellipse is in a ratio compounded of the 
transverse, and the sub-duplicate of^ the transverse 
and parameter, . . . .94 

The areas of ellipses, whose transverse diameters are 
equal, are as the conjugates, or in the sub-duplicate 
ratio of the narameter, - . . .94 

The areas of ellipses, whose parameters are equal, are 
in a sesquiplicate ratio of their greater axes, • 94 

The area of any circular segment is to the area of the 
corresponding elliptical segment, as the transverse to 
tiie conjugate, or generaUy as the diameter upon 
which the circle is described to its conjugate dia- 
meter, • . • • . m 95 

The sphere is to the inscribed spheroid, as the square 
of tne transverse to the square of the conjugate, . 95 

The cylinder circumscribing the sphere is to the cir- 
cumscribing spheroid, as &e square of the transverse 
to the square of the conjugate, . . ,95 

The spheroid is } of the circumscribing cylinder, . 95 

The corresponding segments of tke sphere and spheroid, 
are as the square of the transverse to the square of 
the conjugate, and consequently in the same ratio 
with the solids, • • . ,96 

An oblate ^heroid, . • . ,95 

A prolate spheroid, • • . ,95 

The spheroid is to the inscribed sphere, as the trans- 
verse to the conjugate, . . .96 

The oblate spheroid is to the inscribed sphere, as the 
square of the transverse is to the square of the conju- 
gate, . • . . . ,96 

The oblate spheroid is } of the circumscribing cylinder, 96 

The corresponding segments of the spheroid and in- 
scribed sphere are as the square of the transverse to 
the square of the conjugate, . . ^ 97 

Th.e oblate spheroid is to the circumscribed sphere, as 
the conjugate to the transverse, • . 97 

If about the two axes of an ellipse there be generated 
two spheres, and two spheroids, the four solids will 
be continued proportionals ; and the copomon ratio 
will be that ofthe two axes of the ellipse, . 97 

The oblate spheroid is to the inscribed sphere, as the 
circumscribed sphere to the prolate spheroid, . 97 

The prolate spheroid is a mean proportional between 
the oblate spheroid and the inscribed sphere, . 97 

The oblate spheroid is a mean proportional between 
the prolate spheroid and the circumscribed sphere, 97 
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The circninscribed sphere is a mean proportional be- 
tween the oblate and prolate spheroid, . . 97 
Of the Parabola, • • , • • 97 
I. The parameter is four times the focal disttmce from 

the vertex, . . • • . 9S 

U. The sum of any abscissa and focal distance, is equal to 
the distance of the focus from the extremity of the 
ordinate, • • • • .98 

UI. Every ordinate is a mean proportional between its ab- 

scissa and the parameter of the axis, . .99 

The squares of the ordinates are proportional to their 

abscissas, . • • • ,99 

The equation of the curve is y^ =:/? j?, . .99 

IV. The parameter is to the sum of any two ordinates, as 

their difference is to the difference of the abscissas, 99 
y . Any abscissa is to the square of its ordinate, as any 
nght line drawn within the curve parallel to the axis, 
is to the rectangle of the parts of the double ordinate, 
which it divides, • • . .100 

The difference between any two abscissas is directly 
proportional to the rectac^le under the sum and dif- 
ference of their corresponding ordinates, . .100 

VI. If from the vertex a right line be drawn through the 

extremity of an ordinate, so as to meet another ordi- 
nate produced, that ordinate will be a mean pro- 
portional between the other ordinate and the ordinate 
produced, • . . . . \0^ 

Hie abscissa of the produced ordinate is to the pro- 
duced ordinate, as the other ordinate to the para- 
meter, * . • . • . 100 

VII. If through the extremities of any two ordinates, a right 

line be drawn so as to cut Uie axis ; the external 
part of the axis will be a mean proportional between 
the abscissas, . . • . . 100 

As the parameter is to one of the cHrdinates, so is the 
other ordiiiate to the external part of the axis, • 101 

The focus is ec^ui-distant from the point of contact and 
the intersection of the tangent with the axis, . 102 

The focus is equi-distant from the extremity of the 
8ub> normal and the point of contact, . .102 

If from the point of contact two lines be drawn, the one 
to the focus and the other parallel to the axis, these 
lines will make equal angles with the tangent. . 102 

A perpendicular from the end of the sub-normal to a 
line drawn from the point of contact to the focus, 
will cut off from that line a part equal to half the 
parameter, . . . • .102 

A tangent at the vertex produced to meet any other 
tangent, is a mean proportional between half the 
parameter and half the abscissa, . . 1 0.3 

Hence it appears that a perpendicular, from the focus 
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to the tangent, and the tangent at the vertex, will 
meet at the same point of the tangent, • • 103 

A perpendicnlar from the focus to the tangent, is a 
mean proportional between the distance of the focus 
from the point of contact, and the focal distance, 103 

If any ordinate be produced to meet the focal tangent, 
the ordinate so produced will be equal to the distance 
of the focus from the point of contact, . .103 

VII. If an ordinate be produced to meet the tangent, then as 
the double ordinate passing through the point of 
contact, is to the sum of the two ordinates, so is 
their diflference, to the difference added to the ex- 
ternal part of the ordinate produced, • .103 

The difference between the ordinates is a mean jmto- 
portional between double the less and the external 
part of the lower ordinate, . . .104 

By this means a tangent may be drawn from any given 
point in the ordinate produced, . .104 

From the generation of the curve and Proposition II. 
it appears, that two right lines drawn from any point 
in the curve, the one to the focus, and the other per- 
pendicular to the directrix, or parallel to the axis, 
will be always equal, . . . .104 

IX. To construct a parabola by motion, . ^ 104 

Arithmetic op Infinities, . . .105 

I. In any series of equal numbers, the sum wiH be equal 
to one of the terms multiplied by the number of 
terms, . • • < . 106 

II. In a series of numbers in arithmetical progression, be- 
ginning with a cipher, and the common difference 
being 1 ; the sum will be equal to half the product 
of the greater, and the number of terms, . 106 

III. In a series of squares, whose sides or roots form an 

arithmetical progression, differing by 1, and com- 
mencing with a cipher ; the sum of such a series is 
equal to one-third of the greatest term multiplied by 
the number of terms, when the series is infinitely 
continued, . • . . . 106 

IV. In a series of cubep, whose roots form an arithmetical 

S'ogression, beginning with a cipher, the common 
fference being 1, and the number of terms infinite, 
the sum will be equal to one-fourth of the product of 
the greatest term multiplied by the number of terms, 107 
V. In a series of biquadrates, whose roots form an arith- 
metical progression, beginning with a cipher, the 
common difference being 1, and the number of terms 
infinite ; the sum of such a series will be equal to one- 
fifth of the product of the greatest term and number 
of terms multiplied together, . . .107 

VL In any two ranks of proportionals, having the same 
number of terms, -vWnei fea\ft w YQ&m\ft \ the first 
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term of one series is to the first term of the other, 
as the sum of all the terms of the first series to the 
sum of all the terms of the other, . . 108 

VII. The area of a parabola is two^thirds of its circum- 
scribing paraUelogram, . • .108 

Another proof of the same, . • . 108 

VIII. Everj }>arabolic conmd is eqnal to half its circnmscrib- 

ing cylinder, . • • . ) 10 

The solidity of the lower fimstmm of a conoid cot off 

by a plane parallel to the base, is equal to half the 

sum of the areas of both bases moltiplied by the 

height of the frustmm, . • 111 

IX. Every parabolic spindle is equal to eight-fifteenths of its 

circumscribing cylinder, • • .112 

From this is derived a method of finding the solidity of 
the frustrum of a spindle, . . .1)3 

Op the Hyperbola, . • .114 

I. The difference of right lines drawn from any point in 
the curve to the foci, is equal to the transverse axis, 
and therefore always equal, . . .116 

II. Half the conjugate axis is a mean proportional be- 
tween the distaiice of the focus from the extremities 
of the transverse axis, . • . .116 

ni. If the conjugate axis be applied to the vertex of the 
transverse axis, the centre of the hyperbola will be 
' ' the centre of a circle which will pass through the 

foci and the extremity of the conjugate, • 116 

The distance of either focus from the extremity of the 
conjugate, is a mean proportional between the dis- 
tance of the foci, and the distance of that focus from 
the vertex to which the conjugate is applied, • 117 

IV. The parameter is double the ordinate applied to the 

focus, . . . • .117 

In any plane triangle, if the base and difference of the 
sides be bisected, and a perpendicular be let fall 
from the vertical angle to the base ; then half the 
base is to the sum or difference of half thie difference 
of the sides and one of them ; as half the difference of 
the sides to the distance of the middle of the base 
from the perpendicular, , ,. .117 

V. As the square of half the transverse is to the rectangle 
of the focal distances from the vertices ; so is the 
rectangle of the abscissa and sum of the transverse 
and abscissa, to the square of the ordinate, . 118 

The square of half the transverse is to the square of 
half the conjugate, as the rectangle of the abscissa, 
aood the sum of the abscissa and transverse, to the 
square of the ordinate, . . .119 

The squares of the ordinates are proportional to the 
rectangles of the abscissa by the sum of the abscissa 
and transverse, . • . .119 
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The square of half the conjugate is to the square of half 
the transverse, as the sun of the squares of half the 
conjugate and the distance of the ordinate from the 
centres to the ordinate of the ccmjugate • 1 19 

A« the conjugate is to the parameter, so is the sum of 
the squares of half the conjugate and the distance of 
the ordinate from the centre, to the square of the 
ordinate of the conjugate, . . .119 

Tlierefore these squares are as the squares of the ordi- 
nates of the ccmjugate, . . . 1 19 

YI. If through the extremities of any two ordiuates, a right 
line be drawn so as to meet the axis ; then as the 
square of the distance of one of the ordinates from the 
point of intersection, is to the rectangle of the ab- 
ftcissa by the abscissa and transverse ; so is the sum 
of the distances of both ordinates from the point of 
intersection, to the sum of their distances from the 
centre, • • • . . 190 

If half the conjugate be applied to the vertex of the 
transverse diameter, a taxigent at an infinite distance 
will pass through the centre and the extremity of the 
txmjugate, • • . . • 122 

VII. A sohd formed by the rotation of an hyperbola upon its 
axis, is to the circumscribing cylinder, as half the 
transverse -f* I, the abscissa, to the sxmi of the tran8» 
verse and absossa, ^ . . • 132 

When the abscissa becomes equal to the transverse, the 
oonoid wHl be to the cylinder as 5 to 12, . . 123 

Another method of constructing an hyperbola, . 123 

SECTION IV.— Conic Sections, . . 125 

I. The transverse and conjugate diameters of an ellipue 

being given, to find the area, • • • 125 

II. To find &e area of an elliptical ring, • • 125 

III. Given the height of an eUiptical segmeni, whose base 

is parallel to either of the axes of the ellipse, and the 

two axes of the ellipse, to find the area, . 127 

IV. To find the circumference of an ellipse, by having the 

two diameters given, . . . 128 

v. To find the length of any arc of an ellipse, . 129 

VI. Given the diameters and abscissas, to find the ordinate, 131 
VII. Given the transverse axis, conjugate, and ordinate, to 

find the abscissa, . . , . 131 

VIII. Given the conjugate axis, ordinate,' and abscissa, to 

find the transverse axis, . • . 132 

IX. Given the transverse axis, ordinate, and abscissa, to 

find the conjugate, . . . .133 

X. Given the base and height of a parabola, to find its 

area, • • • • • • *«yv 

XI. To find the area of the zone of a parabola, or the space 

between two paxeJlel double ordinates, . . \96 
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XII. To find the length of the curve, or arc of a parabola, 

cut off by a double ordinate to the axis, . 136 

XIII. Given any two abscissas, and the ordinate to one of - 

them, to find the corresponding ordinate to the se- 
cond abscissa, . • • . 139 

XIV. Given two ordinates, and the abscissa corresponding to 

one of them, to find the abscissa corresponding to 
the other, « . ■ . . . 139 

XVI. Given the transverse and conjugate diameters of an 
hyperbola, as also any abscissa, to find the corres- 
ponding (ordinate, . . . .140 
XVII. Given the transverse, conjugate, and ordinate of an hy- 
perbola, to find the abscissa, • . . 141 
XVIII. Given the conjugate, ordinate, and abscissa of an hy- 
perbola, to find the transverse, • . 142 
XIX. Given the abscissa, ordinate, and transverse diameter 

of an hyperbola, to find the conjugate, . .143 

XX. Given any two abscissas and their ordinates, tofind the 

transverse to which they belong, . .144 

XXI. To find the area of an hyperbola, by means of equi- 

. distant ordinates, . . • .144 

XXII. To find the length of any arc of an hyperbola, begin- 
ning at the vertex, .... 147 
Another method, • . . . .148 
XXUI. Given the transverse axis of an hyperbola, the conju- 
gate, and the abscissa, to find ike area, . 149 

SECTION v.— Mensuration of Solids, . 152 

PROBLEM. 

I. To find the solidity of a cube, . • .155 

II. To find the solidity of a paraUelopipedon, . 156 

III. To find the solidity (^ a prism, • . .157 

•IV. To find the solidity of a cylinder, . . .158 

V. To find the solidity of the prisms formed by a plane 

passing parallel to the axis of a cylinder, . 159 

VI. To find tiie solidity of a pyramid, • .160 

VII. To find the solidity of a cone, . . .160 

Every pyramid is one-third of a prism, having the same 

bcue and altitude, .... 160 

Every cone is one-third part of a cylinder, having the 

same base and altitude, • . .160 

VIII. To find the solidity of the frustum of a pyramid, . 161 

IX. To find the solidity of the frustum of a cone, . 163 

X. To find the solidity of a wedge, . . . 163 

XI. To find the solidity of a prismoid, which is thefrnstom 

of a wedge, • . . . • 166 

Rule to answer for any prismoid, or cylinder, . 167 

XII. To find the solidity of a cylindroid, or the frustum of 

an elliptical cone, . . . .167 

The prismoid is composed of two wedges, whose bases 
are the two ends of the prismoid, and whose heights 
are equal to that of the prismoid, . . I67 
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Every prumoid and cylindroid may be ooncaived to con« 
sist of an infinite nnmber of rectangular prismoids, 168 

XIII. Tofindthesolidit^rctfaiqpbere, . . .169 
A sphere U two-tmrda of its drcamsoribing cylinder, 1619 
The surface of a sphere is eqnal to the circumference 

of one of its great circles mnjti^ied by its diameter, 169 

XIV. To find the solidity of the segment of a sphere^ • 170 
XV. To find the solidity of the frustom or zone of a sphere, 173 

XVI. To find the solidity of a drcnlar spindle, • • 174 

XVII. To find the solidity of the middle friistam of a circular 

spindle, ...••• 176 

X VIIL To find the solidity of a spheroid, • ^ .178 

XIX. To find the solidity of the segment of a spheroid, the 
base of the segment being paridlel to tne revolving 
axis of the sphercad, . • • . 179 

Case IL — ^When the base is elliptical, or perpendicular 
to the revolving axis, . . • .180 

XX. To find the so1i£ty of the middle zone of a q)heroid, 
the diameter of tilie ends being perpendicular to the 
fixed axis, the middle diameter, and that of either 
end given, together with the length of the zime, • 180 
XXI. To find the solidity of a parabolic conoid, • 182 

XXII. To find the solidity of the frustum 6t a parabolic 

conoid, . . • • • 182 

XXIII. To find the solidity of a parabolic apiudle^ • 183 

XXIV. To find the soUdity of the middle frustum of a para- 

bolic spindle, • • • • • 184 

XXV. To find me solidity of an hyperbolic conoid, . 185 

XXVI. To find the solidity of the frustum of an hyperboloid, 

or hyperbolic conoid, • • • . 186 

XXVII. To find the solidity of a frustum of an elliptical spindle, 
or any other soud formed by the revolsiiofi of a conic 
section, • • • • . 187 

XXVIIIt. To find tiie solidity of a circular ringf • . 187 

SECTION VI.— The FiyBllBovi>AR Bodies, • 189 

L To find tiie solidity of a tetraedron, • . 190 

II. To find the solidity of a hexaedron, • • 191 

III. To find the solidity of an ootaedron, • . 191 

IV. To find the solidity of a dodecaedroo, • . 192 
V. To find the s61idit]f of an ioosaedron, • . 194 

Tabi,e IV.— Showing the solidity of the five regular 

bodies, the length of a side in each being 1, • 196 

VI, To find the surface of a tetraedrmi, • • 196 

VII. To find the surface of a hexoedron, • • 197 

VIII. To find ^e surface of an octaedron, • .197 

IX, To find the surface of a dodecaedroii. • • 198 

X. To find the superficies of an icosaedron, • • 198 

Table V.— Showing the surfaces of the five regular 

bodies, when the '^x^i^«ad«Va\> • • 199 
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SECTION VII;— Surfaces op Solids, . 200 

, 1. To find the surface of a cube, o . • 200 

II. To find the surface of a parallelopipedcm, * 200 

m. To find the surface of a prism, . • • 201 

IV. To find the surface of a pyramid, . • 203 
V. To find the surface of a cone, . • . 203 

VI. To find the surface of the frustum of a p3rramid, . 204 

VII. To find the superficies of the frustum of a cone, • 205 

VIII. To find the superficies of a wedge, • • 206 

IX. To find the area of the frustum of a wedge, • 207 

X. To find the surface of a ^lobe or sphere, • • 207 

The surface of a sphere is equal to that of the drcnm- 
scribing cylinder, .... 207 

XI. To fiiud the convex surface of any segment, or zone of 
a sphere, • • . • . 208 

^\ny plane intersecting a sphere and its circumscribing 
cylmder, parallel to the base of the cylinder, divides 
the spherical and cylindrical surfaces into parts which 
are equal to each other, • • • 208 

X-II. To find the surface of a cylinder, • . 209 

XIII. To find the superficies of a circular cylinder, . 210 

SECTION VIII.— Carpenters' Rule, or Slide and 
Rule, ...... 211 

The use of the Sliding Rule, . .213 

I. To multiply numbers together, • . .213 

II. To divide one number by another, . . 2]3 

III. To square aiiy number, . • • .214 

IV. To extract the square root of any number, • » 214 

V. To find a mean proportion between two numbers, . 214 
VI. To find a third proportional to two numbers, . 216 

VII. To find a fourth proportional to three given numbers, 215 
Timber Measure, • . . .215 

I. To find the superficial content of a board or plank, 215 
II. To find the sohd content of squared or four-sided timber, 216 
III. Given the breadth of a rectangular plank in inches, to 
find how much in length wUl make a foot, or any 
other required quantity, . . . 219 

JV. To find how much in length will make a solid foot, or 
any other re<|uired quantity, of squared timber, of 
equal dimensions from end to end, • .221 

V. To find the solidity of round or unsquared timber, 222 
A Table for measuring Timber, • . 224 
Artificers' Work, .... 228 
Carpenters' and Joiners' Work, <• • 229 
Of Partitioning, .... 230 



Of Wainscoting, 
Of Bricklayers' Work, 
Op Tiling or Slating, 
Of Walling, 



233 
236 
236 
237 
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Masons' Work, 



Plasterers' Work,. 
Plumbers' Work, 
Painters' Work, 
Glaziers' Work, 
Payers' Work, 



S41 

243 
343 
345 
346 
847 



Vaulted AND Arched Room, • • 848 

L To find the soliditj of a circular, elliptical, or Gothic 

vaulted roo^ • • . . • 848 

11. To find the concave, or convex surface, of a cireulaac, 

elliptical, or Gothic vaulted roof, . • 250 

ni« To find the solidity of a dome, having the height and the 

dimensions of its base given, . . .351 

XV. To find the superficial content, of a doioe, the height and 

dimensions of its base being given, • • 353 

V. To find the solid content of a saloon, . • 253 

VI. To find the superficies of a saloon, . • 254 

SECTION IX.— Specific Gratitt« * • 255 

I. To find the specific gravity of a body, • • 257 

Table of Sfecifio Gravities, • • . 259 

II« The- specific gravity of a body, audits weight being 

g^yen, to find its solidity, • • • 2fi0 

in. The linear dimensions, or magnitude of a body, being 

given, and its Sjpecific gravity, tu find its weiglit, • 261 
IV. To find the quantities of two ingredients in aglvea comr 

pound, • • • • • 2^ 

V. To find how many inchefl a floating body will sink ina 

fluid, •••.•• 26S 
VL To find what weight may be attached to a floating bodyt 

sothatit may be just covered with fluid,. • 264 

VII. To find the solidity of a body^ lighter than a fluid, which 
will be sufficient to prevent a body much heavier than 
the fluid, from sinking, • .. • 5S65 

To FIND THE TONNAOB OF SHIFS, • * • 266 

Floating Bodies, . • • • 268 

Weight and Dimensions op Shells, • • 270 

I. To find the weight of an iron ball, firom its diameter, 270 

II. To find the weight of i^. leaden ball, by having its dia- 

meter given, • . . • • 271 

III. Having the weight of an>iron ball, to determine its dia- 
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